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Preface 


In mathematics, the word inequality means a disparity between two quantities, which 
is used to reflect the correlation between two objects. An inequality implies that two 
amounts are not equal. In the 19th century and with the emergence of calculus, the 
touch of the inequalities and its role increasingly became essential. 

In modern mathematics, inequalities play significant roles in almost all fields of 
mathematics. Several applications of inequalities are found in linear operators, partial 
differential equations, nonlinear analysis, approximation theory, optimization theory, 
numerical analysis, probability theory, statistics, and other fields. 

The book may be used by researchers in different branches of mathematical and 
functional analysis, where the theory of Hilbert spaces is of relevance. Since it is self- 
contained and all the results are entirely proved, the work may also be used by grad- 
uate students interested in theory of inequalities and its applications. 

For the sake of completeness, all the results presented are wholly proved, and the 
original references where they have been first obtained are mentioned. 

Finally, we would like to thank to Dr. Y. Tsurumi, and Dr. F.-C. Mitroi-Symeonidis 
for careful checking to improve our manuscript. In addition, this book will not be pub- 
lished without cooperation of all coauthors in our papers. So we would like to thank 
to all previous coauthors. We also would like to thank to our family since they gave us 
time to write this book with a smile. 
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1 Introduction and preliminaries 


1.1 Introduction 


Mathematical inequalities are applied to many fields on natural science and engineer- 
ing technology. Some researchers in such fields may find the inequalities from books 
or papers to solve their problems, while others may discover new inequalities if they 
do not find them in the literature. For almost all researchers, mathematical inequal- 
ities are just tools to solve their problems or improve their results. Such motivations 
are quite natural to develop their studies, just because of the beauty of their form. On 
the other hand, mathematicians like to discover new inequalities. They often do not 
think of its possible applications. A few years ago, I was asked for a proof of the fol- 
lowing beautiful inequality by my acquaintance from Japan, when I was in Budapest 
for a conference. He asked me whether the following inequality is already known. He 
needed its proof to establish the nonnegativity of thermodynamic entropy for total 
systems. 


X>y>z>0 BS xy 2 > xy". 


I gave a proof for his question as follow. Since the representing function (¢ — 1)/logt 
is monotone increasing for t > 0, we have (u — 1)/logu > (t —1)/logt © thts yf 
foru >t > 1. Putting st = u, we have sit’ > st for s,t > 1. Putting again t = y/z > 1, 
s=x/y > 1, we have (y/z)” > (x/y)7 @ WU > FLY & X’y*Z" > xy?2*, 

He also asked this question to several Japanese mathematicians and he reported 
several proofs during my stay in Budapest. Every proof was different. I enjoyed his re- 
port and guessed that so did the other colleagues. A few mathematicians found and 
proved its extensions to n-variables. After my return, I checked my books on mathe- 
matical inequalities, but I could not find the literature. Several mathematicians also 
could not find the original source of this inequality. Nevertheless, it is natural to con- 
sider that this inequality is already known since it is very simple and beautiful in its 
form. Half a year later, one of ours (H. Ohtsuka) found that this inequality was posed 
by M.S. Klamkin and L. A. Shepp in [132] in a more general case (n-variables): 


X> _ xX: X. xX; Xx. X, 
Xn = Xp 2 XQ SH SO SXPXP GSN? XY", (N= 3) 


with equality holding only if n —- 1 of numbers are equal. 


We leave the solution of this question to the readers. Mathematicians studying 
inequalities are often obsessed with a beautiful inequality. Within just one week after 
the question, several mathematicians gave different proofs of it to each other. 

We think the advances of mathematical inequalities may depend on finding ap- 
plications to other fields and/or interests in inequalities themselves. Here, we present 
our recent advances on mathematical inequalities. Almost all results were established 
within the last few years. However, we have added less recent results since they may 
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be interesting for the readers. Some results are obtained to develop the study on en- 
tropy theory as applications. There are many good books on mathematical inequalities 
[30, 31, 35, 37, 98, 106, 241]. Our book cannot cover all areas. We focus on our recent re- 
sults. In Chapter 2, refinements and reverses of Young-type inequality are given. Other 
inequalities related to means are given in Chapter 3. The results in Chapter 4 are not 
recent results, but the unitarily invariant norm inequality and trace inequality are im- 
portant and interesting for the study of mathematical inequalities. In Chapter 5, we 
give the recent results on the developments of Jensen-type inequalities with convex 
theory. In Chapter 6, we summarize recent interesting results on reverses of famous 
known inequalities. Chapter 7 is also one of our main topics and is devoted to results 
on estimations of bounds for the relative operator entropy. In Chapter 8, we treat new 
results on the Kantorovich inequality and uncertainty relation in quantum mechanics 
as applications of trace inequalities. The results in Section 8.2 are not really new but 
we believe that the mathematical inequalities are important to develop such a sub- 
ject. We have tried to organize each chapter by independent contents. However, it is 
inevitable that some results are connected to others in this wide field. So, each chapter 
is not always independent. 

Almost all of our results are given by operator/matrix inequalities but some 
of them are given by scalar/numerical inequalities. In addition, we think that the 
scalar/numerical inequalities are fundamental in almost every case of this book. 


1.2 Preliminaries 


The purpose of the first chapter is to give basic definitions, some background informa- 
tion and motivations for the problems treated in the later chapters. 


Definition 1.2.1. Given a vector space .A over the set C of complex numbers, a norm 
on A is a nonnegative-valued scalar function || - || : A — [0, co) with the following 
properties for alla ¢€ Candalla,b<¢ A: 

(i) |la+bl| < |lal| + |b|| (triangle inequality); 

(ii) llaal| = lalllal|; 

(iii) ||a|| = 0 if and only if a = 0. 


Definition 1.2.2. A Banach space isa vector space A over the field C of complex num- 
bers, which is equipped with a norm and which is complete with respect to that norm, 
that is to say, for every Cauchy sequence {a,} in A, there exists an element ain A such 
that lim a, = a. 


Definition 1.2.3. Let A be a vector space over the field C of complex numbers equip- 
ped with an additional binary operation from A x A to A, denoted here by “.” (i.e., if 
aand bare any two elements of A, a-b is the product of a and b). Then A is an algebra 
over C if the following identities hold for all a,b,c € Aanda,B €C: 
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(i) (a+b)-c=a-c+b-c; 
(ii) a-(b+c)=a-bt+a-c; 
(iii) (aa) - (Bb) = (aB)(a - b); 
(iv) a-(b-c) =(a-b)-c. 


If A admits a unit 1(a-1=1-a=a foralla «€ A), we say that Aisa unital algebra. (In 
the sequel, we often omit the symbol “.”.) 


Definition 1.2.4. A normed algebra A is an algebra over C or R which has a submul- 
tiplicative norm: 


la- bl < llall|b|| for alla, b € A. 
A complete normed algebra is called a Banach algebra. 


Definition 1.2.5. An involution on an algebra A is a map a + a” on A, such that for 
allasbe AandaeC: 

(i) a** =(a*)" =a; 

(ii) (a+b)* =a" +b’; 

(iii) (a: b)* = b* - a’; 

(iv) (aa)* = aa". 


The pair (A, «) is called a «-algebra. 


Definition 1.2.6. A Banach «-algebra A is an «-algebra together with a complete sub- 
multiplicative norm such that ||a*|| = |lal| for each a € A. If in addition A has a unit 1 
such that ||1|| = 1, we call A a unital Banach *-algebra. 

A C*-algebra Ais a Banach «-algebra which satisfies the following property: 


|aa*||=|lal’ forallae A. 


Definition 1.2.7. Let H be a complex vector space. A mapping (-,-) : Hx H —> Cis 
called an inner product in H if for any x,y,z € Handa, B € C the following conditions 
are satisfied: 

(i) (x,y) = (y,X) (the bar denotes the complex conjugate); 

(ii) (ax + By, Zz) = a(x,z) + Bly, Z); 

(iii) (x, x) > 0; 

(iv) (xx) =0ex=0. 


A vector space with an inner product is called an inner product space. 


Example 1.2.1. An important example of an inner product space is the space C” of 
complex numbers. The inner product is defined by (x, y) = xy. 


Theorem 1.2.1. Let (H, (-,-)) be an inner product space. Define || - || : # — R with ||x|| = 


v(x, x). Then 
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(a) |(x,y)I < Ixllllyll for allx,y « H; 
(b) (H, || - ||) is a normed space. 


Definition 1.2.8. A complete inner product space (with the norm induced by (.,-)) is 
called a Hilbert space. 


Definition 1.2.9. Let V be a vector space. A mapping A: ¥ — 1% is said to be a linear 
operator if A satisfies the following for allx,y ¢ XY andaeéC: 

(i) A(x+y) =Ax+Ay; 

(ii) A(ax) = aAx. 


Definition 1.2.10. Let # be a Hilbert space. A linear operator A : H — H is called 
bounded if there is a number k > 0 such that ||Ax|| < k||x|| for every x € H. 

We denote the set of all bounded linear operators by B(H#). If A € B(H), then the 
usual operator norm is defined as 


|All = sup{||Ax|| : x € H, [xl] = 1}. 
Example 1.2.2. The simplest example of a bounded linear operator is the identity op- 
erator I. 


Definition 1.2.11. Let # be a normed space. If a mapping f : 1 — C satisfies 


f(ax + By) = af (x) + Bf(y) 


for allx,y € Handa € C, then f is said to be a linear functional. A linear functional 
f is called bounded if there is a number k > O such that |f(x)| < k||x|| for every x € H. 
If f is a bounded linear functional, then 


Ill = sup{|f@)| : x < H, llxll = I}. 


Theorem 1.2.2 (Riesz representation theorem). Let f be a bounded linear functionalon 
a Hilbert space H. Then there exists aunique X, € H such that f(x) = (x,Xq) forallx € H. 
Moreover, |If || = |IXoll. 


Definition 1.2.12. Let A ¢€ B(H). For a fixed y € H, consider a bounded linear func- 
tional f such that f(x) = (Ax,y). By the Riesz representation theorem, there exists a 
unique z € H such that f(x) = (Ax,y) = (x,z) for each x € H. Then the operator 
A*:H — Hwithz = A*y is a bounded linear operator on H and 


(Ax, y) = (x,z) = (%4A’y) 


for each x € H. We call A* the adjoint of A. 


Notice that B(H) with respect to involution A +> A* and the usual operator norm 
is a C*-algebra. 
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Definition 1.2.13. Let A ¢ B(H). Then: 

(i) Ais called an invertible operator if there exists an operator B ¢ B(H) such that 
AB = BA =I. This Bis called inverse of A and is denoted by A}. 

(ii) A is called a self-adjoint operator if A = A*. 

(iii) A is called a normal operator if it commutes with its adjoint, that is, AA* = A*A. 

(iv) Ais called a unitary operator if AA* = A*A =I. 

(v) Ais called a positive operator (we write A = 0) if it is self-adjoint and (Ax, x) > 0 
for allx € H. 

(vi) A is called a strictly positive operator (we write A > 0) if A is an invertible oper- 
ator and a positive operator. 


Remark 1.2.1. For self-adjoint operators A, B « B(#), A < B means B - A is positive. 


Proposition 1.2.1. Let A € B(H). 

(a) The operators T, = A*A and T, = A+ A’ are self-adjoint. 

(b) The product of two self-adjoint operators is self-adjoint if and only if the operators 
commute. 


Theorem 1.2.3 (Cartesian form). Let T ¢ B(#). Then there exist unique self-adjoint op- 
erators A and B such that T = A+iBandT* = A -iB. 


In the following, we collect some simple algebraic properties of invertible opera- 
tors. 


Proposition 1.2.2. Let A € B(#). 

(a) The inverse of an invertible linear operator is a linear operator. 

(b) An operator A is invertible if Ax = 0 implies x = 0. 

(c) If operators A and B are invertible, then the operator AB is invertible and (AB)! = 
BA 


Theorem 1.2.4. If A is anormal operator, then ||A"|| = ||Al|" for alln ¢ IN. 


Theorem 1.2.5. Let A € B(H) be self-adjoint. If A ¢ B(H) such that A = cI for some 
c > 0, then A is invertible. 


Proposition 1.2.3. Let A ¢ B(#). 

(a) The operators A*A and AA* are positive. 

(b) If Ais a positive invertible operator, then its inverse A” is positive. 

(c) The product of two commuting positive operators is a positive operator. 


Theorem 1.2.6. Let A, B,C € B(H). 
(a) If0 <A<B, then ||Al| < ||Bll. 
(b) If0<A<B,thenB!<A". 
(c) IfA < B, then C*AC < C*BC. 
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Theorem 1.2.7. Let A € B(H) be a positive operator. Then there exists a unique positive 
1 
operator B € IB() such that B? = A (denoted by B = A?). 


Definition 1.2.14. The spectrum of a bounded operator A is the set 
Sp(A) = {a € C: A-al is not invertible in B(H)}. 


Remark 1.2.2. Let A € B(H) be a self-adjoint operator. Then, by the functional cal- 
culus, there exists a «-isometric isomorphism @ between the set C(Sp(A)) of all con- 
tinuous functions on Sp(A) and the C*-algebra C*(A) generated by A and the identity 
operator I on Has follows: For f, g € C(Sp(A)) and a, B € C, 
(a) laf + Bg) = ap(f) + Belg), 
(b) (fg) = p(f)p(g) and off) = pf)", 
(c) pI = If where [fll = sup [f(Ol, 

teSp(A) 


(d) (fo) =I and p(f,) = A where fo(t) = 1andf,(t) = ¢. 


With this notation, we define f(A) = @(f) for all f ¢ C(Sp(A)). 
Notice that, if A ¢ B(H) is a self-adjoint operator, then 


fi 2g(), t ¢ Sp(A) = f(A) = g(A) (1.2.1) 


provided that f and g are real-valued continuous functions. 


Definition 1.2.15. A real-valued continuous function f on an interval J is said to be 
operator monotone if for all A,B € B(H) with Sp(A),Sp(B) ¢ J such that A < B, 
the inequality f(A) < f(B) holds. If —-f is operator monotone, then f is often called 
operator monotone decreasing. 

An operator monotone function is said symmetric if f(x) = xf (x"!), and normal- 
ized if f(1) = 1. 


Definition 1.2.16. A real-valued continuous function f on an interval J is called oper- 
ator convex (resp., operator concave) if f((1 — v)A + vB) < (1— v)f(A) + vf(B) (resp., 
f(a —v)A + vB) = (1-v)f(A) + vf(B)) holds for 0 < v < 1 and self-adjoint operators 
A, B € B(H) with Sp(A), Sp(B) ¢ J. 


Example 1.2.3. The function f(t) = t’ is operator monotone on (0, oo) if and only if 
O <r < 1. The function f(t) = t” is operator convex on (0, 00) if either 1 < r < 2or 
-1<r< 0, and is operator concave on (0, oo) ifO <r <1. 


Example 1.2.4. The function f(t) = logt is operator monotone on (0, co). Although, 
the function f(t) = expt is neither operator convex nor operator monotone. 


Remark 1.2.3. Let f : (0,00) — (0,00) be continuous. Then f is operator monotone if 
and only if f is operator concave. 
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Definition 1.2.17. A binary operation o defined on the set of strictly positive operators 

is called an operator mean if: 

(i) IoI =I; 

(ii) [transform inequality] C*(AoB)C < (C* AC)o(C*BC); 

(iii) [upper semicontinuity] A, | Aand B,, | B imply (A,oB,) | (AoB), where A, | A 
means that A, > A, >--- and ||A,x - Ax|| — 0 for any x « H anda family {A;}, (k = 
1, 2,...) of B(H); 

(iv) [monotonicity] A < Band C < Dimply AoC < BoD. 


Let f : J ¢ R > Rbecontinuous and A,B € B(H) be strictly positive operators 
1 1 
such that Sp(A"2BA 2) c J. Then the operator connection o; given by 


1 


Ao;B = A?f(A~2BA?)A?, 


is called f-connection (cf. [137]). An operator connection o, has properties such as 
monotonicity, transform inequality and upper semicontinuity. In addition, if an oper- 
ator connection 0; satisfies the condition Jo,I = I, then of is called an operator mean. 
f is often called a representing function of 0;. 


Definition 1.2.18. A linear map ® : B(H) — B(K) is said to bea positive linear map if 
(A) = 0 whenever A > 0 and @ is called a normalized linear map (or unital linear 
map) if D(,,) = I, (we often use the symbol I for the identity operator). 


In this book, we also treat some matrix inequalities. For such cases, we use the 
following notation. Let M(n, C) be the set of all n x n matrices on the field C. For a 
Hermitian matrix X, X > 0 means that (@|X|@) = 0 for any vector |@) ¢ C”. Where we 
used the so-called bra-ket notation which is often used in mathematical physics. The 
column vector (ket-vector) is represented by |@) ¢ C” and the row vector (bra-vector) is 
represented by (| = |)‘ as transpose of column vector. So the norm of |) is written 
as ||| = V(GId) by an inner product (¢|@). 

Here, we denote the set of all Hermitian matrices by M,,(n, C), that is, M,(n, C) = 
{X ¢ M(n, C)|X = X*}. We call X skew-Hermitian if X* = —X. 

In addition, we denote the set of all positive semidefinite matrices by M, (n, C), 
that is, M,(n,C) = {X € M,(n, C)|X = 0}. We also use the notation X > O if X is positive 
semi-definite and invertible matrix. A matrix X > Ois called positive definite matrix. 
Let M, ,(n, C) be the set of strictly positive density matrices, that is, M, ,(n, C) = {p < 
M,(n, C) | Trp = 1,p > O}. If it is not otherwise specified in this book, we shall treat 
the case of faithful states, that is, p > 0. 


2 Refinements and reverses for Young inequality 


Let the continuous function f : [0, oo) — [0, oo) be monotone increasing with f (0) = 0. 
Then for a, b > 0, we have 


b 


ab < [00 dx + [co dx 


0 


with equality if and only if b = f(a). This inequality is often called Young inequality. 
The proof can be easily done by the ordering relation on the area in following figure: 


If we take f(x) = x?"!, (p > 1) as an example, then its inverse is f(x) = x"). Thus 
we have 


which implies a¥/?p"4 < 4+ a Putting v = 1/q, we have the following first inequality: 


a 
P 
(1-v)a+vb >a’ bY > {(1-v)a' + vb th, (O0<v<l). (2.0.1) 


The second inequality is easily obtained by replacing a and b by 1/a and 1/b, respec- 
tively. We often call the inequalities (2.0.1) the scalar (or numerical, classical) Young 
inequalities in the study of mathematical inequalities. 

In addition, aV,b = (1- v)a+ vb, at,b = a’ “bY and a!,b = {(1-v)a'+vb'y! 
are called the weighted arithmetic mean, geometric mean and harmonic mean, 
respectively. 

There are other means such as logarithmic mean and Heron mean and so on. The 
logarithmic mean is defined by 

a-b 


L(a, b) = ——————_ (a#b), L(a,a)=a (2.0.2) 
loga -logb 
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for two positive real numbers a and b. The estimation on the Heron mean will be given 
in Section 3.2. 

It is well known that we have the following operator (or matrix) Young inequalities 
for invertible positive operators A and B: 


AV,B > At,B > Al,B, (2.0.3) 


where the weighted arithmetic mean, geometric mean and harmonic mean for positive 
operators A and B are defined for v € [0,1], respectively: 


AV,B = (1-v)A + vB, 
At,B = A2(4-¥2 Bay” ai? 
Vv > 


Al,B={(1-v)A t+ vB oy. (2.0.4) 


We denote simply AVB = AV:B, A{B = At 1B and A!B = At 1B. Throughout this 
book, we also use the symbol Ay,B = AY?(A-"?BA-¥/?)" A"? for v € IR for wide range of 
v € [0,1]. 

We deal with the recent advances on refinements and reverses for the scalar/op- 
erator Young inequalities (2.0.1) and (2.0.3) in Chapter 2. 

To obtain refinements and reverses for the Young inequalities, some constants will 
appear in the literature. The typical constants are the Kantorovich constant K(h) and 
the Specht ratio S(h). The Specht ratio S(h) is defined by 

1 


ee a (2.0.5) 


for positive real number h. The Kantorovich constant is also defined by 


(h +1)? 


Ry Th 


(2.0.6) 


for positive real number h. Furthermore, the generalized Kantrovich constant is of- 
ten defined by 


— (mMP — Mm?) (p-1 M?-m? \? 
K(m, M, p) reel 5 om) O<m<M (2.0.7) 
or 
Le A UD ff DSTI 
K(hp) a aaa ; a) h>0 (2.0.8) 


for any p € R [94, Definition 1]. 
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We here review the properties of the Specht ratio. See [226, 223, 51], for example, 
as for the proofs and the details. 


Lemma 2.0.1. The Specht ratio S(h) has the following properties: 
Gi) SQ) =1and S(h) = S(1/h) > 1forh > Oandh #1. 

(ii) S(h) is a monotone increasing function on (1, co). 

(iii) S(h) is a monotone decreasing function on (0,1). 


The Kantorovich constant K(h) also has just same properties. 


S(h) 


We also give properties of the generalized Kantorovich constant K(h, p). See [97] for 
the proofs of Lemma 2.0.2 


Lemma 2.0.2 ([97, Theorem 2.54]). For h > O and p € R, the generalized Kantorovich 

constant K(h, p) has the following properties: 

(i) = -K(h,-1) = K(h,2) = K(h), where K(h) is the original Kantorovich constant. 

(ii) Forany p > 0, K(1/h, p) = K(h, p). 

(iii) For any p > 0, K(h,1—-p) = K(h, p). (.e., K(h, p) is symmetry for p = 1/2.) 

(iv) K(h,p) is decreasing for p < 1/2 and increasing for p > 1/2. (K(h, p) takes a mini- 
mum value sie when p = 1/2.) 

(v) K(h,0) = K(h,1) =1. 

(vi) Foranyp €R, K(1,p) =1. 

(vii) For pr #0, K(h’,p/r)"? = K(h?,r/p)"". 

(viii) For any p > 1andh > 1, K(h,p) < h? 1. 


The following figure shows the graph of K(h, p). 
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2.1 Reverses for Kittaneh—Manasrah inequality 


The following inequalities are due to F. Kittaneh and Y. Manasrah. They are important 
and fundamental to start this topic. The proof is done for two cases, 0 < v < 1/2 and 
1/2 < v < 1, with elementary calculations. 


Proposition 2.1.1 ([130, 131]). Fora,b = 0 and v «€ [0,1], we have 
r(Va— Vb)? < (1—v)at+ vb —a' "bY < R(Va — Vb), (2.1.1) 


where r = min{v, 1 — v} and R = max{v, 1 - v}. 


The inequalities given in Proposition 2.1.1 are often called the Kittaneh-Mana- 
srah inequality. Note that this inequality has been given in [27]. Also similar but dif- 
ferent type inequalities are known: 


(va - vb) < ((1-v)a+ vb)” = (a’"b’y’ < R°(Va- vb)’, 


where the first inequality above was given in [116] and the second one given in [131]. 
The first inequality in Proposition 2.1.1 clearly refines the first inequality of (2.0.1) for 
nonnegative real numbers a, b and v € [0,1]. 

It is not so difficult to give the operator Young inequalities based on Kittaneh— 
Manasrah inequality (2.1.1). 


Proposition 2.1.2 ((64]). Forv € [0,1] and positive operators A and B, we have 
AV,B > At,B + 2r(AVB — AB) > At,B > {A-'4,B"! + 2r(AIB- A14B")} "> ALB 


where r = min{v, 1 - v}. 
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As for the reverse inequalities of the Young inequality, M. Tominaga gave the fol- 
lowing interesting operator inequalities. We call them Tominaga’s reverse Young in- 
equalities. He called them converse inequalities; however, we use the term reverse for 
such inequalities, throughout this book. 


Proposition 2.1.3 ([226]). Let v € [0,1], positive operators A and B such that 0 < mI < 
A, B < MI withh = x > 1. Then we have the following inequalities for every v € [0, 1]: 
(i) (Reverse ratio inequality) 


S(A)At,B = (1-v)A + vB, (2.1.2) 


where the constant S(h) is called Specht ratio [223, 51] and defined by (2.0.5). 
(ii) (Reverse difference inequality) 


hL (1, h) log S(h)B + At, B = (1—v)A + vB, (2.1.3) 


where the logarithmic mean L(., -) is defined by (2.0.2). 


In the following, we give reverse inequalities of the Kittaneh—Manasrah inequality 
for positive operators in both ratio and difference reverse inequalities, by the similar 
way to Tominaga’s reverse Young inequalities. 

For positive real numbers a, b and v € [0,1], M. Tominaga showed the following 
inequality [226]: 


s( sab! > (1-v)a+ vb, (2.1.4) 


which is a ratio reverse inequality for the Young inequality in [226]. Combining the 
results in [130] and in [226], we show a ratio reverse for the Kittaneh-Manasrah 
inequality (2.1.1) in this section. 


Lemma 2.1.1. For a,b > 0 andv « [0,1], we have 
s( (Zee > (1-v)a+ vb —r(va— vb)’, (2.1.5) 


where r = min{v, 1 — v}. 


Applying Lemma 2.1.1, we have the ratio reverse of the refined Young inequality 
for positive operators. 


Theorem 2.1.1 ([64]). For A,B > O satisfy 0 < mI < A, B < MI withm < M and for any 
v € [0,1], we then have 


S(Vh)At,B = AV,B — 2r(AVB — AB), (2.1.6) 


M 


where h = — > 1andr = min{v,1- v}. 
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Remark 2.1.1. We easily find that both sides in the inequality (2.1.5) is less than or 
equal to those in the inequality (2.1.4) so that neither the inequality (2.1.5) nor the 
inequality (2.1.4) is uniformly better than the other. In addition, we have no ordering 
between S(| a" Yb" and (1—v)a+vb. 


For the classical Young inequality, the following reverse inequality is known. For 
a,b > O and v « [0,1], M. Tominaga showed the following inequality [226]: 
L(a, b) log s( * >(1-v)a+vb—-a’ ‘db’, (2.1.7) 
which is difference reverse for the Young inequality in [226]. Similarly, we can obtain 
the difference reverse for Kittaneh-Manasrah inequality given in (2.1.1). 


Lemma 2.1.2. For a,b > O and v « [0,1], we have 
wL(Va, Vb) log s( \2 ) > (1-v)a+vb —a’ bY - r(Va— Vb)’, (2.1.8) 


where w = max{/a, Vb}. 


We also have the following theorem. It can be proven by the similar method in 
[226] so that we omit the proof. 


Theorem 2.1.2 ((64]). For A,B > O satisfying 0 < mI < A,B < MI withm < M and for 
any v € [0,1], we then have 


hVML(VM, Vm) log S(Vh) > AV,B - At,B - 2r(AVB — Af), (2.1.9) 


M 


where h = — > 1andr = min{v,1- Vv}. 


Remark 2.1.2. It is remarkable that we have no ordering between L(a, b) log S (5) and 


wL(Va, Vb) log S( \%) +1(Va - vb)? for any a, b > O and v € [0,1]. Therefore, we may 
claim that Theorem 2.1.2 is also nontrivial from the sense of finding a tighter upper 
bound of (1-— v)a + vb — a’ b”. See [64] for the details. 


2.2 Young inequalities with Specht ratio 


In section 2.1, we stated reverses for the Kittaneh—Manasrah inequality (2.1.1) due to 

F. Kittaneh and Y. Manasrah in [130] applying the similar method by M. Tominaga in 

[226]. Since the inequality (2.1.1) can be regarded as the difference-type refinement of 

Young inequality. In this section, we give a ratio-type refinement of Young inequality. 
We use the following lemmas to show our theorem. 


Lemma 2.2.1. For x > 1, we have 


< logx < —_—. (2.2.1) 
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Proof. It is known the following relation for three means: 


x-y x+y 
Vas logx — logy : 2 


for positive real numbers x and y, where x ¢ y. This relation shows the lemma. 


Lemma 2.2.2. Fort > 0, we have 
e(t? +1) > (t+ tH. (2.2.2) 
Proof. We put 
f(t) =e(?4+1)-¢ 408. 


By using the first inequality of (2.2.1) and by the fact that lim t= =e and the function 


tei is monotone decreasing on t € [1, c0), we have f'(t) > 0. (See [65] for details.) Thus 
with f(1) = 0 we have f(t) = 0 for t > 1. That is, we obtained the following inequality: 


t 


e(t? +1) >(t+)ta, t21 


Putting t = t in the above inequality with simple calculations, we have 


s 


e(s’+1)>(s+1se1, O<s<l. 


Then we have the following inequality which improves the classical Young in- 
equality. We call it a refined Young inequality with Specht ratio. 


Theorem 2.2.1 ([65]). Fora,b > Oandv « [0,1], 


(1-v)a+vb > s(( By ah (2.2.3) 


where r = min{v, 1 — v} and S(-) is the Specht ratio. 


The proof can be done by the use of Lemma 2.2.1 and Lemma 2.2.2. We omit its 
proof. See [65] for it. The following inequality also improves the second inequality in 
(2.0.1). 


Corollary 2.2.1. For a,b > O and v «€ [0,1], we have 


r 


a’ ’b’ > s( ( ) )(a aa + vb)", (2.2.4) 


where r = min{v, 1 — v} and S(-) is the Specht ratio. 


Proof. Replace a and b in Theorem 2.2.1 by s and i respectively. 
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Applying Theorem 2.2.1, we have the following operator inequality for positive op- 
erators. 


Theorem 2.2.2 ([65]). For A,B > 0 andm,m’',M,M' > O satisfying the following condi- 
tions either (i) or (ii): 

(i) O<mI<A<ml<MI<B<M'; 

(ii) O< mMI<B<ml<MI<A<M'; 


with h = —, we have 
AV,B > S(h")At,B > At,B > S(h’)A!,B > A!,B 


where v € [0,1], r = min{v, 1 — v} and S(-) is the Specht ratio. 


Theorem 2.2.2 corresponds to Proposition 2.1.2 as a ratio version. In the paper [64], 
we have proved the refined Young inequality for n numbers. 


n 
Proposition 2.2.1 ([64]). Let a,,...,d, = 0 and p,,...,P, > 0 with Y p; = 1andA = 


j=l 
min{p,,...,D,}-. Jf we assume that the multiplicity attaining A is 1, then we have 


n n i 1 wt n ijn 
> pia: —[ [af > nd “2d au-[[a; ; (2.2.5) 


with equality if and only if a, = --- = an. 


Proof. We suppose A = pj. For any j = 1,...,n, we then have 


= “(i + > (Pi -— Pj)a; 


isLi¢j 


Mes 
s 
= 
3 
——N 
tM= 
iS 
| 
= 
2. 
= 
[SS 
| 


n 


> I] @ (ay! . an ea. ~Pj 
i=Li¢j 
= ay. a ae 


In the above process, the arithmetic-geometric mean inequality was used. The equal- 
ity holds if and only if 


1 
(a\az°++Ay)" =@,=Q=":'= ja = Guy = = Ay 


by the arithmetic-geometric mean inequality. Therefore, a, = a, =--- =a; 
Lone 
- = a, = a, then we have ana = a from the first equality. Thus we have a; = a, 


j 
which completes the proof. 


The inequality (2.2.5) is obviously improvement of the arithmetic-geometric mean 
inequality. To obtain the improved inequality (2.2.5), the arithmetic-geometric mean 
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inequality is used. Such an inequality is often called the self-improvement inequal- 
ity. Such techniques will appear again in Section 4.1. It is also notable that we do 
not need the assumption that the multiplicity attaining A is 1, to prove only inequal- 
ity (2.2.5) without the equality condition. This assumption connects with the equality 
condition. 

Closing this section, we give comments on the ratio refined Young inequality for n 
real numbers. We have not yet found its proof. We also have not found any counterex- 
amples for the following 3-variables case: 


W1Q, + W Ay + W343 > S(h’)ay"a,a3’, (2.2.6) 


max{d1,d),a3 


for a; € [m,M] where 0 < m < Mwithh = ne and r = min{w,, w>, w3}, where 


w; > Oand w, + Ww) + w3 = 1. 


2.3 Reverse Young inequalities 


Our purpose of this section is to give two alternative reverse inequalities which are dif- 
ferent from Proposition 2.1.3. We first show the following remarkable scalar inequal- 


ity. 


Lemma 2.3.1 ([77, Theorem 2.1]). Let f : [a,b] — R be a twice differentiable function 
such that there exist real constant M such that 0 < f'"(x) < M forx € [a, b]. 
Then we have 


0 < (1-v)f(a) + vf(b) -f((1—v)a + vb) < v(1—v)M(b - a)’, (2.3.1) 


where v € [0,1]. 


Proof. The first part of inequality (2.3.1) holds because f is a convex function. So, we 
prove second part of inequality (2.3.1). For v € {0,1}, we obtain the equality in relation 
(2.3.1). Now, we consider v € (0,1), which means that a < (1—- v)a+ vb < band we use 
Lagrange’s theorem for the intervals [a, (1 — v)a + vb] and [(1 — v)a + vb, b]. Therefore, 
there exists real numbers c, € (a,(1-—v)a+vb) and cy € ((1- v)a + vb, b) such that 


f(1-v)a + vb) — f(a) = v(b-a)f'(c)) (2.3.2) 
and 
f(b) -f((-v)a+ vb) = (1-v)(b-a)f'(c). (2.3.3) 


Multiplying relation (2.3.2) by (1 — v) and relation (2.3.3) by v, and then adding, we 
deduce the following relation: 


(1-v) f(a) + vf(b) -f((1-v)a + vb) = v(1-v)(b - a)(f" (co) - f(y). 
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Again, applying Lagrange’s theorem on the interval [c,, c)], we obtain 
(1 —v)f(a) + vf(b) —f (1 —v)a+ vb) = v(1—v)(b - a)(cy — cf" (0), (2.3.4) 


where Cc € (C;,C). Since O < f""(x) < M for x ¢€ [a,b] and c) -c,; < b— aand making use 
of relation (2.3.4), we obtain the second inequality in (2.3.1). 


Corollary 2.3.1. For a,b > 0 and v €« [0,1], the following inequalities hold: 
(i) (Ratio-type reverse inequality) 


= pnd 
a’ bY <(1-v)a+vb <a’ ‘b" exp( aan ) (2.3.5) 
1 
where d, = min{a, b}. 
(ii) (Difference-type reverse inequality) 
ga 
ab’ < (1-v)a+vb <a’ bY +v(1- 1)(log( *)) d, (2.3.6) 


where d, = max{a, b}. 


Proof. 
(i) It is easy to see that if we take f(x) = —logx in Theorem 2.3.1, then we have 


log{(1 — v)a + vb} < log(a’ "b’) + log(exp{v(1 - v)f" (c)(b - a)’}) 
which implies inequality (2.3.5), since f’’(c) = * es 
1 
(ii) If we take f(x) = e* (which is convex on (—oo, co)) in Theorem 2.3.1, we obtain the 
relation 


0 < ve" + (1—v)eP — eX OM < v1 —vy(a- Bf" (y), 


where y = max{a, 6}. Putting a = e* and b = eb , then we have 


2 
0<(1-v)a+vb—a' “hb” < v1- ne*(Iog | : 


where c = max{log a, log b}. Thus we have inequality (2.3.6), putting d, = e°. 


Both second inequalities are different from Proposition 2.1.3. And they represent 
alternative reverses for Young inequality. We can obtain the following operator in- 
equalities using Corollary 2.3.1. 


Theorem 2.3.1 ((77]). For v ¢€ [0,1], two invertible positive operators A and B satisfy- 
ing the ordering mI < A < B < MI < I withh = — we have the following operator 
inequalities: 
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(i) (Ratio-type reverse inequality) 
At,B < (1-v)A+vB < exp(v(1—v)(1—h)*)At,B. (2.3.7) 
(ii) (Difference-type reverse inequality) 


At,B < (1-v)A + vB < At,B + v(1- v)(log h)B. (2.3.8) 


Remark 2.3.1. Itis natural to consider that our inequalities are better than Tominaga’s 
inequalities given in Proposition 2.1.3, under the assumption A < B. However, there is 
no ordering between Theorem 2.3.1 and Proposition 2.1.3, by some numerical computa- 
tions [77]. Therefore, we may conclude two reverse inequalities for Young’s inequality 
given in Theorem 2.3.1 are not trivial results under the assumption A < B. 


2.4 Generalized reverse Young inequalities 


After the appearance of the Kittaneh-Manasrah inequality, some refinements have 
been done for Young inequality, by dividing the interval of the weighted parameter v 
and recently M. Sababheh and D. Choi gave its complete refinement [213]. As for the 
reverses of Young inequality for the divided interval, the results given by S. Furuichi, 
M. B. Ghaemi and N. Gharakhanlu in [73] are known. In this section, we give alterna- 
tive proofs for the generalized reverse Young inequalities shown in [73] by the method 
given in [69]. 


Theorem 2.4.1 ([73, Theorem 1], [69, Theorem 1.1]). Let v, t be real numbers witht > 0, 
andné€ Nwithn > 2. 

n-1 
(i) Forv¢ [5, 7), we have 


(1-v) +vt <t" + (1-v)(1- Vo)? + (av 1)vé ¥ 2" VE -1). (2.4.1) 
k=2 


(ii) Forv ¢ a ), we have 
n 
(1—v)t+v< 0" +v(vé- 1)? + (1-2v) ve > 2° Vt -1). (2.4.2) 
k=2 


Proof. 
(i) Direct calculations imply 


(1-v) + vt -(1—v)(1— ve)? - (2v ive Y 2 Ve -1)" 
k=2 


= Vit viv = 5 an VE -1). (2.4.3) 
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Thus the inequality (2.4.1) is equivalent to the inequality 


1 nt wl 
(v & 5 an Mi 1) St S14. (2.4.4) 
This inequality is true by (i) of Lemma 2.4.2 below with r = x , since the conditions 


1 


n-1 
O<r<v-torv- < 0 < rare satisfied in the case of v ¢ [}, +1) in (i) of 


2 2 2 
Lemma 2.4.2. 
(ii) Exchanging 1 - v with v in (i) of Lemma 2.4.2, we have 
1 en 1, 
( v) ere i (2.4.5) 
2 r 


1 


1 
forv < or Ors 


< v. Exchanging 1 — v with v in the inequality (2.4.4), we have 


1 ” 1 
(5 a v2 Veet) ete * <1 (2.4.6) 
This inequality is true by the inequality (2.4.5) with r = a since the conditions 
v< 5 —ror 5 < v are satisfied in the case of v ¢ i 5] in (i) of Lemma 2.4.2. 


Theorem 2.4.2 ([73, Theorem 3], [69, Theorem 1.2]). Let v,t be real numbers with 
t>O,andneN. 
(i) Forv ¢ [0, xl, we have 


n 
(-v)+vt<t’+v > 21 - VE). (2.4.7) 
k=1 


(ii) Forv ¢ air we have 


n 
a-vt+vee+(-v) ¥ 20- Vey. (2.4.8) 
k=1 
Proof. 
(i) Direct calculations imply 
n 
(1—v)+vt-v Y 21 — Vey = v2"( VE-1) +1 (2.4.9) 
k=1 


so that the inequality (2.4.7) is equivalent to the inequality 


ve Der 1, (2.4.10) 
This inequality is true by (ii) of Lemma 2.4.2 with r = a since the conditions 


O<r<vorv<0O<rare satisfied in the case of v ¢ [0, x] in (ii) of Lemma 2.4.2. 
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(ii) Exchanging 1 — v with v in (ii) of Lemma 2.4.2, we have 
el a 
(1- i ares <t'-1 (2.4.11) 


for0 <r<1-vorl—v <0 <r. Exchanging 1 — v with v in the inequality (2.4.10), 
we also have 


ayn Ariens. (2.4.12) 


This inequality is true by the inequality (2.4.11) with r = a since the conditions 


0<r<i1-vori-v < 0 < rare satisfied in the case of v ¢ (aa in (ii) of 
Lemma 2.4.2. 


To complete our elementary proofs for the above theorems, we need Lemma 2.4.2. 
So we start from the famous formula 


n 
x 
e = lim (1 + *) = lim(1+ rx)”. 


In this book, we often consider the inverse function of r-exponential function 
exp,(x) = (1 + 1x)", namely r-logarithmic function defined by In,x = *— for 
x > Oandareal number r ¢ 0. 


Lemma 2.4.1. In, x is a monotone increasing function in r. 
Proof. Inthe inequality log t < t—-1 fort > 0, weset t = x’ and we obtain the following: 


dln,x _ x"(logx’-1+x"") 
or r 


> 0. 


Lemma 2.4.1 implies the following lemma. 


Lemma 2.4.2. Let r,v,t be real numbers withr # O and t > 0. 
(i) ForO<r<v- 5 orv— 5 <0 <r,wehave 


r 
(v 5) 1p, (2.4.13) 
2 r 


(ii) ForO <r<vorv<0O <r, we have 


t’-1 


v a ae (2.4.14) 
Lemma 2.4.2 was a key tool to give alternative simple proofs for Theorem 2.4.1 ([73, 
Theorem 1]) and Theorem 2.4.2 ([73, Theorem 3]) without using complicated computa- 
tions and the supplemental Young’s inequality given in [73, Lemma 5] which used to 
prove [73, Theorem 1] and [73, Theorem 3]. 
By theory of Kubo—Ando, we have the following corollary from Lemma 2.4.2. 
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Corollary 2.4.1. Let r,v be real numbers with r # 0. For A, B > 0, we have the following 
operator inequalities: 
@) ForO<r<v- 5 orv— 5 < 0 <r, we have 


Ay,B-A 
(v- jas < At, 1B-A. (2.4.15) 
2 r 2 


(ii) ForO <r<vorv<0O <r, wehave 


yaa < At,B-A. (2.4.16) 
The methods in the above are applicable to obtain the inequalities in the following 
propositions, as additional results. They give refinements for Young inequality with 
divided infinitesimal intervals for sufficiently large n. The proofs are done by the use of 
Lemma 2.4.1 similar to Theorem 2.4.1 and 2.4.2 so that we omit their proofs. See [69] for 
the proofs. The following propositions are covered by the results in [213]. However as 
our advantage, our proofs given in [69] similar to the proofs for Theorem 2.4.1 and 2.4.2 
are quite simple. 


Proposition 2.4.1. Let v,t be real numbers witht > OandneN. 
(i) Forve [0, xl, we have 


n 
(-v)+vt>t’+v > 21 - Ve). (2.4.17) 
k=l 
(ii) Forv es 1], we have 


(Q-v)t+tv>e"+(1-v) y pum Gam ae (2.4.18) 
k=1 


Proposition 2.4.2. Let v,t be real numbers with t > 0, andn € N withn > 2. 


n-1 
(i) Forve [5, , we have 


(1-v) +vt> t+ (1-v(1- vi? + (av-tvi Y 27 AE-1). (2.4.19) 
k=2 


(ii) Forv ¢€ eee a we have 
n 
(1-v)t+v>t'” + v(ve-1) + (1-2v)vé > 24 “Ve - 1). (2.4.20) 


k=2 


The operator versions for Theorem 2.4.1, Theorem 2.4.2, Proposition 2.4.1 and 
Proposition 2.4.2 can be also easily shown by Kubo-Ando theory (or the standard 
functional calculus) in [73]. We omit them here. 
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2.5 Young inequalities by exponential functions 


We study refined and reverse Young inequality with exponential functions in this sec- 
tion. As we have seen, a refined Young inequality with Specht ratio was shown in [65]: 


(1—v)+vt bs 


n S(t’) (2.5.1) 


for t > 0, where r = min{v,1— v} with v € [0,1]. The inequality (2.5.1) is a refinement 
of Young inequality in the sense of S(h) = 1forh > 0. 
On the other hand, the reverse Young inequality was given in [223, 226] for t > 0: 


COM “ ay (2.5.2) 


Therefore, as a quite natural insight, the following first inequality was conjectured in 


[43, 42] for t > O (the second inequality is trivial): 
1-v)+vt 
ovew < S(t®) < S(t), (2.5.3) 


where R = max{v,1— v} with v € [0,1]. 
However, we have counterexamples for the first inequality in (2.5.3). Actually, we 
sett = 2andv= 5 for simply, then the inequality (2.5.3) becomes 


5 < S(v2)V2, 


By the numerical computations S(V2) V2 ~ 1.43557 so that the first inequality in (2.5.3) 
does not hold in general. (For supplementation, S(2) V2 ~ 1.50115.) The above result 
was reported in [70]. 


2.5.1 Elementary proofs for Dragomir’s inequalities 


S.S. Dragomir established the following refinement of Young inequality in [43]. Here, 
we give an alternative and elementary proof for the following Dragomir’s reverse 
Young inequality with exponential function. 


Theorem 2.5.1 ((43], [71, Theorem 2.1]). Fort > Oandv « [0,1], 


(1-—v)+vt 
t’ 


2 
< exp(vi —v) (t : (2.5.4) 


Proof. To prove the inequality (2.5.4), we put 


2 
f,O =A-v)t" +vet" - exp(vi -v) ¢ ) 
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Then we calculate 
IO _ va —wa—pe" tA, 
dt 
where 
v-1 (t - as 
h,(t) = t (t + 1) exp{ v(1 —- v) ——— ]-120. 
The last inequality is due to Lemma 2.5.1 in the below. Therefore, we have al) >0 


ifO <t<1land Hel) < Oift > 1. Thus we have f,(t) < f,(1) = 0 which implies the 
inequality (2.5.4). 


Lemma 2.5.1. Fort > 0 and v € [0,1], we have 


CMe + 1 exp( va. - jee us jen 


Proof. For any t > OandO < v < 1, exp(v(1 - yer uy ) > 1. In addition, t”1(t + 1) = 
t’ +t’ >1sincet” > 1, t”! > 0 fort >1andt” > 0, t’-! > 1 for0 < t < 1. Therefore, 
we have the desired inequality. 


Remark 2.5.1. It is known the following inequalities (see [248, 140]), 


K(t) < < KR (t), (2.5.5) 


(1-v)+vt 
t’ 
where r = min{v,1—v} and R = max{v,1-— v}. The first inequality of (2.5.5) was shown 
by H. Zuo, G. Shi and M. Fujii. The second inequality of (2.5.5) was shown by W. Liao, 
J. Wu and J. Zhao. We call (2.5.5) the Zuo-Liao inequality for the convenience of the 
readers. By the numerical computations, we find that there is no ordering between 
exp(v(1 - y) 0) and KR(t) so that Theorem 2.5.1 is not trivial one. See [71] for the 

details. 


S.S. Dragomir also established the following refined Young inequalities with the 
general inequalities in his paper [42]. The following is our alternative and elementary 
proof for the Dragomir’s refined and reverse Young inequality with exponential 
function. 


Theorem 2.5.2 ([42], [71, Theorem 2.4]). Lett > 0 and v « [0,1]. 
Gi) IfO0<t<1, then 


exp( »?) < us wwe < exp( “= (11) ) (2.5.6) 


(ii) Ift > 1, then 


2 
exp( "OY (2 1) )< oe cexe(“=%e-0?)) on 
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Proof. 


(i) 


(ii) 


We prove the first inequality of (2.5.6). To do this, we set 
v(1—v)(t - 1) ) 


fi(tv) =(-v)t" + ye’ exp( 5 


Then we calculate 


df(t, 
ney) =v(1—v)(1—-t)hy,(t,v), 


where 


va-me-W") font 


h,(v, t) = exp( 5 


From Lemma 2.5.2 in the below, h,(t, v) < 0 which means ahi) < 0. Thus we have 
f,(t,v) = f,G,v) = 0 which means the first inequality of (2.5.6) hold forO < t <1 
andO<v<l. 

We prove the second inequality of (2.5.6). To do this, we set 


v(1—v)(t — ") 
2t2 : 


fi(t.v) =(-v)t" + vt)’ exp( 


Then we calculate 


df(t, v) 
dt 


= v(1-v)(1- tt 7h, (tv), 


where 


v(il-v)(t-1)?\ ay 
22 )-t 


nat = 0 
Since exp(u) > 1+ u for u = 0, we have h,(v, t) = g5(v, t), where 


v(l-v)(t- 1) _ 


2-v 
2t2 . 


go(t,v) =1+ t 


Then we calculate 


dg,(t, = : 
at 2 t*{(v-2)t*" +vd—v)(t-1)} <0 
forO < t < landO < v < 1. Thus we have g,(t,v) = g,(1,v) = O which implies 
h,(t,v) = O which means att) > O. Thus we have f,(t,v) < f,(1,v) = 0 which 
means the second inequality of (2.5.6) hold forO < t< 1andO<v<l. 
We prove the double inequalities (2.5.7). Put t = 1/s for 0 < t < 1 in (i). Then we 
have 


2 
exp( “= (2-1) )< SOME cox Mea), wen 


which implies (2.5.7) by replacing v with 1 - v. 
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Lemma 2.5.2. ForO < t<1and0<v<1, we have 


pvt exp( “ v) 


(te »?) ane (2.5.8) 


Proof. We set the function as 


v(1—v) 
2 


f(t) = (v +1) logt + (S412 


Then we calculate 


df,(t) v+1 af(t,v) vel @f(t,v) 2v+1) 
= +v(1—v)(t-1), = +v(1-v), = >0. 
dt As ale ia dt? poor dt3 (3 
Thus we have a5A0 < aA) = v?—1< Oso that we have #9 5 G® ~yi130, 


dt ~~ dt? dt = at 
Therefore, we have f,(t) < f,(1) = 0 which implies the inequality (2.5.8). 


We obtained the following results in the paper [79]. See also Theorem 2.6.1 in Sec- 
tion 2.6. 


Proposition 2.5.1([79]). ForO <v<1and0 <t <1,wehave 


(1-—v)+vt 
Vv 


my(t) < < M,(6), 


where 


v(1 — v)(t - 1)? vd 


m,(t) =1+ 5 


SS 


-v-1 
5 5 ) , Mt)=1+ 


Remark 2.5.2. As shown in the paper [79], we have the inequality 
2 
M(t) < exp(vi = yo) 
forO<t<landO<v< . That is, the second inequality in Proposition 2.5.1 gives 


better bound than the inequality (2.5.4), in case of0 <t <1landO<v< . 


In the following proposition, we give the comparison on bounds in (i) of Theo- 
rem 2.5.2 and in Proposition 2.5.1. 


Proposition 2.5.2. ForO <v<1land0<t <1, we have 


M,(t) < exp( a 7 (; - :)) (2.5.9) 


and 


exp( oe 2 1) <m,(t). (2.5.10) 
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Proof. We use the inequality 
exp(x) >1+x+ xe (x > 0). 


Then we calculate 


exp( (7 :)) Maes 


2 t 2tv+ 
2 v-1 2 
ot eT 0 
2t? tv At? 
forO <v<1andO <t <1. Thus the inequality (2.5.9) was proved. 
Putting s = oS the inequality (2.5.10) is equivalent to the inequality 


exp(2v(1 - v)(s — 1)*) < 1+ 2v(1-v)(s—1)’s "7, (5 <s<l,0<v< 1), (2.5.11) 


For the special case v = 0,1 ors = 1, the equality holds in (2.5.11) so that we assume 
2v(1— v)(s — 1)* # 0. Then we use the inequality 


1 
—, 1). 
exp(Xx) < <a (x < 1) 


We calculate 


m,(t) exp( un y (t 1) =1+2v(1-v)(s—1)*s "1 - exp(2v(1 — v)(s — 1)) 
1 1 
1-2v(1-—v)(s — 1)? 
_ 2v(1-v)(s -1)’s"""g,(s) 
1-2v(1—v)(s — 1)? 


>14+2v(1-v)(s—1)°s 


> 


where 


g,(s) =1-s"*! - 2v(1- v)(s — 1)”. 


We prove g,(s) > 0. To this end, we calculate 


gi(s) =-(v+1)s” - 4v(1-v)(s—1),  g!"(s) = -v(v + 1)s"' - 4v(1 - v), 

g°)(s) = v(1—v)(v +1)s" = 0. 
Thus we have g/’(s) < g/’(1) = v(3v — 5) < 0 so that we have g/(s) < g/(1/2) = 2h(v), 
where h(v) = v(1 — v) - at From Lemma 2.5.3, h(v) < 0 for O < v < 1. Thus we have 
gi(s) < O which implies g,(s) > g,(1) = 0. Therefore, we have 


m,(t) exp( as v) (t 1) >0 


forO <v<iand0O <t <1. Taking account for the equality cases happen if v = 0,1 or 
t = 1, we have the inequality (2.5.10). 
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Lemma 2.5.3. For 0 < v < 1, we have >v(1—-v). 


v+l 5 1. So we put 


Proof. Since v(1 -v) < ; for 0 < v < 1, it is sufficient to prove Sat ae a 
l(v) = 2(v+1)—2”. Then we have l'’(v) = —(log 2)?2” < 0, (0) = 1and fe 2. Therefore, 


we have I(v) > 0. 


Remark 2.5.3. As for the bounds on the ratio of arithmetic mean to geometric mean 
(ene , Proposition 2.5.2 shows Proposition 2.5.1 is better than (i) of Theorem 2.5.2, for 
fhe caseO <t <1. 


2.5.2 Further refinements by r-exponential function 


We give a new refinement of Young inequality which is a further improvement of The- 
orem 2.5.1. Throughout this book, we use the one-parameter extended exponential 
function defined by exp,(x) = (1+ rx)! "forx > Oand -1 <r < 1withr # 0 under 
the assumption that 1+ rx > 0. We call exp,(-) r-exponential function. 


Theorem 2.5.3 ([71, Theorem 3.1]). Fort > Oandv « [0,1], 


2 
LEVEE i os ye. (2.5.12) 


Proof. We set the function 


217 Wavy art 


f,() =1+v(1-v) ; fv 


fort >O and 0 < v <1. Then we have 


df(t) = vd = v)(t a 1) v v-1 
ae a (t’ +t 1). 


Since t’ > 1fort >1andt” !>1for0 <t<1,t’+t"!-120. Thus we have “#0 — 0) 


when t = 1 and aoe < Ofor0 < ¢t < 1, and ass > 0 fort > 1. Therefore, we have 
fi) =f, = 
Lemma 2.5.4. The function exp,(x) defined for x > 0 andr « (0,1], is monotone de- 
creasing inr. 


Proof. We calculate derpe®) _ Gant "8 where g(y) =y—- (1+ y)log(1+y) fory > 0. 


Since a = —log(1+y) < 0, f(y) ie 0. We thus ce expC) <0. 


We ae the reverse Young inequality with r-exponential function which is 
a one-parameter extension of Theorem 2.5.1. 


Corollary 2.5.1. For t > 0, v € [0,1] andr € (0, 1], 


2 
ae < exp,( vi eee ra ) (2.5.13) 
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Proof. Since exp,(v(1 - v) ey =1+v(1-v) ce we have the desired result by The- 
orem 2.5.3 and Lemma 2.5.4. 


Remark 2.5.4. Since lim exp,(x) = exp(x) and Lemma 2.5.4, we have 
re 


2 2 
ive ~ <exp( va ~ ) 
which means that the right-hand side in Theorem 2.5.3 gives the tighter upper bounds 


of eee than one in Theorem 2.5.1. 


Remark 2.5.5. Proposition 2.5.1 shows the upper bound of gow isM,(t)for0 <t <1, 
while Theorem 2.5.3 gives the upper bound of dope for all t > 0. In addition, for the 
case t” < 5s the right-hand side in Theorem 2.5.3 gives the tighter upper bounds of 
eye than M,(t) in Proposition 2.5.1. 


Remark 2.5.6. It is easy to see that 1 + v(1 - v) tees <1+ Love = K(t). As we noted in 
Remark 2.5.1, the inequalities (2.5.5) are known. By the numerical computations, we 


have no ordering between K® (t) and1+v(1-v) Euy See [71] for the details. 


Remark 2.5.7. From the proof of Lemma 2.5.4, we find that the function exp,(x) is 
monotone decreasing for r > 0. However, the following inequality does not hold in 
general: 


(t -1) 


cat de < exp,(vil - yi), (r > 1) 


t’ 
since we have a counterexample. See [71] for the details. 


As similar way to the above, we can improve Theorem 2.5.2 in the following. 


Theorem 2.5.4 ([71, Theorem 3.8]). Lett > O and v « [0,1]. 
(i) If0<t<1,then 


2 


1 1-v)+vt vii-v)/1 
1- Oe Re : ath = G 1): 
- ue) ~1) 
(ii) Ift >1, then 
1 1-v)+vt vii-v 
ee <1+ o Mr -12 


Proof. First, we prove the second inequality in (i). To this end, we set the function as 
2 
(7 1) (1-—v)+vt 


aaa a ez 
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forO < t<1and0 <v <1. Then we find by elementary calculation 


af, (t) 
dat 


=v(l—v)(t-1)t"7(t" - t?) < 0 
so that f,(t) = f,(1) = 0. Second, we prove the first inequality in (i). To this end, we set 
the function as 


v(1—v) 
2 


g(t) = {(1-v) +e} (t »| {” 


forO < t<1and0 <v <1. Then we find by elementary calculations 


4610 = v{-2t"? — 3v(1 — v)t? — 2(3v* - 4v + 1)t + (3v? - 5v + 4)} 
d’gy(t) _ t= 2 d’g,(t) = = bs, V3" 
ie v(1—v){t"* — 3vt + 3v-1)}, oo v(1-v){(v -2)t 3v} <0. 


2 
Thus we have ato > Fa) _ = 0so that 48,(0 < a8.) = 0 which implies f,(t) > 
f,Q) =0 
By putting ¢ = 1/s in (i) and replacing v with 1 — v, we obtain (ii). 


Lemma 2.5.5. The function exp,(x) defined for 0 < x < land -1 <r < 0, is monotone 
decreasing in r. 


Proof. We calculate a Gin g(r where g(y) = y — (1+ y) log(1+ y) for -1 < 


y < 0. Since oy —log(1+y) > 0, 3 < f(0) = 0. We thus have dep) <0. 


We obtain ie refined and reverse inequalities with r-exponential function 
which are one-parameter extensions of Theorem 2.5.1. 


Corollary 2.5.2 ([71, Corollary 3.10]). Let t > 0,v € [0,1], r; € [-1,0) and r, € (0,1). 
Gi) IfO0<t<1, then 


2 
1- 1- Ie 
exp, (* 2 a ) <* a <exp,(“ 2 a) ) 


(ii) Ift > 1, then 


v(l-v)/1 ; (1-—v)+vt v(i-v) 2 
exp, ( 5 (7-1) )<O** <exp,( 5 ¢-17), 


Proof. Taking into account exp,(x) = 1+ x, and applying two second inequalities in 
(i) and (ii) of Theorem 2.5.4 and Lemma 2.5.4, we obtain two second inequalities in (i) 
and (ii) of this theorem. 

Taking into account exp_,(x) = x and vO) (t -~1 <1for0<t<1, voy (+ - 
1)? < 1 for t > 1, and applying two first inequalities in (i) and (ii) of Theorem 2.5.4 and 


Lemma 2.5.5, we obtain two first inequalities in (i) and (ii) of this corollary. 
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Remark 2.5.8. As we noted lim exp,(x) = exp(x), and Lemma 2.5.4 and Lemma 2.5.5 
reo 


assure that Theorem 2.5.4 gives tighter bounds of a than Theorem 2.5.2. 


Remark 2.5.9. Bounds in (i) of Theorem 2.5.4 can be compared with Proposition 2.5.1. 
As for upper bound, M(t) is tighter than the right-hand side in the second inequality 
of (i) of Theorem 2.5.4. Since (ayn > t? for 0 < t < 1,m,(t) is also tighter than the 
left-hand side in the first inequality of (i) of Theorem 2.5.4. The inequality (@ cs ene oo 
can be proven in the following. We set eae = (v + 1)log > PL =D log te hen we have 


df,(t) _ (v-1)t-2 
a Wee = 0 so that f,(0) = f,() = 


Note that Remark 2.5.9 and (i) of Corollary 2.5.2 give Proposition 2.5.2. However, 
Corollary 2.5.2 gives alternative tight bounds of doe when ¢t > 1. 


Remark 2.5.10. We give comparisons our inequalities obtained in Theorem 2.5.4 with 
the inequalities (2.5.5). et the numerical computations, we have no ordering between 


K¥(t) and1+v(1—v)& 5 for 0 < t < 1. See [71] for the details. 


We close this subsection showing operator versions for Corollary 2.5.1 and Corol- 
lary 2.5.2 in the following. 


Corollary 2.5.3. LetO < v < 1,0 <r <1andletA and B be strictly positive operators 
satisfying ()O<m<A<m' <M'<B<Mor(ii)O0<m<B<m <M'<A<Mwith 
h= xu Then 


AV,B < exp,(4v(1— v)(K(h) — 1))At,B. 


Corollary 2.5.4. LetO <v <1,-1<1r, < 0,0 <1, < 1and let A and B be strictly positive 
operators satsiyine (6 <m<A<m' <M'<B<Mor(ii)0O<m<B<m'<M'< 
A<Mwithh= Mand h' = v. Then 


2 
eXD,, ( “a ( **) Jane <AV,B< exp, ( ein - 1) AB, 


Remark 2.5.11. In [243, Theorem 6 (i)], L. Zhu obtained the inequality 


2 
(’1-—v)+vt 244 0eY) (t - 1) 


< , (W/2<v<it>o 
Vv 5 ; (1/ ) 


which refines (2.5.12) and the second inequalities in Theorem 2.5.4 for the case of 1/2 < 
v < 1. In addition, the refinements of the first inequalities in Theorem 2.5.4 were given 
in [243, Theorem 8]: 


1 (1-—v)+vt 
v(1-v) 1 Ss Vv 
1- MA -/ t 


The case 0 < t <1 can be also obtained by putting t = 1/s and replacing v with 1 - v. 
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2.6 Young inequalities with new constants 


Based on the refined scalar Young inequality, F. Kittaneh and Y. Manasrah [131] ob- 
tained the operator inequalities 


2r(AVB — AtB) < AV,B — At,B < 2R(AVB — AtB), (2.6.1) 


where r = min{v,1—v} and R = max{v,1—v}. H. Zuo etal. [248] refined operator Young 
inequality with the Kantorovich constant K(h), (h > 0), and showed the following 
inequality: 


AV,B > K'(h)At,B, (2.6.2) 


whereO < aI <A<al< fl < B<Blor0<aI<B<al<fl<A< f'Iwith 
h= a Note also that the inequality (2.6.2) improves Furuichi’s result given in the first 
inequality of Theorem 2.2.2 shown in [65]. 

As for the reverse of the operator Young inequality, under the same conditions, W. 
Liao et al. [140] gave the following inequality: 


AV,B < K*(h')At,B, (2.6.3) 


where 0 < a@'l < A<al <BI<B<B'lor0<a'l<B<al<pl<A<flwithn' =£ 
Two inequalities (2.6.2) and (2.6.3) with Kantorovich constant: 


K’(h)At,B < AV,B < K*(h')At,B 


give a refinement and reverse for operator Young inequality. We call the above inequal- 
ities Zuo—Liao inequalities for short. 

This section intends to give some operator Young inequalities with new con- 
stants via the Hermite-Hadamard inequality. Our new constants are different from 
Kantorovich constant shown in the Zuo—Liao inequality. That is, the following theo- 
rem is one of the main results in this section. 


Theorem 2.6.1 ([79]). Let A,B be strictly positive operators such thatO < hI < 
A’ 2BA 2? <hI <I for some positive scalars hand h'. Then for eachO <v <1, 


m,(h)At,B < AV,B < M,(h')At,B, (2.6.4) 


where 


2’v(1 — v)(x — 1)? 


v(1 —v)(x — 1)? 
(x + 1)"41 i 


m,(x) =1+ Sve 


, M(x) =1+ 


The inequalities in (2.6.4) give alternative Zuo—Liao inequalities with new con- 
stants. In order to prove our results, we need the well-known Hermite-Hadamard 
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inequality which asserts that iff : [a,b] — Risa convex function, then the following 
chain of inequalities hold: 


b 
a+b 1 f(a) + f(b) 
f( ; ) <5 | foo. ax ae (2.6.5) 


a 


If f is a concave function, then the signs in inequalities (2.6.5) are reversed. 

Our first attempt, which is a direct consequence of [176, Theorem 1], gives a differ- 
ence refinement and reverse for the operator Young inequality via (2.6.5). 

The next lemma provides a technical result which we will need in the sequel. 


Lemma 2.6.1. Let v «€ (0, 1]. 
(i) Foreacht > 0, the function f,(t) = v(- t’-1) is concave. 
(ii) The function g,(t) = woe is concave if t < 1+ 2, and convex ift > 1+ 2. 


Proof. The function f,(t) is twice differentiable and fh "(t) = v(1-v)(v-2)t”?. According 
to the assumptions ¢t > 0 and 0 <v <1, we havef,(t) < 0. 

The function g,(t) is also twice differentiable and g, 't) =v —v)y(v + pS 2 
which implies (ii). 


Using this lemma, together with (2.6.5), we have the following proposition. 


Proposition 2.6.1. Let A, B be strictly positive operators such that A < B. Then for each 
O0<v<l, 


A-Ah,_,B 
v(B Aan au ) < A,B -At,B 


-1 1 .v-l 
<v(B-AA(A a(ca) A), (2.6.6) 


By virtue of Proposition 2.6.1, we can improve the first inequality in (2.0.3). 


Remark 2.6.1. It is worth remarking that the left-hand side of inequality (2.6.6), is a 
v-1 

refinement of operator Young inequality in the sense of v(x — (3 ) 2 0 for each 

x >1and0 <v<1.Replacing A and Bby A ' and B" respectively and taking inverse, 


we get 


-1 


AeA iy Bt oe 
A\yB < {v(B" Aa —_ )+4 't B | 


< At,B 


< V(B aan? 7 oe) +At,B 


< AV,B. (2.6.7) 
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We easily find that the inequalities in (2.6.7) provide the interpolation among arith- 
metic mean, geometric mean and harmonic mean. That is, (2.6.7) gives a difference 
refinement for operator Young inequalities. 


In order to give a proof of our first main result in this section, we need the following 
essential result. 


Proposition 2.6.2. For eachO < x < landO < v < 1, the functions m,(x) and M,(x) 
defined in Theorem 2.6.1 are decreasing. Moreover, 1 < m,(x) < M,(x). 


We are now in a position to prove Theorem 2.6.1 which are operator Young in- 
equalities with new constants. 


Proof of Theorem 2.6.1. It is routine to check that the function f,(t) = ee where 
0<t<ilandvé [0,1], is concave. We can verify that 


(1 -—v) + vx 


1 
| fode=1- 97 
Z x 


Hence from the inequality (2.6.5) we can write 
m,(x)x" < (1—v) +vx < M,(x)x", (2.6.8) 


for each O < x < land v € [0,1]. 
Now, we shall use the same procedure as in [65, Theorem 2]. The inequality (2.6.8) 
implies that 


min m,(x)x" <(1-v)+vx < max M,(x)x". 
h'<xshs1 h'<xshs1 


Based on this inequality, one can see easily for which X, 


min m,(x)X” <(1-v)I+vX < max M,(x)X’. (2.6.9) 
h'<xs<hs1 h'<xs<hs1 

By substituting A-2BA”? for X and taking into account that m,(x) and M,(x) are de- 

creasing, the relation (2.6.9) implies 

Vv Vv 

m,(h)(A-2BA~2) <(1—v)I+vA~2BA™? <M,(h')(A-2BA~2) . (2.6.10) 
Multiplying A? from the both sides to the inequality (2.6.10), we have the inequality 
(2.6.4). 


Remark 2.6.2. Notice that, the condition 0 < h'I < A-2BA>? < hI < I in Theo- 
rem 2.6.1, can be replaced by O < a/I < B < al < BI < A < fl. In this case, we 
have 


m,(h)At,B < AV,B < M,(h')At,B, 


al 


5 | rea 
where h = gandh = Rr 
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Theorem 2.6.1 can be used to infer the following remark. 


Remark 2.6.3. Assume the conditions of Theorem 2.6.1. Then 
m,(h)A!,B < At,B < M,(h')A!,B. 


The left-hand side of the inequality (2.6.4) can be squared. In order to prove the 
following corollary, we prepare two lemmas which will be also applied in the later 
chapters. 


Lemma 2.6.2 ([25, Theorem 1]). For A,B > 0, we have ||ABl| < ZI|A +B’. 


Lemma 2.6.3 (Choi inequality [22, p.41]). Let A > 0. Then for every normalized posi- 
tive linear map ®, 


@1(A) < (A"'). 


Corollary 2.6.1. Let0 < a’I < B< al < BI < A< f'l. Then for every normalized positive 
linear map ®, 


2 K(h') ; 2 
@*(AV,B) < (sa) ©(At,B) (2.6.11) 
and 
; K(n') \ 2 
@*(AV,B) < (sa) (O(A)t,@(B))’, (2.6.12) 


where h = : and h' = or 
Proof. According to the assumptions, 
(a’ +B!) >a'pl'A'+A, (a’ + B')I > a'B'B' +B, 
since (t — a’)(t — B') < 0 fora’ < t < f’. From these, we can write 
(a’ + B')I > a’ B'D(A ‘V,B') + (AV,B), (2.6.13) 
where © is a normalized positive linear map. We have 
|®(AV,B)a’B'm,(h)D”"(At,B)| 

s “locay,B) i a’B'm,(h)®"(At,B)| (by Lemma 2.6.2) 

< F[O(Av,B) +a'8'm,O(A"4,B)” (by Lemma 2.6.3) 

< “locay,B) + a'p'o(A vB") (by Remark 2.6.2) 


< 7 (al +B’) (by (2.6.13). 
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This is equivalent to 


K(h') 


-1 
||D(AV,B)® “(At,B)|| < TN 


(2.6.14) 


where h = and h! = fr It is not hard to see that (2.6.14) is equivalent to (2.6.11). The 
proof of the inequality (2.6.12) goes likewise and we omit the details. 


Remark 2.6.4. Obviously, the bounds in (2.6.11) and (2.6.12) are tighter than those in 
[142, Theorem 2.1], under the conditions 0 < aI < B< al < BI < A< f'I withh = 3 


and h’ = or 


We here point out connections between our results given in the above and some 
inequalities proved in other contexts. That is, we are now going to explain the advan- 
tages of our results. Let v € [0,1], 7 = min{v, 1—v}, R = max{v, 1-v} and m,(-), M,(-) were 
defined as in Theorem 2.6.1. As we will show in the below, the following proposition 
explains the advantages of our results (Proposition 2.6.1 and Theorem 2.6.1). 


Proposition 2.6.3. The following statements are true: 

(I-i) The lower bound of Proposition 2.6.1 improves the first inequality in (2.6.1), when 
2<vs<iwith0<A<B. 

(I-ii) The upper bound of Proposition 2.6.1 improves the second inequality in (2.6.1), 
when = <v<1with0<A<B. 

(I-iii) The upper bound of Proposition 2.6.1 improves the second inequality in (2.6.1), 
whenO<v< + withO<A<B. 

(II) The upper bound of Theorem 2.6.1 improves the inequality 


(1—v) +vx < x’K(x), 


when x” > . 


(III) The upper bound of Theorem 2.6.1 improves the inequality given by S.S. Dragomir 
in [43, Theorem 1], 


(1-v) +vx < exp(4v(1 - v)(K(x) -1))x", x >0 (2.6.15) 


whenO<v< SandO0<x<1. 
(IV) There is no ordering between Theorem 2.6.1 and the inequalities (2.6.2) and 
(2.6.3). 


Therefore, we conclude that Proposition 2.6.1 and Theorem 2.6.1 are not trivial re- 
sults. Comparisons with known results, and proofs are given in [79]. 


2.7 More accurate inequalities 


In this section, we prove the operator mean inequality 


M 
AV,B < Ane r = min{v,1-v}, (2.71) 


r 
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when 0 < mI < A, B < MI and 0 < v < 1. This is an improvement of the inequality by 
M. Tominaga [226], 


AV,B < S(h)At,B 


(it should be noticed here that the original proof of this inequality is shown in [4, 
Theorem 1]), and the inequality given by W. Liao et al. [140], 


AV,B < K*(h)At,B, R= max{v,1-v}, (2.7.2) 


where h = M for 0 < mI < A, B < MI. We here give the proof of the inequality (2.7.1). 


Proof of the inequality (2.7.1). We first prove the corresponding scalar inequality. De- 
fine 


(1 -—v) + vx 
xv : 


f(x) = v € [0,1]. 


We aim to find the maximum of f on [ . mM). Direct calculations show that 
x” 1x - 1)(v - vv’) 
So 


fix) 


Therefore, f attains its absolute maximum at x = i orx = Mu To compare between 
f(t) and f(%), let 


(l1-v)+vh (1-v)h+v 


g(h) = HY ae h>1and ve [0,1]. 


Then 


g'(h) = ww 5) —h) 


and g(1) = 0. It is clear that for v € [0, 5] we have g’(h) > 0, while g’(h) < O when 
ve [3,1]. Therefore, when v € [0, 3], we have g(h) > g(1) = 0, while g(h) < 0 when 
ve [5 1]. Since M > 1, it follows that 


max f(x) = 
xl in 


(2.7.3) 


| mvyM forO<v< 


Then (2.73) says that 


| (1—v) +vx < mvt XY forO<v< 


tM 


(1-v) + vx < 7 
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which is equivalent to saying 


mvV,M 
(l-v)+vx < —"_x’, 
mit,M 
where r = min{v,1-—v}, v € [0,1] and 7 <x< Mu Now, if mI < A, B < MI, it follows 


that i < ABA"? < x and a standard functional calculus applied to the numerical 
inequality implies (2.7.1). 


The constant et is best possible in (2.71) in the sense that smaller quantities 


cannot replace it. As a matter of fact, let A = mI and B = MI. Then we have 


AV,B=(mV,M)I and At,B = (mt,M)I. 


Then it is immediate to see that 


mvV,M 


AV,B = 
“ mit,M 


1 
At,B, ve fo. ;| 
as desired. In addition, by choosing A = MI and B = ml, we get 
AV,B=(MV,m)I and At,B = (Mi,m)I. 


Therefore, 


MV,m 
Mt,m 


AV,B = At,B, ve Fel 


In the next proposition, we show that our estimate in (2.7.1) is better than the in- 
equality (2.7.2) given by W. Liao etal. [140]. 


Proposition 2.7.1. Let m,M > 0, v € [0,1] andr = min{v, 1-v}. Then 


2(1-r) 


a (=r) (2.74) 
mi,M m{M 
Proof. We see that the inequality (2.7.2) is equivalent to saying 
2(1-r) 
mVM 
AV,B < | —— At )B. 2.7.5 
as (T) At (2:75) 


First, we assume that v ¢€ [0, 5). Let 
g(v) = log(1 — v + vM) - vlog M — 2(1 - v){log(1 + M) — log(2VM)}. 
Then direct computations show that 


ney (M1) 
e) =a tp § 


Hence, g’ is decreasing and 
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, fl\_ 7 M-1_ 
g(v)2g (5) = oa +1)-logM+ res log2). 
Letting h(M) = log(M + 1) - logM +i — log 2, we have h’(M) = wae? . Therefore, 


h attains its minimum at M = land nM ) = h(1) = O. Consequently, g’ > 0 and g is 
increasing on [0, 5]. Hence, for v € [0, 3], we have g(v) < g(5) = 0. Replacing M by “ 
and rearranging g, we have 


2(1-v) 
mV,M <(™) ve [0.1/2]. 
mit,M mi{M 
For v € 3, 1], let k(v) = g(1- v). Since g = g(v) is increasing on [0, ), k is decreasing 


on [5, 1]. So, k(v) < k(5 ) which implies the required inequality for v € [5 vl). 


By virtue of the inequality (2.71), we have the following comparison between the 
geometric and harmonic means: 


mV,M 
aT Al,B. (2.76) 


r 


At,B < 


Further, we have the following double-sided inequality, for v € [0,1]: 


mV,M mV,M 


Av,B - M{ = 1) < At,B < m( E 1)+ ANB (2.77) 


r r 


where r = min{v,1— v}. The inequalities (2.77) are difference reverses for operator 
Young inequalities given in (2.0.3). 

The inequality (2.7.1) can be also used to present the following Hilbert-Schmidt 
norm (Frobenius norm) versions, for the algebra M(n, C) of all complex matrices of 
size n x n. Recall that for positive matrices A, B and an arbitrary X ¢ M(n, C), we have 
the Young-type inequality [133] 


Ja" "xB" |, < 


€ [0,1]. (2.7.8) 


It is interesting that the inequality (2.7.8) is not valid for arbitrary unitarily invariant 
norms. Now we present a reversed version of (2.78). 


Corollary 2.7.1. Let A, B « M,(n,C)andX € M(n,C).IfmI < A,B < MI withO<m<M, 
then we have 


at 1l-v 


(1 — v)AX + vXBl|, < 


(2.7.9) 


where v € [0,1] andr = min{v,1- v}. 


Proof. Let U and V be unitary matrices such that 


A =Udiag(A,)U" and B=Vdiag(y,)V" 
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are spectral decompositions of A and B. Moreover, let Y = U* XV. Then 


I - v)AX + vXBI;, = |U((1 - v) diag(A)Y + v¥ diag(u,))V* |; 
= |[-v)A; + va] © Lvgl 


n 
2 
7 Y ((1— v)A; + vyy) lyijl” 
ij=t 


2n 
mV,M 1s 2 2 
= (rr) YA YF yal 


ij=1 
2 
= (=) A’ ’XB" | 


2 
mt,M 2 


which completes the proof. 


On the other hand, a reverse Heinz inequality can be also found as follows. Re- 
call that for positive A, B and arbitrary X ¢ M(n, C) we have [23] 


At ’XBY + A’XBY, < JAX +XBlly, v € [0,1], A10) 


for any unitarily invariant norm || - ||,,. Now we present a reversed version of this in- 
equality for the Hilbert-Schmidt norm. 


Corollary 2.7.2. Let A,B ¢€ M,(n,C) and X € M(n,C). If mI < A,B < MI with 
0 <m<M, then we have 


mvV,M 


mi,M (2.7.11) 


AX + XBl|, < A’ ’XBY + A’XB’” | 


» 
where v € [0,1] andr = min{v, 1 - v}. 


Proof. Notice first that if a and b are positive numbers in [m, M], then 


mvV,M mV,M 
av b < ——at,b d avV,_,b< — _yb, 
Vv mt,M ty an aVvi_-y mi,M Vv 


where r = min{v, 1 — v}. Adding these inequalities implies 


M 
atb< VM aiYpY +a'b’”). 
mi,M 


Then a standard argument like that of Corollary 2.71 implies the required inequal- 
ity. 


At this stage, it is quite natural to ask whether inequalities (2.79) and (2.7.11) are 
valid for an arbitrary unitarily invariant norm. Numerical examples support this claim, 
but we do not have a definite answer. 


Remark 2.7.1. Notice that when mI < A, B < MI with m < M, then m'I < A, B < M'I, 
when m’ < mand M' > M. Therefore, we have 


2.7 More accurate inequalities —— 41 


m'V,M' ; 
AV,B < mig, Ab: r = min{v, 1 — v}, 


giving an infinite set of inequalities. However, it turns out that the best inequality is 
attained when m and M are the largest and smallest such numbers, respectively. This 
is due to the following simple observation. 


Proposition 2.7.2. Let v be a fixed number in [0,1]. If M > 0 is fixed, then the mapping 
mV,M 
mt,M 
mV,M 
mt,M 


mr is decreasing on (0, M]. On the other hand, ifm > 0 is fixed, then the mapping 


Mw 


is increasing on [m, co). 


mV,M 
mt,M 


Therefore, the minimum value of the constant is attained when m = max{a > 


0: al < A,B} and M = min{b > 0: A,B < bl}. 


2.7.1 Inequalities for positive linear maps 


In this subsection, we present inequalities that govern positive linear maps and their 
squared versions. The problem of squaring operator inequalities has been studied ex- 
tensively in the literature. To our surprise, M. Lin [142, Theorem 2.1] showed that the 
reverse Young inequality can be squared. His method was based on some observations 
about the operator norm and Young inequality of R. Bhatia and F. Kittaneh. 


Our next target is to show squared versions of our inequalities involving the new 
mV,M 

mt,M * 
that allows squaring such inequalities. 


constant For this purpose, we remind the reader of the following simple method 


Lemma 2.7.1 ([57, Theorem 6]). Let A,B ¢ B(H) such thatO <A <BandO<mI<A< 
MI. Then 


A’ < K(h)B’, 
M 
where h =~. 


A direct application of Lemma 2.7.1 implies the following squared version of the 
reverse Young inequality filtered through a normalized positive linear map, providing 
an alternative proof of a main result in [142] by M. Lin. 


Corollary 2.7.3. Let A,B ¢ B(H) such that 0 < mI < A, B < MI. Then for every normal- 
ized positive linear map D 


@*(AVB) < K*(h)®*(AtB), (2.7.12) 
and 
?(AVB) < K?(h)(O(A)tO(B))’, (2.713) 


_M 
where h =~. 
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Proof. From [53, Theorem 13], we have AVB < \K(h)(AtB). Since mI < AVB < MI, by 
applying Lemma 2.7.1 we can get (2.7.12). The inequality (2.7.13) follows similarly from 
the inequality D(AVB) = D(A)V®(B) < VK(h)(@(A)tB(B)). 


The significance of Lemma 2.7.1 is the way that it can be used to square some of the 


inequalities we have just proved. Hor example, we have the following squared version 
mvV,. M2 
mt,M 


Corollary 2.7.4. Let A,B € B(H) be such that mI < A, B < MI for some scalars 
0 <m< M. Then, for any normalized positive linear map ®, 


) appears. 


@°(AV,B) < Kan( Tt ) oan), 
and 
O*AY,B) < K(H)( a ) (ou, 
where h = ™,r = min{v,1—v} andv € [0,1]. 


In ate when v = 5, we get Corollary 2.7.3. 


Remark 2.7.2. If we apply similar argument as in Corollary 2.7.3, we can obtain the 
squared version of the reverse geometric-harmonic mean inequality utilizing (2.7.6). 


Remark 2.7.3. As we have seen Corollaries 2.7.3 and 2.74, it is natural to consider the 


a uy and K?(h) with h = ue However, by simple calculations 
mV,M 
mt,M mim 


Proposition 2.7.3. Let A,B € B(#) be such that mI < A,B < MI for some scalars 
0 <m< M. Then, for any normalized positive linear map ®, 


in general. 


@(AV,B) < CO*(At,B), ?(AV,B) < C(@(A)t,@(B)), 


eet 


,K*(M/m)}, r = min{v, 1—v} and v € [0,1]. 


where C = min{K(M/m)(- 


2.7.2 Inequalities to operator monotone functions 


In the subsequent discussion, we consider operator means with operator monotone 
functions defined on the half real line (0, co). The following lemma is well known. 
However, we give the proof to keep the present book self-contained. 


Lemma 2.7.2. Let f : (0,00) — (0, 00) be a given function and let a > 1. 
(i) Iff is operator monotone, then 


f(at) < af(t). (2.714) 
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(ii) If g is operator monotone decreasing, then 
(at) > +g) 
g(at) > - g(t). 
Proof. 


(i) Since f(t) is operator monotone, then a 
1.14]. Hence for a > 1, 


7 is also operator monotone [97, Corollary 


t 


AD Fan 7 10 2 fa. 


(ii) If g is operator EME decreasing, then 7 is operator monotone. Applying in- 
equality (2.714) for f = =, we infer 


ee 


Now we are ready to present the following result comparing between f(A)t,f(B) 
and f(At,B). 


Theorem 2.7.1 ([104]). Let f : (0,00) — (0,00) be an operator monotone function and 
A, B € B(H) are such that mI < A, B < MI for some scalars 0 < m < M. Then 


fA SB) = TE 


f(At,B), (2.7.15) 


where r = min{v, 1 — v} and v € [0,1]. 


Proof. For the given parameters, 


f(A)t,f(B) < f(A)Vf(B) (by AM-GM inequality) 
< f(AV,B) (by [97, Corollary 1.12]) 
mvV,M 
of Te B) (by (2.70) 
ais M 
mt,M 


B) (by Lemma 2.72 (i), (2.7.16) 


which completes the proof. 


Remark 2.7.4. Theorem 2.7.1 provides a refinement of [99, Corollary 1], because of the 
fact: (1 <n < Se ae We prove it here for convenience. According to [226, Lemma 
2.3], if a,b : Oandve [0, 1], then 


aV,b < s( + )atyb, (2.7.17) 
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Setting a = M and b = min (2.717), we S0l aa tie me < 5(%). On the other hand, by 


substituting a = m and b = M in (2.717), and ca the fact that S(h) = Siz), (h > 0) 
mvV,M 
mt, 


(see [, 


As an application of Theorem 2.7.1, we prove the following order among geometric 
means as a tool for reversing the Golden-Thompson inequality. 


Proposition 2.7.4. For A,B > 0 satisfying 0 < mI < A,B < MI withO < m < M, for 
r = min{v,1—-v} with v € [0,1] and for eachO < q < p, there exist unitary matrices U 
and V such that 


m?V,M? 
me t,. MP 


(es 


1 
Dp 1 
Dp DP\ pr TT* 
MP t,mP ) U(A?t,B?)?U*. (2.718) 


wear BPP" < (A%t, Ba <(* 


Proof. According to (2.7.16), for 0 < q < p, we can write 


@ 
mV,M ) » 


q q 
Art Br< 
Nyt < (Tee 


(Actually, the above inequality holds because of the operator monotonicity of the func- 
tion f(t) = t’ with t > 0, r € [0,1]). Replacing A by A” and B by B? to get 


m?V,M? 
mt MP 


A’t,B? < ( Ana) : (2.7.19) 


For the case g = 1, we can write 


1 
m?V,M? AP ty BP ) : 
mt, MP 
For the case 0 < q < 1, by the minimax principle (See [20, Corollary III.1.2]), there 
exists a subspace F of co-dimension k — 1 such that 


(A%4,B4)* < ( 


q4 B4)a) = de Bl\ay) = AT BY) x) 4 
Ac(A'YB)*) = max (x6 (ATRB*x) = max (x (ANBx)!. 2720) 
Therefore, 
m?V,.M?P P a ? 

Ay ((A%t, Bt)a )s apex, (Tae) (x, (AP t,B?) x)) (by (2.7.19) 

m?V,MP \? Pa pP\E 

< (rae) a max x(x (A? t,B?)? x) (by [97, Theorem 1.4]) 
m?V,MP > Py pP\s 
eS Ay((AP4,BP)") (by (27.20). 


By replacing A by A and B by B" in the right-hand side of inequality (2.718), and 
then taking inverse we get the left-hand side of inequality (2.718). 
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As a direct consequence of Proposition 2.74, we have the following refinement 
of the reverse of the Golden-Thompson inequality [102, 224] which refines [219, 
Theorem 3.4]. 


Corollary 2.7.5. Let H and K be Hermitian matrices such that mI < H, K < MI for some 
scalars m < M, and let v € [0,1]. Then for any unitarily invariant norm || - ||, 


le" 


1 
ery, eM \ : 
5 (SS) Wee 
r 
holds for all p > 0. In particular, 
2m 2M 

e V,e 

le*, s (Sa eel 


Proof. Replacing A and B by e” and e* in Proposition 2.74, respectively, it follows that 
for each 0 < q < p there exist unitary matrix U,,, such that 


ebny epM 


epmy epM 


1 
1 P 1 
(eM t,e%)* < ( ) Ue ne Una: 
1 
Since e#WK — lim (et! tem )# (see [114, Lemma 3.3]), it follows that for each p > 0 
q- 


there exist unitary matrix U such that 


oltVK a= 


VSS 
epmy epM 


y u(ePH tf ePX )P ue: (2.7.21) 


The desired result follows directly from (2.7.21). 


Furthermore, we have the following complementary result of Theorem 2.7.1 for op- 
erator monotone decreasing functions. 


Theorem 2.7.2 ((104]). Let g : (0,00) — (0,00) be an operator monotone decreasing 
function and let A,B € B(H) be such that mI < A, B < MI for some scalars 0 < m < M. 
Then 

mV,M 
mit,M 


g(At,B) < (g(A)t,g(B)), 


where r = min{v, 1 —v} andv «€ [0,1]. 
Proof. We have 


g(A)t,g(B) > g(AV,B) (by (2.16) in [)) 
> s( aa AtyB) (by 2.20) 
mit,M 
> 
mV,M 


g(At,B) (by Lemma 2.72 (ii)). (2.7.22) 


This completes the proof. 
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Our last result in this direction reads as follows. 


Corollary 2.7.6. Let g : (0,00) — (0, co) be an operator monotone decreasing function 
and let A,B > 0 be such that mI < A?, B4! < MI withO < m< M. If 5 f 7 =1,p,q>1, 
then for allé « H, 


g(A"4 Bt) < TT (g(a? )t.8(8") (2723) 
and 
(g(APt.BI)E,£) < Me en EAM, £)? (g(BI)E,£) 4, (27.24) 


where r = min{1/p, 1/q}. 
Proof. One can prove (2.7.23) directly using Theorem 2.7.2. We prove the inequality 
(2.7.24). The inequality (2.722) obviously ensures 


mV,M ap, pa Pu. pq 
s( mM bB Ercan V:B4), (2.7.25) 


Therefore, 


mV,M ( mV,M 
mt,M mt,M 


(g(4?#1BY)§, g)< Jee) (by Lemma 2.7.2 (b)) 


: aH 2( APY B1)é,€) (by (2.7.25) 
Z Me (2 APs g(B2)E,£) (by (2.16) in [8]) 
g at a(AP)E,£)? (e(BYE, gya (by [29, Lemma 8]), 


and the proof is complete. 


2.8 Sharp inequalities for operator means 


The operator Pélya-Szegé inequality [138, Theorem 4] is given as follows: 


M+m 
@D(A){D(B) < O(A{B), (2.8.1) 
M 2VMm 
whenever mI < A, B < MI, Mis a positive linear map on B(#) and m, M are positive 
numbers. D.T. Hoa etal. [117, Theorem 2.12] proved that if ® is a positive linear map, 
f is a nonzero operator monotone function on [0, co) and A,B € B(H) such that 0 < 
mI < A, B < MI, then 


(M +m) 


f(®(A))tf(PB)) < ae (P(A0B)), (2.8.2) 
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where o,T are two arbitrary operator means between the arithmetic mean V and the 
harmonic mean !. In this section, we extend this result to the weighted means T,, 0, 
and under the sandwich condition sA < B < tA. Our results will be natural general- 
izations of (2.8.2). 


2.8.1 Operator means inequalities 


We begin with the following new reverse of (2.0.3). 
Theorem 2.8.1 ((83]). For A,B > 0 satisfying sA < B < tA withO < s < t and for any 


€ [0,1], we have 


PANE < At ,B < WAl,B, (2.8.3) 


where ¢ = max{{¥+¥s VANS Oe: ay) and w = max{s’((1—v) + 2),t’((1—v) + ¥)}. 
Proof. Define 


f, 0d = ee where 0 <s<x<tandve [0,1]. 


Direct calculations show that f’(x) = v(1—v)(x —-1)x-""!. Since f is continuous on the 
interval [s, t], f,(x) < max{f,(s), f,(O}. Where, 


(1—v) + vx < Ex”. (2.8.4) 


Now using the inequality (2.8.4) with T = A~ 3BA™? and applying a standard functional 
calculus argument, we obtain the first inequality in (2.8.3). 
The second one follows by applying similar arguments to the function 


g(x) = x(a —v)+ “), where 0 <s<x<tandve [0,1]. 


For the functions f, and g, defined in Theorem 2.8.1, we have the following in- 
equalities that will be used later. 


Lemma 2.8.1. Let f, and g, be the functions defined in the proof of Theorem 2.8.1 for 
x > 0. Then we have the following properties: 
(i) ForO<x<landO<v< 5, we have f, (x) <f, e x) and g,(x) > (2 ). 


(ii) ForO0 <x <1and} 5 $V <1, we have f,(x) > f,(2) and g,(x) < 8)(2). 


Proof. We set F,(x) = f,(x) - f,(4) and G,(x) = g,(x) - gy (4) for x > 0. Then we cal- 


dF,(x) _ v(1-v)(x-1)(1-x*""!) dG,(x) _ v(1-v)(x=1)(x°""!-1) 
dx _ xt and dx ad xt 


culate . Then a standard calculus 


argument implies the four implications. 
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The next result is a consequence of Theorem 2.8.1 with s = a and t = ae This 
implies a more familiar form of the following means inequalities. 


Corollary 2.8.1. For A,B > 0 satisfying mI < A, B < MI withO < m < M, we then have 


mM ny B< Ay,B < eM 


A! B, 2.8.5 
mV,M mpM eo) 


where r = min{v, 1 — v}, R = max{v,1- v}, andv € [0,1]. 


We would like to emphasize that (2.8.5) is an extension of [53, Theorem 13] to the 
weighted means (thanks to vin = ee We also remark that Corollary 2.8.1 has been 
shown in [104]. Before proceeding further, we present the following remark about the 


powers of operator inequalities. 
Remark 2.8.1. From Corollary 2.8.1, we have the well-known inequality 


mVM 
mi{M 


@(AVB) < D(A), (2.8.6) 
for a positive linear map ® and 0 < mI < A, B< MI. 

It is well known that the mapping t + ¢? is not operator monotone, and hence 
one cannot simply square both sides of (2.8.6). As for this problem, M. Lin proposed 
an elegant method in [142, 143]. The technique proposed in these references was then 
used by several authors to present powers of operator inequalities. In particular, it is 
shown in [47] that one can take the p-power of (2.8.6) as follows: 


(m+ My)? 


@?(AVB) < ( 
4>mM 


p 
) @(AtB), p>2. (2.8.7) 


When p = 2, this gives the same conclusion to the Lin’s result. We here follow a simple 
approach to obtain these inequalities. For this end, we need to recall the following 
fact; see [92, Theorem 2, p. 204]: If A > O and O < mI < B < MI, we have 


(M?1 4. m?-1)2 


p Pp 
BeA> BS apa A P22 (2.8.8) 
Now applying (2.8.8) on (2.8.6), we obtain 
MP1 4 m2 7 M+m\? 
(AV) < ‘ ( ) oPcatp, 2. 2.8. 
(AVB) < apa (Sag) PAID. Pe (2.8.9) 


When p = 2, we obtain the same squared version as Lin’s inequality. However, for 
other values of p, it is interesting to compare (2.8.7) with (2.8.9). For this end, one can 
define the function 


(x +1)? y (1 = 


Pp 
», X>1 p22. 
42/Px 4xP-1 \ 2x ) E 


fy(x) = ( 
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Direct calculations show that f,;(7) > 0 while f,(8) < 0, which means that neither 
(2.8.7) nor (2.8.9) is uniformly better than the other. However, this entails the following 
refinement of (2.8.7) and (2.8.9): 


@?(AVB) < n®?(AtB), 


where 


oe min ( (m+M) .: (MP1 + me (we m y} 


imu) 4m MP \ mnt 


In a similar manner, we can also obtain the following inequality: 
@? (AVB) < n(®(A)t@(B)). 


Proposition 2.8.1. Let A, B be two positive operators and m,, mM), M,, M, be positive real 
numbers, satisfying 0 < m,I < A< mI < M,I < B< MI. Then, forO0 < v <1, 


motyM, m™ tyM, 
—~—~ AV,B < At, B < ———AV,B, 2.8.10 
m,V,M, by mV,M, ( ) 
and 
M. M. 
mil a1 B< A,B < mabe ay B. (2.8.11) 
m!,M, m)!,M, 


Remark 2.8.2. From Proposition 2.8.1, we find for v € [0,1] that, if0 < a, < a,_; < 
os Qy < b, Sees Dy-1 < by; then 
a,Vyb, five On-1VyDn-1 < anVybn 


aytyb, 7 7 Gn-ityPn-1 7 Antybn 


1< 


and 


aytyby Ke Gn- ityb n-1 — AntyDn 


1< < < 5 
a,!,b, an yDn- 1 Gn!ybn 


Remark 2.8.3. We comment on the sharpness of our results compared to some known 

results in the literature. 

(i) The constants in Theorem 2.8.1, Corollary 2.8.1 and Proposition 2.8.1 are best pos- 
sible in the sense that smaller quantities cannot replace them. As a matter of fact, 
f, and g, are continuous functions on 0 < s < x < t, so that f,(x) < f,(t) isa sharp 
inequality for example. For the reader convenience, we will show that our results 
are stronger than the inequalities obtained in [140, 248]. 
On account of [248, Corollary 3], if a,b > 0 and v «€ [0,1], we have 


K'(tat,b < aV,b, 
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where r = min{v, 1 — v} and t = a Letting a = m, and b = M, we get 


mt,M, 2 1 
mV/M, Knit) 


In addition, W.Liao et al. in [140, Corollary 2.2] proved that 
aV,b< KR (t)at,b, 


where R = max{v, 1 — v}. By choosing a = m, and b = M), we have 


m,V,M, J Kn 
mot,M mM) 


(ii) The assumption on A and B (sA < B < tA in Theorem 2.8.1) is more general than 
mI < A, B < MI in Corollary 2.8.1 and the conditions (i) or (ii) in Lemma 2.8.1. The 
conditions (i) or (ii) in Lemma 2.8.1 imply I < ml 2A BAT? 2 ml which isa 


special case of 0 < sI < A™!/?BA-"? < tl with s = = and t = m 


An application of Proposition 2.8.1 under a positive linear map is given as follows. 


Corollary 2.8.2. Let A,B be two positive operators, ® be a normalized positive linear 
map, v € [0,1] and m,,m), M,, M, be positive real numbers. 
(i) ff0<mI<A<mI<MI<B<M4I, then 


M, m,V,M 
@(A)t,@(B) < Mb mW cag, B). (2.8.12) 
MytyM, m,V,M, 


(ii) If0 < mI < B< mI <M,I<A<M4I, then 


My tym, M2V,m) 


se aii Mytym, M,V,m, 


(At, B). (2.8.13) 


Remark 2.8.4. In the special case when v = 5s our inequalities in Corollary 2.8.2 im- 


prove inequality (2.8.1). This follows from the fact that meat < land eae 4) 


In the following, we present related results for v ¢ [0,1]. It is easy to prove that if 
a,b > Oand v ¢ [0,1], then aV,b < a,b, which implies 


AV,B < At,B, (2.8.14) 


whenever A, B € B(H) are two positive operators. 

The following result provides a multiplicative refinement and reverse of inequal- 
ity (2.8.14). We omit the details of the proof since it is similar to the proof of Proposi- 
tion 2.8.1. 
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Proposition 2.8.2. Let A, B be two positive operators and m,, mM, M,, M, be positive real 
numbers. If0 < mI <A< mI <M,I < B< M4)I, then 


M M. 
mM ay, B < AB < way B forv>1 
m,V,M, m2V,M, 
and 
1M. 1M. 
Mv" Ay, B< ALB < “22 ay B forv <0. 
mh) M, myh,M 


Next, we present operator inequalities involving a positive linear map and opera- 
tor monotone functions. We begin with the following application of Theorem 2.8.1. 


Theorem 2.8.2 ([83]). Let ® be a positive linear map, A,B be positive operators such 
that sA < B < tA for some scalars 0 < s < t, and let !, < 0,, T, < V, for any v € [0,1]. 
If f is anonzero operator monotone function on [0, co), then 


f (®(A))t,f ((B)) < Apf(P(Ao,B)). (2.8.15) 
If g is anonzero operator monotone decreasing function on [0, co), then 


8(®(Ao,B)) < &(g(P(A))t,8(PB))), 


where ¢ = max{}"s, aut and wp = max{s’((1—v) + 2), t’((1—v) + 7)}. 


Remark 2.8.5. Taking v = ss S= a and t = a in Theorem 2.8.2, we have € = p = 


HOES + \# ). Since éy) = (Mem) , the inequality (2.8.15) recovers the inequality (2.8.2). 


Remark 2.8.6. In Theorem 2.8.2, it is proved that for two means T,, 0,, we have 
f (M(A))t,f(B(B)) < ef (P(Ao,B)), (2.8.16) 


if f is anonzero operator monotone function on [0, co). 
We can modify the constant ip as follows. Take the function h,(x) = (l-v+vx)(1- 
vt an (v € [0,1],s < x < t). Direct computations show that 


v(1 — v)(x? — 1) 


I 
h,(x) = es: 


> 


which implies 


h,(x) < max{h,(s), h,(t)} := a. 


If we have a condition !, < T,, 0, < V,, then we obtain by the similar way to the proof 
of Theorem 2.8.2, 


f(®(A))t,f(®(B)) < af (@(Ao,B)). (2.8.17) 
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That is, the constant é has been replaced by a. Notice that ip = a in case both max- 
imum values (for &, ) are attained at the same t ors. If s,t < 1 ors,t = 1, we do have 

= &p. But, ifs < landt > 1, it can be seen that a < &, which will be a better 
approximation. 


Notice that Theorem 2.8.2 is a ratio inequality. The next result is a difference ver- 
sion, where upper bounds of the difference between f(®(A))tf(®(B)) and f(®(AoB)) 
are given. 


Corollary 2.8.3. Let ® be a normalized positive linear map, A, B be two positive opera- 
tors such that mI < A, B < MI for some scalars 0 < m < M, and let!<o,T<V. 
If f is anonzero operator monotone function on [0, co), then 


(M - = 


f (B(A))tf (®(B)) - f(P(AoB)) < ——— f (MI. 


Further, if g is a nonzero operator monotone decreasing function on [0, co), then 
(M - m)? 
4Mm 


Corollary 2.8.4. Let A,B be as in Theorem 2.8.1 and let g : (0,co) — (0,00) be an 
operator monotone decreasing function. If 0, is a symmetric mean between V, and !,, 
0 <v <1, then for any vector x € H, 


g(®(AoB)) - g(®(A))tg(®(B)) < g(m)I. 


(g(Ao,B)x,x) < &p(g(A)x,x)" "(g(B)x, x)", 
for the same €, W from above. 


The following lemma, which we need in our analysis, can be found in [209, 
Lemma 3.11]. 


Lemma 2.8.2. Let f : (0,00) — (0,00) be operator convex, A,B € B(H) be two self- 
adjoint operators and let v ¢ [0,1]. Then 


F(A)V,f(B) < f(AV_B), (2.8.18) 
and the reverse inequality holds if f is operator concave. 
Proposition 2.8.3. For A,B > 0 and m,,m), M,, M, > 0, we have the following: 
(i) f0<mI<A<mI<MI<B<M4I, then 


f(At,B) < Maly (f(A)tyf(B)) forv>1 (2.8.19) 
a M, 


for any operator monotone function f : (0,00) — (0, co), and 


myh,M, 
VM,° g(Ah,B) forv>1 (2.8.20) 


g(A)t,g(B) < ———= 


for any operator monotone decreasing function g : (0, co) — (0, 00). 


2.8 Sharp inequalities for operator means ——= 53 


(ii) If0 < mI <B< mI <M,I<A< M4LI, then 


vin 
f(Ab, eB) < Spee FAN tf(B)) forv<0 


for any operator monotone function f : (0,00) — (0, co), and 


Myhym 


8(A)hyg(B) < M,v,m 


iv, 24% B) forv<0O 


for any operator monotone decreasing function g : (0, co) — (0, 00). 


2.8.2 Young inequalities by sharp constants 


We review a few refinements of Young inequality. H. Zuo et al. showed in [248, Theo- 
rem 7] that the following inequality holds: 


(h+1)? M 
= 2.8.21 
4h ° ft m eee) 


K'(h)At,B < AV,B, r=min{v,1—v}, K(h) = 


whenever 0 < mI < B< ml < MI <A<M'Ior0<mI<A<mil<MI<B< 
M'T. As the authors mentioned in [248], the inequality (2.8.21) improves the following 
refinement of Young’s inequality involving the Specht ratio given in (2.0.5), 


S(h")At,B < AV,B. 


Under the above assumptions, S. S. Dragomir proved in [42, Corollary 1] that 


ANB < exp( VL V) hy 4) At. 
We remark that there is no relationship between the constants K’(h) and 
exp(“% Y) (h — 1)*) in general. 


In [104, 83], we proved some sharp ratio reverses of Young’s inequality. In this 
subsection, as the continuation of this chapter, we establish sharp bounds for the 
arithmetic, geometric and harmonic mean inequalities. Moreover, we shall show some 
difference-type refinements and reverses of Young’s inequality. We will formulate our 
new results in a more general setting, namely the sandwich assumption sA < B < tA 
(0 < s < ft). Additionally, we present some Young-type inequalities for the wide range 
of v; that is, v ¢ [0,1]. 

In the paper [83], we gave a reverse Young inequalities with new sharp constant. In 
this subsection, we first give a refined Young inequalities with a new sharp constant, 
as limited cases in the first inequalities both (i) and (ii) of the following theorem. 


Theorem 2.8.3 ([80, Theorem 2.1]). Let A,B > Osuch that sA < B < tA for some scalars 
0<s<tand let f,(x) = Coy for x > 0, andv « [0,1]. 
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(i) Ift <1, thenf,(jAt,B < AV,B <f,(s)At,B. 
(ii) Ifs > 1, then f,(s)At,B < AV,B <f,(HAt,B. 


Remark 2.8.7. It is worth emphasizing that each assertion in Theorem 2.8.3, implies 


the other one. For instance, assume that the assertion (ii) holds, that is, 


fs) <f,0O <f,(0, 1<s<x<t. 


Let t <1, then1< ; <-< i, Hence (2.8.22) ensures that 


wa) ez) =4(5): 


(l-v)t+v  (l-v)x+v  (l-v)s+v 
tiv s xl-v Ss sl-v 


Ie 


So 


Now, by replacing v by 1 — v we get 


(l1-v)+vt | (1-v)+vx | (A-v)+vs 
ad s x’ s’ 


which means 
fit) <fwoo sfis) O<s<x<t<l. 


In the same spirit, we can derive (ii) from (i). 


Corollary 2.8.5. Let A,B > 0, m,m',M,M' > Oandv « [0,1]. 
(i) If0<mI<A<ml<MI<B<M'I, then 
mv,M m'V,M! 


Att,B < AV,B < ——— 
mit,M by om! t,M! 


(ii) If0< mI <B<ml<MI<A<M'I, then 


MV M'V,m!' 
vi" At,B< AV,B< ——"™ at B. 
Mt,m M't,m' 


(2.8.22) 


(2.8.23) 


(2.8.24) 


Note that the second inequalities in both (i) and (ii) of Theorem 2.8.3 and Corol- 


lary 2.8.5 are special cases of [83, Theorem A]. 


Remark 2.8.8. It is remarkable that the inequalities f,(t) < f,(x) < f,(s)(O<s<x< 
t < 1) givenin the proof of Theorem 2.8.3 are sharp, since the function f,(x) fors <x <t 
is continuous. So, all results given from Theorem 2.8.3 are similarly sharp. As a matter 
of fact, let A = MI and B = ml, then from the left-hand side of (2.8.24), we infer 


AV,B=(MV,m)I and At,B = (Mt,m)I. 
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Consequently, 


MV,m 
Mit,m 


At,B = AV,B. 


To see that the constant ar in the left-hand side of (2.8.23) cannot be improved, we 


consider A = mI and B = MI, then 


mvV,M 
mt)M 


At,B = AV,B. 


By replacing A, B by A‘, B“, respectively, then the refinement and reverse of non- 
commutative geometric-harmonic mean inequality can be obtained as follows. 


Corollary 2.8.6. Let A,B > 0, m,m',M,M!' > O and v < [0,1]. 
(i) If0<m'I<A<ml <MI<B<M'I, then 
m'!,M!' m 


M 
—~__AtyB < A!,B< —* 
m' tM mt)M 


At,B. 


(ii) If0< mI <B<mli<MI<A<M'L, then 


"wy! ! 
all nee aoc 
M't,m’ Mt,m 


At, B. 


Now, we give a difference reverse Young inequality with sharp constants in 
the following. 


Theorem 2.8.4 ([80, Theorem 2.6]). Let A,B > OsuchthatsA < B < tA for some scalars 
0<s<t,andve [0,1]. Then 


AV,B — At,B < max{g,(s),g,(t)}A, (2.8.25) 


where g(x) = (1—v)+vx-x" fors<x<t. 


Corollary 2.8.7. Let A,B > O such that mI < A, B < MI for some scalars 0 < m < M. 
Then for v € [0,1], 


AV,B - Att B < A, 


where & = max{77(MV,m — Mt,m), =(mv,M —mt,M)}. 


Remark 2.8.9. We claim that if A,B > O such that mI < A, B < MI for some scalars 
0<m<Mwithh= u and v € [0,1], then 


AV,B- At, B< max.g(h).e,( >) fA < L(1,h) log S(h)A 
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holds. Indeed, we have the inequalities 
(1-v)+vh—h" <L(1,h)logS(h), (1-v)+ ve ~h” < L(1,h) log S(h), 


which were originally proved in [226, Lemma 3.2], thanks to S(h) = S ) and L(1, h) = 
L(, i). Therefore, our result, Theorem 2.8.4, improves the well-known result by 
M. Tominaga [226, Theorem 3.1], 


AV,B — AtyB < L(1,h) log S(A)A. 


Since g,(x) is convex so that we can not obtain a general result on the lower bound 
for AV,B — At,B. However, if we impose the conditions, we can obtain new sharp in- 
equalities for Young inequalities as a difference-type in the first inequalities both (i) 
and (ii) in the following proposition. (At the same time, of course, we also obtain the 
upper bounds straightforwardly.) 


Proposition 2.8.4. Let A,B > O such that sA < B < tA for some scalarsO < s < t, 
v € [0,1], and g, is defined as in Theorem 2.8.4. 

(i) Ift <1, theng,(t)A < AV,B-At,B <g,(s)A. 

(ii) Ifs > 1, theng,(s)A < AV,B- At,B <8, (HA. 


Corollary 2.8.8. Let A,B > 0, m,m',M,M!' > 0, andv «€ [0,1]. 
(i) If0<mI<A<ml<MI<B<M', then 

~ (mv,M —mt,M)A < AV,B - At,B < —(m'V, —m't,M')A. 
(ii) If0<m'I<B<ml<MI<A<M'L, then 

qv — Mt,m)A < AV,B - At,B < riya — M't,m')A. 


In the following, we use the notation V,, and 4, to distinguish from the operator 
means V, and ft: 


Vv 
Av,B=(1-v)A+vB, At,B=A2(A72BA”2) A? 


for v ¢ [0,1]. Notice that, since A,B > 0, the expressions AV,B and Aj,B are also 
well-defined. 


Remark 2.8.10. It is known (and easy to show) that for any A, B > 0, 
AV,B <Aj,B, forv ¢ [0,1]. 
Assume g,(x) is defined as in Theorem 2.8.4. By an elementary computation, we have 


foe. forv ¢ [0,1] andO<x<1 
gi(x) <0 forv ¢ [0,1] and x >1. 


Now, in the same way as above we have also for any v ¢ [0, 1]: 
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(i) If0<m'Il<A<mlI<MI<B<M'I, then 


1 1 
—r en hy —m'v,M')A < Aj,B-AV,B < MyM — mv, M)A. 


On account of assumptions, we also infer 
(m't,M' — m'v,M')I < Ay,B-AV,B < (mh,M -mv,M)I. 


(ii) If0 < m'I<B< ml <MI<A<MT'I, then 


gM —Mvy,m)A < Aj,B-Av,B < 7M hym’ — M'v,m')A. 
On account of assumptions, we also infer 
(Mj,m —Mv,m)I < AhyB-AV,B < (M'4,m' — M'v,m')I. 
In addition, with the same assumption to Theorem 2.8.4 except for v ¢ [0,1], we have 


min{g,(s),g)()}A < AV,B — Ab,B, 


since we have min{g,(s), g,(t)} < g,(x) by g)/(x) < 0, for v ¢ [0,1]. 


2.9 Complement to refined Young inequality 


We say that a linear map ® is 2-positive if whenever the 2 x 2 operator matrix 


(a a > O, then so is ee are ) > O. For an operator A, such that 0 < mI < A < MI 


and a vector x € H, the following inequality is called Kantorovich inequality [124]: 


2 
(Ax, x) (At, x) < MAM for [xt = 1. 
4Mm 


2.9.1 Refinement of Kantorovich inequality 


We start from the following refined Young inequality without weighted parameter. 


Lemma 2.9.1. Let A,B > 0 and1<m< M satisfying mA < B < MA. Then we have 
2 
(1 + Mem age < AVB. (2.9.1) 


Proof. First, we point out that for each a, b > 0, 


2 
(1+ Gogh 1080 \ ab at? (2.9.2) 
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This inequality plays a fundamental role in this section (for more details in this direc- 
tion, see [247]). 

Note that ifO < ma < b < Mawith1 < m < M, then by monotonicity of logarithm 
function we get 


2 
(1+ Em ab < ose (2.9.3) 
8 2 
Taking a = 1 in the inequality (2.9.2), we have 


2 
(23 Som) pa Bee 


Since mI < A-2BA2 < MI and 1 < m < M, on choosing b with the positive operator 
1 1 
A’ 2BA 2, we infer from inequality (2.9.3), 


Multiplying both side by A 2 , we deduce the desired result (2.9.1) 


As we know from [57], the following inequality is equivalent to the Kantorovich 
inequality: 


(M +m)? 


= GARB, x)’, (2.9.4) 


(Ax, x) (Bx, x) < 


where 0 < ml < A, B< MI andx €H. 
With Lemma 2.9.1 in hand, we are ready to provide a refinement of the inequality 
(2.9.4). 


Theorem 2.9.1 ((181]). Let A,B € B(H) such that 0 < mI < m'A< B< Mlandi<m’. 
Then for every unit vector x € H, 


(M +m) 


(Ax, x) (Bx, x) < 5 (ALBx, x). (2.9.5) 


4Mm(1+ “osm! ) 


Proof. According to the condition 0 < mI < m'A < B < MI, we can get 


y y 
Un amas ey 
M m 


It follows from the above inequality that 


oi Sree mm! Mm! res 
(4 2BA 2) M r)( a I-(A 2BA?) Jeo, 
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and easy computations yields 


a) Te AN ; EB ropa dM 
———— ]|(A ?BA ?) >mI+A ?BA?. (2.9.6) 
( vMm ( ) 
Multiplying both sides by A? to inequality (2.9.6), we obtain 
(M+m)vm!' ) ; 
—_——— ]JAIB=>mA+B. 
( vMm y 
Hence for every unit vector x « H we have 
(M +m)Vm! ) ; 
—___WW— ](AtBx, x) = m' (Ax, x) + (Bx, x). 
( vMm ' : 


Now, by using (2.9.3) for above inequality we can find that 


Uy ! ; 
(Mom appx.x) > m'(Ax,x) + (BX, Xx) = 2(1 + er) m! (Ax, x) (BX, X). 


Square both sides, we obtain the desired result (2.9.5). 


Remark 2.9.1. If we choose B = A’, we get from Theorem 2.9.1 that 
(M +m)? 
2 > 
(log m’)? 
4Mm(1 + “oer ) 


(Ax,x)(A'x,x) < (2.9.7) 


for each x € H with ||x|| = 1. 
In this case the relation (2.9.7) represents the refined Kantorovich inequality. 


The following reverse of the Hélder—McCarthy inequality is well known and 
easily proved using Kantorovich inequality: 
2 (M +m)? 2 
; = 1. 2. . 
{A°X,X) < TGA (Ax,x)°, — for ||x|| (2.9.8) 
Applying inequality (2.9.7), we get the following corollary that is a refinement of 
(2.9.8). It can be proven by the similar method in [97, Theorem 1.29]. 


1 
Corollary 2.9.1. Substituting oe for a unit vector x in Remark 2.9.1, we have 
|A2x| 


(AA2x, A2x) (A“1A2x, A2x) (Mi +m? 
1 ar 7 (log m')? a 
42x Ae 4Mm(1 + “28m” ) 
which is equivalent to saying that 
(M +m)? 
(log m!y’ 
4Mm(1 + Coe7's ) 


(A’x,x) < 5 (AX, xy, (2.9.9) 


for eachx € H with |x| = 1. 
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A discussion of order-preserving properties of increasing functions through the 
Kantorovich inequality is presented by M. Fujii, S. IZumino, R. Nakamoto and Y. Seo 
in [57]. They showed that if A,B > 0,B >Aand0O < mI <A < MI, then 


2 
ae (M +m) RB. 
4Mm 


A (2.9.10) 


The following result provides an improvement of inequality (2.9.10). 


Proposition 2.9.1. Let A,B ¢ B(H) such that 0 < mI < m'A < A! < MI,1<m' and 
A <B.Then 


(M +m)? 


Ae< B’, (2.9.11) 


- 4Mm(1+ om! y 


Proof. For each x € H with ||x|| = 1, we have 


2 
(A’x, x) < Su : 5 (Ax, x)? (by (2.9.9)) 
4Mm(1 + “osm ) 
2 
< Oi) ae (Bx,x)” (since A < B) 
4Mm(1 + Cogmy ) 
(M +m)? 


5 (B’x, x) (by the Hélder—McCarthy inequality), 


: 4Mm(1+ dee) 


as desired. 


In [189], using the operator geometric mean, R. Nakamoto and N. Nakamura 
proved that 


M+m 
< 


(A) t@(A") < im 


whenever 0 < mI < A < MI and OD is a normalized positive linear map on B(H). 

It is notable that, a more general case of (2.9.12) has been studied by M. S. Mosle- 
hian et al. in [187, Theorem 2.1] which is called the operator Pélya—Szegé inequality. 
The operator Pélya—Szegé inequality states that: Let ® be a positive linear map. If 
0 < ml < A, B < MI for some positive real numbers m < M, then 


(2.9.12) 


M+m 


@(A)#@(B) < @(AtB). (2.9.13) 


2VMm 


Our second main result in this section, which is related to inequality (2.9.13) can 
be stated as follows. 
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Theorem 2.9.2 ([181]). Let ® be anormalized positive linear map on B(H) and let A, B € 
B(H) such that 0 < mI < m'A< B< Ml and1<m’.Then 


M+m 


D(A)O(B) < = 
2VMim(1+ Soszy ) 


(AB). (2.9.14) 


Proof. According to the hypothesis, we get the order relation 
vim! (M +m) ) ; 

—————_ ]D(AfB) = m D(A) + D(B). 
(JOUR) = m'O(A) + 08) 


By using Lemma 2.9.1, we get 


Vim/(M +m) (4, Mlogm’y” 
(ee )ovage) > m'®(A) + B(B) = 2vini(1 + CEM. ) OA) HOB) 


Rearranging terms gives the inequality (2.9.14). 


Remark 2.9.2. If we choose B = A‘, we get from Theorem 2.9.2 that 


@(A)t0(A) < pals (2.9.15) 


2vMim(1+ “oem” ) 


This is a refinement of inequality (2.9.12). 


A particular case of the inequality (2.9.15) has been known for many years: Let U; 
be contraction with a U;" Uj = 14 G = 1,2,...,k). If A is a positive operator on H 
satisfying 0 < mI < A < MI for some scalars m < M, then 


k k 
Z M+m 
U* AU; U*AtU, \< : 
(2 7aus (2 oj) = am 


jal 


This inequality, proved by B. Mond and J. Peéarié [170], reduces to the Kantorovich 
inequality when k = 1. 


Corollary 2.9.2. By (2.9.14), 


(5 uj au; ji 5 yay) < OT a (2.9.16) 


a) 
j=l jl 2vMm(1 + fem ) 


k 
Inequality (2.9.16) follows quite simply by noting that D(A) = > U; AU; defines a nor- 
j=l 


malized positive linear map on B(H). 
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2.9.2 Operator inequalities for positive linear maps 


We know that if ® is a normalized positive linear map on B(H) and A, B € B(H) such 
that 0 < mI < A, B < MI, then 


©?(AVB) < K?(h)®?(AfB), (2.9.17) 
and 
@?(AVB) < K(h)((A)t@(B))’, (2.9.18) 


hold, where ® is a normalized positive linear map and h = Mu 
In this section, we are devoted to obtain a better bound than (2.9.17) and (2.9.18). 


Theorem 2.9.3 ((181]). Let .A and B be two positive operators such thatO < mI < A < 
m'I < M'I < B< MI. Then for a normalized positive linear map ®, 


2 
o*(avB) << —~™ —; ©*(AtB), (2.9.19) 
(lo Mr) 
Cae 
and 
2 
(av) < —<© _ (@aypowyy, (2.9.20) 
(log w) 
(1+ ag ) 
where h = uM 


Proof. We intend to prove 


$9 
log & 
( a) cary" <(M+m)I. (2.9.21) 


AVB+M m(1 + 
According to the hypothesis, we have 


5 (MI ~A)(mI - A)A' <0, 


by easy computation we find that 


(2.9.22) 


and similar argument shows that 


4 
= +Mm a < (* BLL )r (2.9.23) 
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Summing up (2.9.22) and (2.9.23), we get 


-1 -1 

AVB + Mm <(M+m. (2.9.24) 
On the other hand, 

1.2 12 
lo i lo Me 
AVB + Mmn(1 + (108 iar) cary" = AVB+ Mm(1 + eee \ate) 
-1 —1 
< AVB+ Mm (by (2.9.1) 


<(M+m)I (by (2.9.24)). 


Therefore, the inequality (2.9.21) is established. 
Now we try to prove (2.9.19) by using the above inequality. It is not hard to see that 
inequality (2.9.19) is equivalent with 


2 
|o(AvB)o(ag)] < “em (2.9.25) 
(log “) 
4Mm(1 iY wt) 
In order to prove (2.9.25), we need to show 
1 2 
(log) \ 

@(AVB) + Mn(1 a To (AtB) < (M+m)I, (2.9.26) 


by Lemma 2.6.2. Besides, from the Choi inequality given in Lemma 2.6.3, we prove the 
much stronger statement (2.9.26), that is, 
mM 2 


(log mit 
8 


@(AVB) + Mmn(1 + ) oars”) < (M + m)I. (2.9.27) 


Using linearity of ® and inequality (2.9.21), we can easily obtain the desired result 
(2.9.19). The inequality (2.9.20) can be proved analogously. 


As is known, the Wielandt inequality [118, p. 443] states that if0 < mI < A < MI, 
and x,y € H with xy, then 


2 M-m 2 
Kx, Ay)? < (7) (Ay, Ay). 


In [24], R. Bhatia and C. Davis proved an operator Wielandt inequality which states 
that if0 < mI < A < MI and X,Y are two partial isometries on 1 whose final spaces 
are orthogonal to each other, then for every 2-positive linear map ® on B(H), 


2 
@(X*AY)@"'(Y*AY)@1(Y*AX) < ( i) (X* AX). (2.9.28) 
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M. Lin [143, Conjecture 3.4], conjectured that the following assertion could be true: 


2 
* —1 * -1 * -lly* M- ” 
|D(X*AY)D“(Y* AY) "(Y*AX)D"(X*AX)|| < (7 ; 


(2.9.29) 


X. Fu and C. He [47] attempt to solve the conjecture and get a step closer to the con- 
jecture. But I. H. Giimiis [103] obtained a better upper bound to approximate the right- 
hand side of (2.9.29) based on 


2 
D(X" AY)® "(Y*AY)® "(Y*AX)@ "(X*AX)| < ue 


Ss 2VMm(M +m) (2.9.30) 


The remainder of this subsection presents an improvement for the operator version of 
Wielandt inequality. 


Theorem 2.9.4 ([181]). Let 0 < mI < m'A?! <A < Mland1 <m' and let X and Y be 
two isometries such that X* Y = 0. For every 2-positive linear map ©, 


(M -m) 
2VMm(M + m)(1 4 dogm!y") 


|\O(X*AY)@ '(Y*AY)® "(Y*AX)® "(X*AX)|| < 


Proof. From (2.9.28), we have that 


(7 


a ) ox aryoyraryo (yay) < @(X* AX). 


Under given assumptions, we have mI < ®(X* AX) < MI. Hence Proposition 2.9.1 im- 
plies 


(M —m)* 


(@(x*AY)o(y*AY)o(Y*AX)) < =@°(X*AX). 


4Mm(M + my(1 + Cogn!) 
Therefore, 
(M — my’ 
2VMm(M + m)(1 4: Gogm!y*)" 


|\O(X* AY) '(Y*AY)@'(Y*AX)@ 1(X*AX)| < 


which completes the proof. 


Based on inequality given in Theorem 2.9.4, we obtain a refinement of inequality 
(2.9.30). 


2.10 On constants appearing in refined Young inequality 


In this section, we show the refined Young inequality with Specht ratio and a new 
property of Specht ratio. Then these give an alternative proof of the refined Young 
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inequality with Specht ratio given in (2.2.1): 


GEE S560), aes 6: (2.10.1) 
XY 


Finally, we consider the general property for which we showed the property on Specht 
ratio and Kantorovich constant. Then we state a sufficient condition that such a gen- 
eral property holds for a general function. 


Theorem 2.10.1 ([72]). Forv € [0,1] andx > 0, 


(1—v) + vx 
x’ 


> S"(x). (2.10.2) 


The proof of Theorem 2.10.1 can be done by the use of Lemma 2.10.1 and Lem- 
ma 2.10.2 below with elementary (but slightly lengthy) calculations. See [72] for the 
details. 


Lemma 2.10.1. For 0 < x < 1, we have 
(x -1)* + x(log x)* < 2x(x - 1) logx. (2.10.3) 


Lemma 2.10.2. For x > 1, we have 


log x iG logx 2 2 jee 2 ; 
x-1 x-1 = x+1 x+1 
Remark 2.10.1. Since Kantorovich constant is grater than or equal to Specht ratio, we 
have K’(x) > S"(x) for 0 < r < 1s0 that we easily obtain the inequality 
ey >K( 2S, O<rst 
x 2 
from the result in [248]. We also have K(x") > S(x") forx > OandO <r < 1. For the 
convenience of the readers, we give a proof of the inequality K(x) = S(x) for x > 0, 
which is equivalent to a > 0, where w,(x) = 2log(x + 1) — 2log2 - log x 108 


I 
log("r ae = a 
where ne = lentes 1) -2log 2-log x 
2(1-x)+(x+1) log x 
(x+1)(x-1)? 


for x > 1, since we use again the relation teat > 2 a4 2 fort > 0. 


+1+ 


log x 


7). Since for t > 0, we have only to a be the inequality w(x) = 0, 


108% +1 +log( 4 s=1 108 +log(=). Then 


we have w3(x) = . We easily find oe) <0 for 0 <x <1land w3(x) >O0 
Remark 2.10.2. For x > Oand0 <r <1, we have the inequality 
K"(x) > K(x’). 


The proof is done by the following. The above inequality is equivalent to the inequality 
g,(x) = 0, where 

g,(x) = rlog(x +1) —log(x" + 1) —rlog 2+ log2. 
Since B(x) = ie, we have gO = 0, gy (x) <Ofor0<x< 1and g! (x) = O for 
x > 1. Thus we have g,(x) > g,(1) = 
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Remark 2.10.3. We have no ordering between S'(x) and K(x’). See [72] for the details. 


Theorem 2.10.2 ((72]). We have the inequality 
S"(x) = S(x’) 


forx >OandO<r<i. 


The proof of Theorem 2.10.2 can be done by the use of Lemma 2.10.3 with elemen- 
tary calculations. See [72] for the details. 


Lemma 2.10.3. Put k(t) = —(t — 1)? + 3t(t — 1)(log t) — t(t + 1)(log t)*. Then k(t) > 0 for 
0<t<ilandk(t) < Ofort 1. 


Thus Theorem 2.10.1 and Theorem 2.10.2 give an alternative proof of the inequality 
given in (2.10.1). In addition, the inequality in (2.10.2) gives a better bound than one in 
(2.10.1). 

It is known that Kantorovich constant and Specht ratio have similar properties: 
(i) They take infinity in the limits as x — 0 and x > oo. 

(ii) They take 1 when x = 1. 
(iii) They are monotone decreasing functions on (0, 1). 
(iv) They are monotone increasing functions on (1, oo). 


As we have seen in Chapter 2, properties K’(x) > K(x") and S’(x) > S(x’) for x > 0 and 
0 <r<1,make us toconsider the following general result. To state our proposition, we 
define a geometrically convex function f : J — (0,00) where J c (0, oo). If the func- 
tion f : J > (0,co) where J c (0,00) satisfies the inequality f(a’ b’) < f!’(a)f"(b) 
for a,b > O and v € [0,1], then the function f is called a geometrically convex (multi- 
plicatively convex) function. See [192], for example, for the geometrically convex (mul- 
tiplicatively convex) function. We easily find that if the geometrically convex function 
f :J — (0, oo) is decreasing, then f is also (usual) convex function. 

It is known that the function f(x) is a geometrically convex if and only if the func- 
tion log f(e*) is (usual) convex; see for example, [14]. 


Proposition 2.10.1 ((72]). Assume the function f : (0, co) — (0, co) satisfies f(1) < 1. If 
f is a geometrically convex function, then we have f"(x) = f(x") forx > OandO<r<1. 


Proof. Put a = 1, b = x and v = r in the definition of a geometrically convex function, 
f(a’ ’b’) < f'’(@f"(b). Then we obtain the inequality f’(x) > f(x") for x > 0 and 
0 <r <1, since we have the condition 0 < f(1) < 1. 


Remark 2.10.4. If we assume f is a twice differentiable function, we have the follow- 
ing alternative proof for Proposition 2.10.1. We put g(r,x) = rlog(f(x)) — log(f(x’)). It 
is known in [192, Proposition 4.3] that the geometrically convexity (multiplicatively 
convexity) of f is equivalent to the following condition (2.10.4), under the assumption 
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that f is twice differentiable. 
D(x) = f(x") + x(F OOF") -f'00”) 20, (x > 0). (2.10.4) 
Then we calculate 


d’g(r,x) _ x" (log x)" 


Spe = AREF) +x FO) KF} <0, 


by the condition (2.10.4). It is easy to check g(0,x) = 0, g(1,x) = 0 so that we have 
g(r,x) = O for any x > O and 0 <r < 1. We thus obtain the inequality f"(x) = f(x") for 
x>OandO<r<l. 


Thus we can make a judgment whether the function f is a geometrically convex or 
not, by using D(x) or aloe) We can find D(x) = eine > 0 for Kantorovich constant 
K(x). The expression of D(x) is complicated for Specht ratio S(x). But we could check 
that it takes nonnegative values for x > 0 by the numerical computations. In addition, 
for the function arg,(x) = ee defined for x > O with O < v < 1, we find that 
D(x) = v(1- v)x-2" > Oso that arg’(x) > arg(x’) forO < r<1landx > 0. 


Remark 2.10.5. As for the converse in Proposition 2.10.1, under the assumption we do 
not impose the condition 0 < f(1) < 1, the claim that the inequality f’(x) > f(x’) for 
x >0,0<r<1,impliesf isa geometrically convex function, is not true in general. The 


function f(x) := — on (0, 1) is not a geometrically convex since D(x) = — 2) <0 
2 
(also d toghte) 7 ere < 0). Actually, the function f(x) is a geometrically con- 


cave. On the other hand, we have the inequality f’(x) > f(x") forO < x < landO<r<1. 
Indeed, we have 


r r 
(=) Sl ea as (2.10.5) 
1+x 1+x  14+x" 


The first inequality is due to0 < — < 1and the second one is easy calculation as 
(1—x)(1+ x") -(1+x)(1—x") = 2(x" —x) 20. 
However, we have not found any examples such that the function f satisfies 0 < 
f() < land the inequality f(x) = f(x’), but it is not a geometrically convex. In the 
1-x 


above example f(x) = ipx On (0,1), we see actually f(1) := lim f(x) = 0. We considered 
x 


the open interval (0,1) not (0,1] in the above example, to avoid the case 0° in the 
left-hand side of the inequalities (2.10.5). We also have not found the proof that the 
inequality f"(x) > f(x") for the function f : (0,00) — (0,00) under the assumption 
0 < f(1) <1, implies the geometrically convexity of f. 


We conclude this section by stating that a property f’(x) > f(x") has been studied 
in [230, 231] in details by the different approach. (See also [28].) Such a property is there 
named as power monotonicity and applied to some known results in the framework 
of operator theory. 


3 Inequalities related to means 


In Chapter 2, we studied the developments on the refinements and reverses for Young 
inequality. In this chapter, we study the inequalities related to means, except for Young 
inequality. In Section 3.1, we give the relations for three means, the arithmetic mean 
AV,B, the geometric mean At, B and the harmonic mean A!,B. In Section 3.2, we give an 
estimation for the Heron mean, which is defined as a linear combination between the 
arithmetic mean AV,B and the geometric mean At,B. In Section 3.3, some inequalities 
related to the Heron mean will be given. Finally, in Section 3.4, we give some inequal- 
ities for positive linear maps. These inequalities relate to the operator means and the 
famous Ando inequality. 

Throughout this book, we often write the condition such as mI < A, B < MI by 
m < A, B < M for simplicity without an identity I. 


3.1 Operator inequalities for three means 


We start from the following proposition which gives the relations among arithmetic 
mean, geometric mean and harmonic mean. 


Proposition 3.1.1. For A,B > O andr € R, we have the following inequalities: 
(i) [fr >2, thenrA{B+(1-r)AVB < A!B. 
(ii) [fr <1, then rA{B + (1—r)AVB = AIB. 


Proof. In general, by using the notion of the representing function f(x) = 10x for 
operator mean 4@, it is well known [137] that Tei (x) < ee (x) holds for x > 0 if and only 
if Ao,B < Ao>B holds for all positive operators A and B. Thus we can prove this propo- 
sition from the following scalar inequalities for t > 0. Such procedures will be used 
throughout this book as Kubo-Ando theory. 

@) rvi+a-n#<4, (r=2). 


(ii) rvi+ (1-H > . (r <1). 


Actually (i) above can be proven in the following way. We set h,(t) = Zo -rvt-(1- 


ne, then an, (O = -vt+ “ > O implies h,(t) > h,(t) for r > 2. From the relation 
A+ a > avi, we hae ho(t) > 0. We nes give the proof for (ii) above. We set g,(t) = 

rvt+ a a ia a ‘, then a8i(0) = vt- - ‘ < O implies g,(t) > g,(t) for r < 1. From the 
relation 2 at o< < oe we have g,(t) > 0. 


Remark 3.1.1. We have counterexamples of both inequalities (i) and (ii) in Proposi- 
tion 3.1.1 for 1 < r < 2. See [66] for the numerical examples. 


Proposition 3.1.1 can be generalized by means of weighted parameter v € [0,1], as 
the second inequality in (3.1.1) below. 


https: //doi.org/10.1515/9783110643473-003 
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Theorem 3.1.1 ((66]). If either (i) O < v < 1/2and0 < A < Bor (ii) 1/2 < v < land 
0 < B<A, then the following inequalities hold: 


AtB + (v 2 5 \B —A) < At,B< 5AV,B + SAB. (3.1.1) 


Under the same conditions as in Theorem 3.1.1, we have A{B > At,B. In order to 
prove Theorem 3.1.1, it is sufficient to prove the corresponding scalar inequalities, by 
the procedure of the Kubo—Ando theory, shown in the proof of Proposition 3.1.1. 


Lemma 3.1.1. If either (i) 0 < v < 1/2 andt > 1or (ii) 1/2< v< 1andO < t <1, then the 
following inequalities hold: 
-1 
2v¢t + (2v -1)(t -1) < 2t” < (1-v) +vt+ faa —v)+ * . (3.1.2) 


We omit the proof of Lemma 3.1.1. See [66] for the proof of Lemma 3.1.1. We also 
obtain the following lemma by a = t’ —{(1—v) + vt} < 0, for v € [0,1] andt > 0. 


Lemma 3.1.2. Letr ¢ Randv « [0,1]. Then the function k,.,(t) = rt’ +(1 — r){(1 — v) + vt} 
defined on t > 0 is monotone decreasing with respect to r. Therefore, k, ,(t) < k,,,(t) for 
r>2andk,,(t) > k,,(t) forr <1. 


Lemma 3.1.2 provides the following results. Its proof follows directly from Lem- 
ma 3.1.1 and Lemma 3.1.2. 


Lemma 3.1.3. Letr > 2. If either (i)0 < v < 1/2andt >1or(ii)1/2<v<1land0<t<1, 
then 
-1 


rt’ +(1-r){(1—-v) + vt} < faa ya “| 
We also have the following lemma. 


Lemma 3.1.4. Letr < 1. For0 <v<1landt > 0, we have 
-1 


rt’ +(1-n{(1—v) + vt} > Ja-»+ *} 


Proof. For r < 1, it follows from Lemma 3.1.2 that rt” + (1—r){(1—v) + vt} > t’. Since 
we have t” > {(1—v) + yy, the proof is done. 


Finally, we have the following corollary by applying Lemma 3.1.3, Lemma 3.1.4 and 
Theorem 3.1.1. 


Corollary 3.1.1. Let r > 2. If either (i) 0 < v < 1/2and0 < A< Bor(ii)1/2< v <1and 
0 <B<A, then 


rAt,B+(1-rnAV,B < A!,B. 
Letr <1. For0 <v<iandt > 0, we have 


rAt,B+(1-r)AV,B = A!,B. 
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3.2 Heron means for positive operators 


The arithmetic-geometric mean inequality has been discussed in various extensions. 
One of them is the Heron mean, which interpolates between the arithmetic mean and 
the geometric mean. That is, for a fixed v € [0,1], the Heron mean for A, B > 0 and 
r € Ris defined by 


Hy (A, B) = rAt,B + (1—r)(AV,B). 
As a weighted version of (ii) in Proposition 3.1.1, we can easily show that 
rAt,B+(1-n)AV,B=A!B (r<1,ve [0,1]), 
because we have 
rAt,B + (1-r)AV,B > rAt,B + (1-nAt,B = At,B > Al,B. 


On the other hand, a similar generalization of (i) in Proposition 3.1.1 does not hold 
in general. If we take r = 2, v = 5, A = 1and B = 2, then the following scalar inequality 
does not hold in general: 


2 £4-vewe(-vevt) . (3.2.1) 


Thus our interest is to find a constant r, such that H; (A,B) < A!,B forr > r,. We 
remark that the inequality (3.2.1) holds for 0 < v < 1/2andt > 1, or1/2 < v < 1and 
0 <t <1, [66, Lemma 2.3]. We first discuss on optimality of r ¢ Rin the inequalities 
in Proposition 3.1.1. 


Proposition 3.2.1. The conditions on rin Proposition 3.1.1 are optimal. That is, we have 
inf{r | rAtB+(1-—r)AVB < A!B} = 2,  sup{r | rAtB + (1—r)AVB > A!B} = 1. 
Proof. Note that rA{B + (1-r)AVB < (resp. >)A!B is equivalent to r > (resp., <) (eva)? 


lta 
2 2 2 
Byl< arvay" <2, lim “+¥@ = 1 and lim “+Y®" = 2, we have the conclusion. 
+a a->0 «‘ilta a-1 lta 


We study this from another viewpoint. We set 


At 
f+1l-a 


RO SE aeauE 


Then we have R(O) = 1 < R(t) < 2 = R(1) fort > Oand R(t) = at, Since R(t) = 


a ogi r ve(t+1)? 
2vt _ (14+-veb) (1+ va) 
Lay = oa , wehaver > 7 er R(a). 


If we put C = A-2BA"?, then R(C) < r if and only if H,(A, B) < A!B. We have an 
another variant of Proposition 3.1.1. 
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Proposition 3.2.2. If either (i)O0<v< 5 and0 <A < Bor (ii) 5 <v<land0<B<A, 
then 


2At,B < AV,B + BIA. 
If either (')0<v< 5 and 0 <B<Aor(ii') 5 <v<iland0<A<B,then 
2At, »B< AV,B+Bl,A, At{B < At,B. 
The proof is reduced to the following lemma by Kubo—Ando theory. 


Lemma 3.2.1. Put f(t) = (1—v) + vt + ((1—v)t7! + v)! — 2t”. Then 


f(Q) =(-v)+vt+ —2¢” > 2Vt—2¢" = 2VE(1- #2). 


eae Aaees 

(1—v)+vt 
If either(i)O<v< 5 and t > 1or (ii) 5 <v<iandt<1,then 
2t’ < (1-v) +vt+((1-v)t+Vv)_ 

If either (!)O0<v< $and0 <t<1lor(ii!)}<v<1andt >1, then 

relia) Heian ey) vt<t". 


We omit the proofs of Proposition 3.2.2 and Lemma 3.2.1. See [55] for them. 


Remark 3.2.1. We find that the sign of f(t) is not definite for the following cases: 
(a) ve [0,5)and0<t< 1; 
(b) ve (5,1) andt >1. 


See [55] for the details. 
Next, we consider a generalization of R(t) by defining R,(t) for v € (0, 1); 


1-v+vt —- _—__ 
> (1-v)t+v 
Seay 


Itis clear that Ry/2(t) = R(t), and that R,(O) = 1, Ry(1) = 2forallv ¢ (0,1) and max{R(d) : 
t>O0}=2. 


Problem 3.2.1. For t > 0, find the maximum value of R,(t). 


VV 


For this problem, we pose an answer, as an upper bound of R,(t) fort > 0. And 
we note the following lemma mentioned in [66, Lemma 2.3]. 


Lemma 3.2.2. If either (i)0 < v < 5 and t > 1, or (ii) 5 <v<iandO <t <1, then 
2t’ <1-v+vt+(1-v+ 4)". 
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To solve Problem 3.2.1, we define the function f(t) for r > 2 and v € [1/2, 1] by 


f,(Q) =(r-1)-v+vt)+(1-v+ ve") —rt” 


t v 
SS NEVE a pea 7 


It is easily seen that for a fixed t > 0, f(t) is increasing for r > 2. As a consequence, it 
follows that if v € [1/2,1], then 


f,t)>0O forr>2and0<t<1. (3.2.2) 
We have the following generalized result. 


Theorem 3.2.1 ([55]). Fora fixed v € [1/2,1), ifr =r, := Fae then we have 


rAt,B + (1-r)AV,B < A!,B 


forall A,B > 0. 
See [55] for the proof of Theorem 3.2.1. 


Remark 3.2.2. Related to the assumption r > r, in Theorem 3.2.1, we have r, > 1/2 = 2, 
since r, = $(1+ ;4) is increasing as a function of v € [1/2,1). 


Next, we consider the above argument under the strict operator order. For conve- 
nience, we denote my = min Sp(X) = |X "1 for X > 0. 


Theorem 3.2.2 ([55]). For given A,B > 0, put C = A~2BA”?. 
@) fO<v< Sand B-A >m > 0, then 


c, < AV,B + B!,A — 2At,B, 
where 
c, = 2m,{(1+ mllAll-?)? -(1+mlAll’)"} = 0. 
(ii) If 5 <v<iandA-B=>=m>O, then 
min{c,, C3} < AV,B + BIA — 2At,B, 
where 
Cy = 2m, {(1- mill")? ~(1-mlAI)} = 0, cs = 2my{(me)? — (me)"} > 0. 


To prove it, we prepare the following lemma. The proofs are not difficult compu- 
tations so that we omit them. See [55]. 


Lemma 3.2.3. Fora fixed v € [0,1], define g,(t) = 2( vt - t’) fort > 0. Then 
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(@) Ifve [0, 5], then g, is increasing on [1, 00). 

(ii) Ifv < [5,1], then g, is decreasing on [1, 00). 

(iii) Ifv € [3, 1], then g, is concave on [0, 1]. 

(iv) Ifv € [0, ), then g,, is increasing on [0, tg] and decreasing on [to, 1] for some ty € 
(0,1). 

(v) g,(t) = 0 for the following conditions (c) or (d). 
(c) ve [0, 5] andt >1 


(d) ve [5,1] andO<t<1. 
Proof of Theorem 3.2.2. 
(i) Since B > A+m, we have 
C = A-2BA™? > A-2(4 + mA? = 14+ mA > 14 MIA. 
So it follows from (i) of Lemma 3.2.3 that if t € Sp(C), then g, is increasing fort > 1 


byO<v< . Hence we have g,(t) > g,(1 + ml|Al|'), so that by Lemma 3.2.1, 


t 
(1—v) +vt+ jae 2t” > g(t) > g,(1+ mI|All"’). 


Thus we have 


C 


Gowave 720" 2 8v(1 + mlAl™), 


(d’-v)+vC+ 


which implies c, < AV,B + B!,A - 2At,B. 
(ii) Since A — m > B, we have 


me <C<A2(A-m)A? =1-mA*<1-mlAll. 
Now g, is concave on [0, 1] by (iii) of Lemma 3.2.3, so that if t € Sp(C), then 
min{g, (mc), gy(1 - mIlAll)} < g(t). 


Therefore, we have the following inequality by the similar way to the proof of (i), 


min{g,(mc), (1 — m||Al"')}m, < AV,B + B!,A — 24t,B. 


Remark 3.2.3. Since C < ||C|| and g, is decreasing on [1, co) by (ii) of Lemma 3.2.3, we 
have g,(t) = g,(||C||). This implies the following result. If 1/2 < v < landB-A=0 
(these conditions correspond to (b) in Remark 3.2.1), then 


Cy, < AV,B+ BIA — 2At,B, 
where 


1 
Cy, = 2mg(IICl]2 - ICI") < 0. 
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To study the bounds for AV,B + A!,B — 2At,B instead of AV,B + B!,A — 2At,B, we 
give the following lemma. 


Lemma 3.2.4. For a fixed v «€ [0,1], we define 


f(t) =(1—v) +vt + ae 
fort = 0. g,(t) is defined for t => 0 in Lemma 3.2.3. We set t, = ro Then we have 
the following properties: 
(i) f,() = 0. In addition, f,(t) = 0 for the following conditions (c) or (d). 
(c) ve [0, 5]andt >1 
(d) ve [5,1] andO<t<l. 
(ii) Ifv [0,4], then f,, is increasing on [1, 00). 
(iii) Ifve [5, 1], then f, is decreasing on [0, 1]. 
(iv) Ifve [0, $), then f, is increasing on [t,, 1). 
(v) Ifv (4,1), then f, is decreasing on (1, t,]. 
(vi) Ifv € [0, 4], then f, is convex on [1, 00). 
(vii) Ifve [5, 1], then f, is convex on [0,1]. 
(viii) Ifv € [0, 5], then f, is concave on [t,, 1). 
(ix) Ifv € [5,1), then f, is concave on (1, t)]. 
(x) Ifve[0, 5] and 0 <t <1, then g,(t) < min{f,(0), O}. 
(xi) Ifve [5, 1] and t = 1, then g,(t) < minf{f,(t), O}. 


The proofs are not difficult computations so that we omit them. See [55] for the 
proof of Lemma 3.2.4. 


Remark 3.2.4. We find that the sign of f,(t) is not definite for the following cases: 
(Gi) ve [0,1/2)and0 <t <1, 
(ii) v € (1/2,1] and t > 1. 


Theorem 3.2.3 ([55]). For A,B > 0, put C = A-2BA”?. f(t) is defined in Lemma 3.2.4. 
Then we have the following inequalities: 
(i) Ifv € [0,1/2] and B-A>m > 0, then 


O<f,(1+ ml|Al")my < AV,B + A!,B - 2A4,B < f,(IICIIAL. 
(ii) Ifv € [1/2,1] and A-B>m > 0, then 


0 <f,(1-mllAll")m, < AV,B + Al,B- 2At,B < f,(me) |All. 


Proof. 
(i) Since B > A+™m, we have 


Cll > C = A-2BA~? > A-2(A+ mA™? > 14+ mA? > 14+ MIA. 
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From (ii) of Lemma 3.2.4, f,(t) is increasing for tf > 1 when v € [0,1/2] and t > 1 for 
t € Sp(C), we have f,(1 + mI||Al|-?) <f,() <f, (ICI). Thus we have 
f,(1 + mlAl')m, < AV,B + A!,B - 2At,B < f,(ICI) IAI. 
(ii) Since A - m = B, we have mec < C <1- ml|Al|-‘. From (iii) of Lemma 3.2.4, f, 


is decreasing for O < t < 1 whenv € [1/2,1] and 0 < t < 1fort € Sp(C), we have 
f,-mllA|"!) < f,(0) <f,(m-). Thus we have 


f,(1— ml|All')m, < AV,B + A!,B — 2At,B < f,(me)||All. 


Theorem 3.2.3 give the refinements for the second inequality in [66, Theorem 2.1]. 
We show the following results by the similar way to the proof of Theorem 3.2.3. The 
conditions in (i) and (ii) of the following proposition correspond to those in (i) and (ii) 
of Remark 3.2.4. 


Proposition 3.2.3. For A,B > 0, put C = A-2BA>?, f(t) and t, are defined in Lem- 
ma 3.2.4. g,(t) is also defined in Lemma 3.2.3. c3 and c, are given in Theorem 3.2.2 and 
Remark 3.2.3. Then we have the following inequalities: 
(i) Fora givenv «€ [0,1/2], ift,A < B< A-—mwithm > 0, then 
f,lme)my < AV,B + AlyB - 2At,B < f,(1- mIAI')IAIL. 
In particular, 
0 <c; < AV,B+A!,B-2At,B. 
(ii) Fora givenv € [1/2,1),ifA+m<B<t,A withm > 0, then 
fulIClmy < AV,B + Al,B - 2At,B < f,(1+ mllAll)IIAIL. 
In particular, 
c, < AV,B + AlyB - 2At,B. 
Proof. 
(i) The condition t,A < B < A-mimpliest, < C < land mc < C < 1-milAl|"‘ as 
t, < mc. From (iv) of Lemma 3.2.4, f, is increasing for t, < t < 1s0 that we have 
f,(mc) < f(t) < f,(1- m||Al|), since t, < t < 1ift € Sp(C). Thus we have 


flmc)m, < AV,B + A!,B - 2At,B < f,(1- mllAll"'DIIAII. 


From (x) of Lemma 3.2.4, we especially have c; < AV,B+ A!,B — 2At,B. 
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(ii) The condition A +m < B< t,Aimplies1< C <t,and1+mllA|l"' < C<|IC|| < t,. 
From (v) of Lemma 3.2.4, f, is decreasing for 1 < t < t, so that we have f,,(||C||) < 
f(t) <f,(1+ m||A||"), since 1 < t < t, ift € Sp(C). Thus we have 


FAIIC|l)mg < AV,B + Al,B- 2At,B < f,(1 + mllAll IAI 


From (xi) of Lemma 3.2.4, we especially have c, < AV,B + A!,B - 2At,B. 


Related to the strict positivity of operators, the arithmetic-geometric mean in- 
equality is refined as follows. 


Theorem 3.2.4 ((55]). If A — Bis invertible for A, B > O, then for each v € (0,1), 
AV,B — At,B > 0. 


In particular, if A- B =m > 0, then 


s,(1- mm <AV,B-A B<s,( me 2 Yl 
“(1 ag) 8 < Sv Tal 
where s,(x) =1-—v+vx—x". 
Proof. Put C = A-2BA>?. Since 1 ¢ Sp(C), we have 

AV,B — At,B = A2s,(C)A? > eA > em, 


for some € > 0. 
Next, if A -_B > m > 0, then C has bounds such that 


< mpA- teCe< (A= mA t=1- mA? a eee 


Mp 
IAI ~ |All 


Noting that s,, is convex, decreasing and s,(x) > 0 on [0, 1), we have 


(rat) = 25(- Gai) 


Since AV,B — At,B = A2s,(C)A?, 


s(1- gay ma ARB Ate = (7 Ah 


as desired. 


—1 = m = 
Lemma 3.2.5. IfA-—B>mforsomem > 0,thenB~ —A~ = Tehemiey = ™- 


It is easily proved as 
B'-A'>B!-(B+m)'=mB\(B+m)'!>m 


By the use of Lemma 3.2.5, we have a refinement of the geometric-harmonic mean 
inequality. 
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Corollary 3.2.1. Notation as in above. If A- B > m for some m > 0 and0 < v <1, then 


M) 


At,B-A!,B> ; 
WANS = B+ m)IB\l 


where B, = At,B and my := s,_,(1- Ey) Me- 


Proof. Combining Lemma 3.2.5 with Theorem 3.2.4, we have 
e S * a m 
BON ght BATS s(1 2 oy) =m). 


If we put B, = (At,B) | = Blt, A”, then it follows from Lemma 3.2.5 that 
1 v 1-v 


-1 mM, 


At BARB 4p oA) (Ra) 
pBABE MB) NB MAS) cons al 


as desired. 


3.3 Inequalities related to Heron mean 


Applying the results given in Section 2.6, we prove new inequalities. To state our result, 
we recall that the family of Heron mean [21] for a, b > 0 is defined as 


Hy (a,b) = ratyb+(1-naV,b, ve[0,1] and reR 
The author [66] showed that if r < 1, then 
a!,b< H; (a,b), v€[0,11. (3.3.1) 


Theorem 3.3.1 ((79]). Let a,b > 0,r € Rand O < v < 1. We define the following func- 


tions: 
v-1 
b-a a+b 
8, (a, b) v( 7 te +") +a-n} +1 


G, (a, b) = ( pes (rave +2-r)+1. 


(i) Ifeithera< b,r >Oorb<a,r<0, theng,,(a,b) < Hy(a,b) < G,,(a, b). 
(ii) Ifeithera < b,r < Oorb <a,r = 0, thenG,,(a,b) < H, (a,b) < g,,(a, b). 


Our main idea and technical tool on the inequalities in Theorem 3.3.1 are closely 
related to the Hermite-Hadamard inequality (2.6.5). 


Proof. Consider the function f, ,(t) = rvt’! + (1—r)v where t > 0,r € Randv € [0,1]. 
Since the function f, ,(t) is twice differentiable, one can easily see that 


af (0) 
dt 


df) _ 


a v-3 
dt =r(v-2)(v—-1)vt ~. 


r(v —1)vt", 
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It is not hard to check that 


dt? 


ah y(t) 


ae <0 forr <0. 


2 
| Ti 5 9 forr>0 


Applying the Hermite-Hadamard inequality (2.6.5) for the function f, ,(¢) we infer 
that 


Sy y(X) <x" + (1—n)((1—Vv) + vx) < Gy 00), (3.3.2) 
where 
v-1 
8 (x) = v(x - »fr( =*) +(1- nf +1, (3.3.3) 
G {X= wee (me EP = 7) 41, (3.3.4) 


for each x > 1,r > Oandv € [0,1]. Similarly, for each O < x < 1,r > Oandv € [0,1], we 
get 


Gyy(x) < rx” + (1-n)((1-v) + vx) < g(x). (3.3.5) 
Ifx =>1andr < 0, we get 

Gyy(x) < rx” + (1-n)((1-v) + vt) < gy 00, (3.3.6) 
for each v € [0,1]. For the case O < x < landr < 0, we have 


8, y(t) < rx” + (1-n)((1-v) + vt) < G,,(x), (3.3.7) 


for each v € [0,1]. 


Note that we equivalently obtain the operator inequalities from the scalar inequal- 
ities given in Theorem 3.3.1 by the Kubo—Ando theory. We here omit such expressions 
for simplicity. 

Closing this section, we prove the ordering 


{a—v)+vt} <g,(t), and {(-v)+vt7} <G,,(t) 


under some assumptions, for the purpose to show the advantages of our lower bounds 
given in Theorem 3.3.1. It is known that 


{(—v)+ ve} <t’, ve[0,lJandt>0, 


so that we also have interests in the ordering g, ,(t) and G,,,(t) with t’. That is, we can 
show the following four propositions. 
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Proposition 3.3.1. Fort > 1and0<v,r<1, we have 
{-v)+vt7} <g,,(t). (3.3.8) 
Proposition 3.3.2. ForO <t<1and0 <v,r<1, we have 
(Cee eer a es ar aa (3.3.9) 


Proposition 3.3.3. For0 <r,v<1landc<t<1withc = ay we have 


{1-v)+vt 7} < G,y(t). (3.3.10) 


Proposition 3.3.4. For0 <v <1,r<1andt >1, we have 


{Q—v)+vt"}" <t’ <G,,(0). (3.3.11) 


The proofs are given in the following. 


Proof of Proposition 3.3.1. Since g, ,(t) is decreasing inr, g, ,(t) = 3,(t) so that we have 
only to prove for t > 1and 0 < v <1, the inequality g, ,(t) > {(1- v) + vt-'}' which is 
equivalent to the inequality by v(t - 1) = 0, 


v-1 
t+1 1 
( 5 ) > yb (3.3.12) 


Since t > 1and 0 < v < 1, we have a a > t’. In addition, fort > Oand0O < v <1, 
we have t” > {(1—v) + vt"/}"1. Thus we have yy > {(1-v) + vt}! which implies 
the inequality (3.3.8). 


Proof of Proposition 3.3.2. The first inequality is known for t > 0 and O < v < 1. Since 
8,y(t) is deceasing in r, in order to prove the second inequality we have only to prove 
g1,,(t) = t’, that is, 


v-1 
ve-1(*) +120, 


which is equivalent to the inequality 


vi4 1 v-1 
=i 2G (5 ) 
Vv 2 


By the use of the Hermite-Hadamard inequality with a convex function x’! for 0 < 
v <1and x > 0, the above inequality can be proven as 


t+1\2 1 ff Tee 
(+) < fe te- . 
2 4 vd -0) 
t 
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Proof of Proposition 3.3.3. We first prove h(t) = 2(t — 1) - logt = 0 for c < t < 1. Since 
h(t) = 0, h(1) = Oand A(c) = —0.0000354367 < 0. Thus we e have h(t) <Oforc<t<1. 
Second, we prove l(t) = 2(t - 1) dl LAD = (t-1)logt = 0, 
we have 1, (t) < l(t) = h(t) < 0. Since G,(t)' is decreasiiet inr, we ive G,,(t) = G, y(t) 
so that we have only to prove G,,(t) => {(1-v) + ves which is equivalent to the 
inequality, by v(t - 1) < 0, 


al 1 
< 
2 (l1-v)t+v 


forO <r,v<landc<t<1.To this end, we set f,(t) =2- (t” 1 +1)((1—v)t +v). Some 
calculations imply f,(t) = f,(t) = 0 


Proof of Proposition 3.3.4. The first inequality is known for t > 0 and O < v < 1. Since 
G,,)(t) is deceasing in r, in order to prove the second inequality we have only to prove 
G,,(t) = t’, which is equivalent to the inequality 


1 
sues He $4) 1S 
To this end, we set 


k(t) = v(t — 1)(t"! +1) +2 -2t". 


Some calculations imply k,(t) => k,() = 


Remark 3.3.1. Propositions 3.3.1—3.3.4 show that lower bounds given in Theorem 3.3.1 
are tighter than the known bound (Harmonic mean), for the cases given in Proposi- 
tions 3.3.1-3.3.4. Ifr = 1 in Proposition 3.3.1, then g,,(t) < t’, fort > landO <v<1. 
Ifr = 1 in Proposition 3.3.3, then G,,(t) < t’, forc <t < 1andO < v < 1. We thus find 
that Proposition 3.3.1 and Proposition 3.3.3 make sense for the purpose of finding the 
functions between {(1 -— v) + vt yt and t’. 


Remark 3.3.2. In the process of the proof in Proposition 3.3.3, we find the inequality: 


tv+t 


5S {(1-v) + vt}, 


forO <v<1landc <t <1. Then we have the following inequalities: 
At,B+B 
“ho < Al,B < At,B, 


for0 <cA<B<Awithc =2 ma 1 andO<v<l. 
In the process of the proof in Proposition 3.3.2 we also find the inequality: 


v-1 
( =) 2{d=v) 4 vey", 


2 
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forO <v <1and 0 <t <1. Then we have the following inequalities: 


-1/2p 4-1/2 v-1 
Ba¥>( A = “E *) A 


M2 < ALB < At,B, 


forO<B<AandO<v<1l1. 


3.4 Some refinements of operator inequalities for positive linear 
maps 


According to the celebrated result by M. Lin [142, Theorem 2.1], if0 < m< A,B < M, 
then 


@*(AVB) < K?(h)®(AtB), (3.4.1) 
and 
@?(AVB) < K(h)((A)t@(B))’, (3.4.2) 


where h = uM We call them Lin’s squaring inequalities. Related to this, J. Xue and X. 
Hu [236, Theorem 2] proved thatifO <m<A<m' <M'<B<M, then 


2 K*(h) 9 
@*(AVB) < Kay (AtB), (3.4.3) 
and 
2 K’(h) 2 
*(AVB) < 7 py PAB) (3.4.4) 


where h = x and h’ = _ 

We show a stronger result than (3.4.3) and (3.4.4) in Theorem 3.4.1 below. Lin’s 
results was further generalized by several authors as we mentioned in Remark 2.8.1. 
Among them, X. Fu and C. He [47, Theorem 4] generalized (3.4.1) and (3.4.2) to the 
power of p (2 < p < oo) as follows: 


2\P 
@? (AVB) < (=) @? (AtB), (3.4.5) 
4»Mm 
and 
2\P 
@?(AVB) < (a) (@(A)to(B))’. (3.4.6) 
4>Mm 


It is interesting to ask whether the inequalities (3.4.5) and (3.4.6) can be improved. 
This is an another motivation of the present section. We show Theorem 3.4.2 below. We 
also show an improvement of the operator Pélya—Szegé inequality in Theorem 3.4.5 
below. 
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Lemma 3.4.1. Let A,B > 0 anda > 0, then 
11 1 
A<aBe|A2B?|<a?. 


The following is the famous Ando inequality [10]. 


Lemma 3.4.2. Let © be any (not necessary normalized) positive linear map. Then for 
every v € [0,1] and A,B > 0, 


@(At,B) < (A) tt, DB). 


The following basic lemma is essentially known as in [248, Theorem 7], but our 
expression is a little bit different from those in [248]. For the sake of convenience, we 
give it a slim proof. 


Lemma 3.4.3. LetO <m<B<m' <M'<A<M,then 

K'(h')(A7't,B") < A‘V,B, (3.4.7) 
for eachv «€ [0,1] andr = min{v,1-v} and h' = Me 
Proof. From [248, Corollary 3], for any a,b > O and v ¢€ [0,1] we have 


K'(h)a’ “bY < aV,b, (3.4.8) 


where h = b andr = min{v, 1-v}. Taking a = 1and b = x, then utilizing the continuous 
functional calculus and the fact that 0 < h’I < X < hl, we have 


min K"(x)X” < (1—v)I + vX. 


h'<x<h 


Replacing X with 1 < h' = 7 <A2B A} < M =h 
‘ r dp AY Len 
min K'(x)(A2B A?) <(1-v)I+vA?B A?, 
h'<x<h 


Since K(x) is an increasing function for x > 1, then 


r¢pt Teta ty Be gt 
K"(h')(A2B A?) <(1-v)I+vA2BA?. 


Now by multiplying both sides by A™ 2 , we deduce the desired inequality (3.4.7). 


Inequalities (3.4.3) and (3.4.4) can be generalized by means of the weighted pa- 
rameter v € [0, 1] as follows. 
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Theorem 3.4.1 ([182, Theorem 2.1]). If[0 < m<B<m' <M’ <A <M, then foreach 
v € [0,1] we have 


2 K(h) ; 2 
@*(AV,B) < ( a a) © (At,B), (3.4.9) 
and 
2 K(h) : 2 
@*(AV,B) < (san) (@(A)t,0(B))’, (3.4.10) 
where r = min{v,1—-v},h= Me h' = Me 


Proof. According to the hypothesis, we have A+MmA“! < M+mandB+MmB"! < M+m. 
Also the following inequalities hold: 


(1-v)A+(1-v)MmA™ < (1-v)M +(1-v)m, (3.4.11) 
and 
vB +vMmB! < vM +vm. (3.4.12) 


Now summing up (3.4.11) and (3.4.12) we obtain AV,B + Mm(A'V,B") < M+m. Ap- 
plying a positive linear map ® we can write 


@(AV,B) + Mm®(A"!v,B!) < M +m. (3.4.13) 


With the inequality (3.4.13) in hand, we are ready to prove (3.4.9). By Lemma 3.4.1, it is 


enough to prove that |D(AV,B)®(At,B) || < ae By computations, we have 


||®(AV,B) Mk’ (h')""(AtB)| 
< T)O(Av,B) + Mmk"(h!}>Ap,B)| (by Lemma 2.6.2) 
< lov.) + Mmk' (h')@(4"4,B7) | (by Lemma 2.6.3) 
< 7 |ocav,B) + Mm®(A“'V,B"') I (by Lemma 3.4.3) 


< “(Mt +m) (by 3.4.13) (3.4.14) 


which leads to (3.4.9). Now we prove (3.4.10). The operator inequality (3.4.10) is equiv- 
alent to 
K(h) 


-1 
IPAV,BA)OB) I< ean: 
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Compute 


| (av, B) Mk" (h')(@(4)4,®B)) | 


< |ocav,B) + MmK"(h')(®(A)t,®(B)) (by Lemma 2.6.2) 
< [loay,B) 4: Mm’ (h' )o"'(4t,B) |" (by Lemma 3.4.2) 
< “(Mt +m) (by (3.4.14). 


We thus complete the proof. 


Remark 3.4.1. Inequalities (3.4.3) and (3.4.4) are two special cases of Theorem 3.4.1 by 
taking v = 1/2. In addition, our inequalities in Theorem 3.4.1 are tighter than that in 
(3.4.1) and (3.4.2). 


To achieve the second result, we state for easy reference the following fact obtain- 
ing from [10, Theorem 3] that will be applied in the below. 


Lemma 3.4.4 ([10, Theorem 3]). For A,B > 0 and1<r < 0, we have 
A’ +B" < |(4+B)’]. 


Our promised refinement of inequalities (3.4.5) and (3.4.6) can be stated as follows. 


Theorem 3.4.2 ([182, Theorem 2.2]). [f0 < m< B<m' < M' <A <M, then foreach 
2<p<coandv € [0,1] we have 


p 
@? (AV,B) < (~~ _) ©? (At,B), (3.4.15) 
4v ‘KT (h’) 
and 
p 
@? (AV,B) < (<2) (®(A)t,(B))’, (3.4.16) 
4p 'K(h! 
where r = min{v,1-v}, h= Me h' = . 


Proof. It can be easily seen that the operator inequality (3.4.15) is equivalent to 


(M + m)P 


P P 
@2(AV,B)D ?(At,B)|| < —,——r 
joan pefanB sen 


By simple computation, 
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||? (AV,B)M?m?K? (h')@ 2 (At,B)| 


Bac BE 
2K 2 


2 
< [|@Fav,B) 4+MimK (h')@"? (At, B)| (by Lemma 2.6.2) 
2 
< [Moay,B) + MmkK’" (h')>"'(At,,B))? | (by Lemma 3.4.4) 
2 locay.B) + Mmk’ (h')®"'(4t,B)|” 


< “(Mt +m) (by (3.4.14) 


which leads to (3.4.15). The desired inequality (3.4.16) is equivalent to 


(M +m)? 


[3 (Av,B)(@(A)t, (By)? | < <A 
4M2m2K 2 (h’) 


The result follows from 


|? (AV, B)M?m?K 7 (h')(@(A)t,@(B)) | 
< ; 5 (AV,B) + Mim KE(h')(@(A)E,@(B)) 2) (by Lemma 2.6.2) 
< ; (©(AV,B) + Mk" (h')(@(A)t,0(B)) | (by Lemma 3.4.4) 
7 ; @(AV,B) + MmK"(h')(®(A)t,0(B)) “I 
< ; @(AV,B) + MmK"(h')@"(At,B) |” (by Lemma 3.4.2) 
< (Mt +m) (by (3.4.14) 


as required. 


Remark 3.4.2. Note that the Kantorovich constant K(h) is an increasing function on 
h € [1, 00). Moreover K(h) = 1 for any h > 0. Therefore, Theorem 3.4.2 is a refinement 
of the inequalities, (3.4.5) and (3.4.6) for 2 < p < oo. 


It is proved in [10, Theorem 2.6] that for 4 < p < oo, 


2 2)y\P 


@?(AVB 
Ey s 16M? mP 


and 


(K(h)(M? + m?))? 


@?(AVB) < 1éMPmnt 


(®(A)t@(B))’. 


These inequalities can be improved in the following. 
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Theorem 3.4.3 ([182, Theorem 2.3]). If0 <m<B<m' <M' <A <M, then foreach 
4<p<oandvé [0,1] we have 


lL. Dp 
@?(AV,B) < (RO) ? (At,B), (3.4.17) 
2° 'K(h’) 
and 
9) Dp 
@? (AV,B) < pee | ((A)t,D(B))”, (3.4.18) 
2° 'K’(h’) 
where r = min{v,1-v},h= M and h' = < 
Proof. From (3.4.9), we obtain 
2 
@°(At,B) < (san) @ ?(AV,B). (3.4.19) 


From this, one can see that 


||? (AV,B)M?m?@ ? (At, B)| 


t i iapdNG 2 
<7 mae +( Sa) o# (a4, (by Lemma 2.6.2) 
p 2 
1( K@) Kh!) Mn? 5-2 : 
: 4 (Zane (AV,B) + Ka (At,B) ) | (by Lemma 3.4.4) 
_ 1) K(A) 29 K'(h')M2 2 5 p 
“aig, > Kay 
1|| K(h) 22 K()M?r __> 2 
Fea? AV) + era (av,B)| (by (3.4.19)) 
=F aC (O"(AN,B) + Mm *(Av,B))] 
1 ( K(h)(M2 + m2) \? 
7 (aa) (by [142, Eq.(4.7)]) 
which implies 
; -8 1 / K(hy(M2 + m2) \? 
\|®2(AV,B)® 2 (At,B)|| < i Banke) 


This proves the inequality (3.4.17). Similarly, (3.4.18) holds by the inequality 
(3.4.10). 
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In [187], M. S. Moslehian, R. Nakamoto and Y. Seo gave the operator Pélya-Szegi 
inequality as follows. 


Theorem 3.4.4 ([187, Theorem 2.1]). Let ® be a positive linear map. If 0 < mi <A< M? 
and0O < ms <Bs M; for some positive real numbers m, < M, and m, < Mb), then 


@(A)p@(B) < MH oagey, (3.4.20) 
2VMm 


where m = az and M = ed 
1 


It is worth noting that the inequality (3.4.20) was first proved in [138, Theorem 4] 
for matrices (see also [29, Theorem 3]). X. Zhao etal. obtained the following result in 
[242] by using the same strategies of [248]. 


Lemma 3.4. 5 ([242, Theorem 3.2]). Let A,B > 0. Ifeither1 < h < A-2>BA7? < or 
0<h! <A2BA>? <h<1,then 


K'(h)AtB < AV,B, 
for allv € [0,1], where r = min{v,1- v}. 
Now, we show a new refinement of Theorem 3.4.4 thanks to Lemma 3.4.5. 


Theorem 3.4.5 ((182, Theorem 2.5]). Let A, B be two positive operators such that m; < 
A< M?,m, < B< M3,m= az and M = Ma ifm > 1, then 
1 1 


(A) tD(B) < y(AtB), (3.4.21) 
_  M+m _ om : ; 
where y >Jim’ h Mm Moreover, the inequality (3.4.21) holds for M < 1 and 
Me 
ne 
: ‘ 2 m as Ceara! M2 2 
Proof. According to the assumptions, we have m° = 73 < A ?BA? < 75 = M’. We 
1 1 
thus have 
1 
m<(A-?BA”?)’ <M. (3.4.22) 


1 1 
Therefore, (3.4.22) implies that ((A-2BA~2)° —m)(M — (A-2BA™?)’) > 0. Simplifying 
1 


it, we find that (M + m)(A~2BA~2)° >Mm+ ABA? , multiplying both sides by A2 to 
get 


(M + m)AtB > MmA + B. (3.4.23) 
By applying a positive linear map © in (3.4.23), we infer 


(M + m)®(AtB) > Mm@®(A) + B(B). (3.4.24) 
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Utilizing Lemma 3.4.5 for the case v = 5, A = Mm®(A) and B = ®(B), and by taking 


into account that mi ee < Wm (A) < Mier implies mj < (A) < Mj, and1 < 


m <1 a1 We . 
re < DM 2(A)@D(B)®M 2 (A) < — we infer 
1 m, 


2\|Mmk (hy ®(A)0(B) < Mm®(A) + ®(B), (3.4.25) 


2 

where h = a. Combining (3.4.24) and (3.4.25), we deduce desired result (3.4.21). The 
1 

case M < 1is similar; we omit the details. This completes the proof. 


The inequality (3.4.21) can be squared in the following. 


Theorem 3.4.6 ([182, Theorem 2.6]). Suppose that all the assumptions of Theorem 3.4.5 
are satisfied. Then 


2. 
(D(A) t@(B)) < pw?(AgB), (3.4.26) 
where 
2 2 
” : mp if a < to 
WarBB ifa 2 to, 
2 = _ _2ap 
a= mM mM), B = M,M, and ty := yap)" 


Proof. According to the assumption, one can see that 
a < O(ALB) < B, (3.4.27) 
and 
a < O(A)t@(B) < B, (3.4.28) 


where a = m,m,, B = M,M,. The inequality (3.4.27) implies *(AtB) < (a+ B)D(AtB) - 
aB and (3.4.28) gives us 


(D(A)t(B))" < (a + B)(P(A)EOB)) — a. (3.4.29) 
Thus we have 
@ '(A$B)(D(A)t@(A)) © "(AgB) 
< OD '(AfB)((a + B)(P(A)t@(A)) - aB)® "(AYB) (by (3.4.29)) 
< (y(a + B)®(ALB) - aB)®? (ALB) (by G.4.21)). (3.4.30) 


Consider the real function f(t) on (0, 00) defined as f(t) = Harper As a matter of 
fact, the inequality (3.4.30) implies that 


@'(A$B)(D(A)tO(B)) O”"(AgB) < max f(t). 
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One can see that the function f(t) is decreasing on [a, 8]. By an easy computation, we 


have f'(t) = a ALL This function has an maximum point on ty = ia with the 
2 
maximum value f(t) = ria Where we have 
f(to) fora<to 
max f(t) < 
ma ) f(a) fora to. 


Note that f(a) = ee It is striking that we can get the same inequality (3.4.26) 
under the condition M < 1. Hence the proof of Theorem 3.4.6 is complete. 


4 Norm inequalities and trace inequalities 


To obtain unitarily invariant norm inequalities, we apply the method established by 
F. Hiai and H. Kosaki [111, 112, 109, 135]. See [20] for the basic properties of a unitarily 
invariant norm || - ||,,, namely ||UAV||,, = ||All,, for any bounded linear operator A and 
any unitary operators U, V. F. Hiai and H. Kosaki introduced a class of symmetric 
homogeneous means in the following [111, 112, 109, 135]. 


Definition 4.0.1. A continuous positive real function M(x,y) for x,y > 0 is called 
a symmetric homogeneous mean if the function M satisfies the following proper- 
ties: 

(i) M(x y) = M\y,x). 

(ii) M(cx, cy) = cM(x,y) for c > 0. 

(iii) M(x, y) is nondecreasing in x, y. 

(iv) min{x, y} < M(x, y) < max{x, y}. 


It is known [111, Proposition 1.2] and [135, Proposition 2.5] that the scalar inequal- 
ity M(x, y) < N(x, y) for each x, y = 0 (where M(x, y) and N(x, y) satisfy the condition in 
Definition 4.0.1) is equivalent to the Frobenius norm (Hilbert-Schmidt norm) inequal- 
ity |M(H, K)X|, < ||N(H, K)X||, for each H, K > O and any X € B(H). This fact shows 
that the Frobenius norm inequality is easily obtained and may be considered a kind 
of commutative results. In fact, we first obtained the Frobenius norm inequality in the 
below, see Theorem 4.1.1, as new inequalities on bounds of the logarithmic mean. 

We give powerful theorem to obtain unitarily invariant norm inequalities. In the 
references [111, 112, 109, 135], other equivalent conditions were given. However, we 
give here minimum conditions to obtain our results in the next section. 


Theorem 4.0.1 ((111, 112, 109, 135]). For two symmetric homogeneous means M and N, 

the following conditions are equivalent: 

(i) |IM(S, T)X|,, < |[N(S, T)X||,, for any S, T,X € B(H) with S, T = 0 and for any unitarily 
invariant norm || - |l,,. 

(ii) The function M(e‘, 1)/N(e‘, 1) is positive definite function on R (then we denote 
M < N), where the positive definiteness of a real continuous function @ on R means 
that (P(t; — t)]ij-1,...n s positive definite for any t,,...,t, ¢ Rwith anyne N. 


Thanks to Theorem 4.0.1, our task to obtain unitarily invariant norm inequalities 
in the next section is to show the relation M < N which is stronger than the usual 
scalar inequalities M < N. That is, M(s, t) x N(s, t) implies M(s, t) < N(s, t). 

Trace norm Tr[|X|] is one of unitarily invariant norms, but the trace Tr[X] is not 
so. Therefore, it is interesting to study the trace inequality itself. We give our results 
on trace inequalities in Section 4.2. 


https: //doi.org/10.1515/9783110643473-004 
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4.1 Unitarily invariant norm inequalities 


In the paper [85], we derived the tight bounds for logarithmic mean in the case of 
Frobenius norm, inspired by the work of L. Zou in [245]. 


Theorem 4.1.1 ([85]). For any matrices S, T,X with S,T = 0, m, = 1, m, = 2 and Frobe- 
nius norm |-||,, the following inequalities hold: 


m 


»} g(2k-D 2m yp 2m, —(2k-1)/2m, 
k=1 


m 
ky YS. shied ype (ome 
my 


1 
a 
mM, 


k=1 2 2 


< 


Bl 
| SYXT!” dv 
0 2 


1 
Bones 


mM 
Z 1 
>, shige Wim _ — (SX + XT) 
mM 2 


k=0 
m-1 
¥ skim) yp anal mg“) 
k=0 


2 


1 
geet 
mM) 


2, 


Although the Frobenius norm is only a special case of unitarily invariant norms, 
our bounds for the logarithmic mean have improved those in the following results by 
F. Hiai and H. Kosaki [110, 111]. 


Theorem 4.1.2 ((110, 111]). For any bounded linear operators S,T,X with S,T = 0, 
m, > 1, my = 2 and any unitarily invariant norm || - ||,,, the following inequalities hold: 


m, i 


1 = = 
| siexp iy oan y k/om+D pom H1-W (m+) | S’xT”’ av 
my k=1 u 0 u 
1 |" 1 
<—] ¥ shor xp Em DL < “ISX + XT ly. 
m) k=0 u 2 


In this section, we give the tighter bounds for the logarithmic mean than those by 
F. Hiai and H. Kosaki [110, 111] for every unitarily invariant norm. That is, we give the 
generalized results of Theorem 4.1.1 for the unitarily invariant norm. For this purpose, 
we first introduce two quantities. 


Definition 4.1.1. For a ¢ Rand x,y > 0, we set 


ax" (x-y) 


Yay (x #y) 
x, (x =y) 


ay" (x-y) 
and Quix, y) = | xeyt? (x #y) 
x, (x =y). 


Py(%y) = | 
We note that we have Q,(y, x) = P,(x, y) and the following bounds of logarithmic 
mean with the above two means (see [85, Appendix]): 


| QymOGY) < LM(x%y) < Pymy), (fx >y), 
PiymOGY) < LM y) < QuimOGy), (fx < y), 
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where the logarithmic mean L/(., :) was defined in (2.0.2). However, we use the notation 
LM(.,-) in this section to avoid the confusion with L,(.,-) in the below. In addition, 
we use the notation AM(.,-), GM(.,-) and HM(.,-) for nonweighted arithmetic mean, 
geometric mean and harmonic mean, respectively, 


x-y 
LM(x,y) = | ree E ’ (4.1.1) 


We here define a few symmetric homogeneous means using P, (x,y) and Q,(x, y) in the 
following way. Actually, we considered four standard means of P,(x,y) and Q,(x, y) 


without the weight. It may be interesting to consider four general means of P,(x, y) 
and Q,(x, y) with the weight v ¢€ [0,1] as the further studies. 


Definition 4.1.2. 
(i) For ja| < 1andx # y, we define 


1 1 a(x* + y*\(x -y) 
A,(%y) = 5Paty) + 5 Qal% Y) = 2(x% — y2) . 
(ii) Fora € Rand x # y, we define 


P, (x,y) _ Qy%y) 
log P, (x,y) — log Q,(x, y) 


Ly y) = = LM(x,y), 
which is independent to a, 
(iii) For |a| < 2 and x # y, we define 


po a/2ey 
G,(x,y) = \PalX, Y)Qq0%Y) =, aoe 


(iv) For |a| < 1 and x # y, we define 


2Pa(X, Y)Qa(x,y) _ 2a(xy)" (x-y) 


Ay(X% y) = = : 
g(X y) P,(x,Y) ne Quy (xy) xe + y% x” —y* 


and we also set A,(x, y) = Lg(%y) = Ga(% y) = Hy(x, y) = x for x = y. 


We have the following relations for the above means: 


1 5 
A,(x,y) = AM(x, y) = 5 +y), Ao(% y) = lim q(x, y) = LM (x,y), 
Gol y) = lim Ga, y) =LM(Qsy),  G,0Gy) = GM(xy) = yxy, 


2x _ 
G,(x,y) = HM (x,y) = ate , Ho(x,y) = lim H,(x, y) = LM (x,y), 
xX+ y a0 


Ay 20% Y) = GM(xy), Wy y) = HM(x y) 
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and H,(x,y) = Gy(x,y). In addition, the above means are written as the following 
geometric bridges (weighted geometric means of two means) [113]: 


7% Lao y) = [Exes y)) [Sao], 


1%, Hasy) = [Dabs y)]"[Sa06y) 


AgQGY) = [Bal y)]"[Sa06y) 


Gq(x,y) = [GM y)]"[Say) ee 


where 


1 


Seoy) = (SEB), Bacay) = (~S4)’, 


xe — y% 


and 


1 
2x*y* a ay" )’ 
Do jie | ay ee 
ay) (a) ay) (segs fog 


S(x,y) and B,(x, y) are called Stolarsky mean and binomial mean, respectively. 
In the paper [85], as tight bounds of logarithmic mean, the scalar inequalities were 
shown 


GymOGY) < LM(xy), (m2), LMOGy) < Aimy), (m= 2) 


which equivalently implied Frobenius norm inequalities (Theorem 4.1.1). See [85, The- 
orem 2.2 and 3.2] for details. In this section, we give unitarily invariant norm inequali- 
ties which are general results including Frobenius norm inequalities as a special case. 
The functions A,(x, y), Ly(x%, y), Gg(x, y), H,(x, y) defined in Definition 4.1.2 are symmet- 
ric homogeneous means. We first give monotonicity of three means H,(x, y), Gy(Xx, y) 
and A,(x,y) for the parameter a € R. Since we have H_,(x,y) = H,(x,y), G_g(%y) = 
G,(x, y) and A_,(x,y) = Ag(x,y), we consider the case a > 0. Then we have the follow- 
ing proposition. 


Proposition 4.1.1. 

@) FO<sa<P<il, then Hp < Hg. 
(ii) FOsa<fP<s2, then Gg < Gg. 
(iii) FO<a< P< 1, thenA, < Ag. 


Proof. 
(i) We calculate 


H,(e‘,1) _ 2BeP (ef - 1) | es a ee _1)  Bsinhat 
H,(e, 1) eft 4 2ae*(et-1) a e%t(e%t—1) asinh ft 


This is a positive definite function for the case a < , so that we have Hg < Hg. 
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(ii) The similar calculation 


Gple,1) _ 2BeF (e* - 1)  et-1 iB ee -1) _ B sinhat 
G,(e,1) eBE-1— 2ae*(e%#-1) a et(e%t_1) a sinhft 


implies Gg < G,. 
(iii) Since the case 0 = a < B < 1 follows from the limit of the case 0 < a < B < 1, we 
may assume 0 < a < f < 1. Since we have 


A,(e",1) _ a_ sinh Bt coshat 
Ap(e*, 1) ~ B coshftsinhat’ 


we calculate by the formula sinh(x) = 2 cosh( 5) sinh(5) repeatedly 


sinh Bt cosh at ie sinh(B-a)t _ 2cosh(*=*t) sinh(45"¢) 
coshBtsinhat ~  coshftsinhat — cosh ft sinh at 


Qn Il cos(£“t) sinh(£“t) 
2k ae 


= lim — : 
noo cosh pt sinh at 


n pa 
T] cosh oe t) 


From [26, Proposition 4], the sufficient condition that the function oy ae is 


n 
positive definite, is ¥ 7a < 1, that is, (B-a)(1-2-") < B. The sufficient condition 
=1 


. inh( 5% t) , an Pe = aA 
that the function a is positive definite, is B = < a. These conditions (6 - 


aj(1-2"") < Band B T° < aare satisfied with a natural number n sufficiently large. 
Thus we conclude A, < Ag. 


It may be notable that (iii) of the above proposition can be proven by the similar 
argument in [111, Theorem 2.1]. Next, we give the relation among four means H,(x, y), 
Ga(x,y), La(x y), and Ag(x, y). 


Proposition 4.1.2. For any S, T,X € B(H) with S, T > 0, |a| < 1 and any unitarily invari- 
ant norm || - ||, we have 


|Ha(S, T)X]], < |Ga(S T)X|], < [La(S, T)X|, < |AalS, TX], 
Proof. We first calculate 


Hues i) dae" fe" = tn et at. 264" 2 1 


Gale) ee +1 eM —1 get%er—1) eM 41 et 4 e-At2 ~ Cosh ate 


which is a positive definite function. Thus we have H, < G, so that the first inequality 
of this proposition holds thanks to Theorem 4.0.1. Calculations 


G,(e',1) _ ae*/(ef-1) st at 


Let)  e@-1  e—1 eati2_e-atj2 ~ sinh “ 
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implies G, < L,. Thus we have the second inequality of this proposition. Finally, cal- 
culations 


Eglest) ce’ =4 261 2 et/2_eatl2 tanh & 


Aeol)  ¢t  ace@+(ef—1) at eMt/2 4 e-atl2 ~ a 


implies L, < Ay. Thus we have the third inequality of this proposition. 


In the papers [110, 111], the unitarily invariant norm inequalities of the power 
difference mean M(x, y) was systematically studied. We give the relation our means 
with the power difference mean: 

Hel ey) 


Msoop =| FB 
x, (x = y). 


Theorem 4.1.3 ([67]). For any S,T,X € B(H) with S,T > 0,m ¢€ N and any unitarily 
invariant norm || - ||,,, we have 


Mm (S,7)X]], < |G2(S, T)X|, < |LG, TX], < |A2(S, T)X]], s [Mm (S, TX, 
(More concrete expressions of these inequalities will be written down in (4.1.3) below.) 


Proof. The second inequality and the third inequality have already been proven in 
Proposition 4.1.2. To prove the first inequality, for 0 < a, B < 1 we calculate 


M,(e*, 1) pet ert e_1 1-8 _sinhft __ sinhat 
G,(e7", 1) B eBDt_-1 ae*(e—-1) aB sinht sinh(1-£)t 
_20=f) sinh Bt cosh & sinh & 
ap sinh t sinh(1 - B)t’ 


sinh Bt cosh * A 


By [26, Proposition 5], are function aahe z is positive definite, if8 + 5 < land 


5 ze The function ube is also positive definite, if $ < 1-8. The case a = = and 
B = =, Satisfies the above conditions. Thus we have M at Gi which leads to the 
first rnecuality of this theorem. To prove the last inequality, for 0<a<1and B>1, 
we also calculate 


A,(e7,1) _ ap sinhtsinhB-1)t a8 __ sinh tcoshat sinh(6 - 1)t 


Mg(e*,1)  2(B-1) ‘tanh at sinh Bt 2(B - 1) sinh ft sinh at 
a8 sinh 3 (Bt) cosh p Bt) sinh(B — lt 
AIRS sinh Bt ‘“sinhat " 


By [26, Proposition 5], the function sinh Bt is positive definite, if 7 Pea | 


_ 


and B < 5 . The function sinhiB-De is also positive cae if P -—1< a. From these 
ations we have B = a+landa < 1. Thecasea = — + and B = ™ satisfies the above 


conditions. Thus we have Ai < Mm: which leads to the last ica dality 
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Remark 4.1.1. Since mu < >? by [111, Theorem 2.1], we have Mma < Mx. Thus we 
have " - 


[Mums (S, T)X|}, < [Mm (S,TD| 


3 
which means Theorem 4.1.3 gives a general result for Theorem 4.1.1. 


Remark 4.1.2. From the well-known fact Mg < Mg for a < B, we have H, = HM = M_, < 
My). = GM and Ay). = GM = My) < M)/3. Thus we have 


#1 (S,T)X]], < JM (S, 7)3| (4.1.2) 


Ww 


for any S,T,X € B(H) with S, T > 0, m = 1,2 and any unitarily invariant norm | - ||,,. 

However, we do not have the scalar inequality H, p61) < M3),4(61) fort > Oin 
general, so that the inequality (4.1.2) is not true for m = 3. We also do not have the 
scalar inequality H,/3(t, 1) = M3,,(¢, 1) for t > 0, in general. 


We obtained new and tight bounds of the logarithmic mean for a unitarily in- 
variant norm. Our results improved the famous inequalities by F. Hiai and H. Kosaki 
[110, 111]. Concluding this section, we summarize Theorem 4.1.3 by the familiar form. 
From the calculations, 


1S ak-nyam, .(2m,—(2k-1))/2m 
Gym, (5,0) = — D's 1pm 1 


1 k=1 
and 
1/{S kim n-bim 1 
Arjm,(S,t) = —( > semen i™ _ (5 +f) |, 
My \ 2 
we have 
i 
HO Cey). cme y g(2K-1)/2m, yp (2mm, -2k-1)) /2m, 
1 k=1 
and 


1 
Aujm,(S: TIX = + 


my 
Dae ane sx + xn) 
mM, 2 


k=0 
In addition, from the paper [111], we know that 
i< 
Mon, Hons) (S, T)X _ = >} kl 4D) yp my t1-k)/(m +1) 
1 k=1 


and 
m-1 
M. (S,T)X = Ay y SHLD yp m-1-10/(my-1)_ 
1)\Y> - 


m/(m- , 
k=0 
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Thus Theorem 4.1.3 can be rewritten as the following inequalities which are our main 
results of the present section: 
m 
Ay »} kfm 4D) yep + 1K) /(m +1) 
m 


1 
<i 


mM, 


m 
: g(2K-1) 2m, yp 2m, (2k-D)/2m, 
k=l 


k=1 u u 


IA 


1 
| SYXT!” dv 
(0) 


u 


1 


mM) 


IA 


™M) 1 

y, shimxpim lm _ — (SX + XT) 
k=0 2 

m,-1 

y¥ skim) yp amg-1-K)/ mg) 


k=0 


u 
1 
M) 


IA 


» (4.1.3) 


u 


for S, T,X € B(H) with S, T = 0, m, = 1, m, > 2 and any unitarily invariant norm || - ||,. 
Closing this section, we discuss our bounds from the viewpoint of numerical anal- 
ysis. We rewrite our results by scalar inequalities: 


1 
a(t) < fe dv <B,,(t), (m=>1,t > 0), (4.1.4) 
0) 


where 


1 ook ie ae t+1 
Gn(t) = 5 em, putt) = 2( Fm £24 
k=0 


bast m 2 


As we mentioned in the below of Proposition 2.2.1 in Section 2.2, the above in- 
equalities (4.1.4) have been first found as self-improvement inequalities. To explain 
this, we start from the famous inequalities which are the ordering of three means: 


1 
Vx < (- ["av) < = (x > 0,x #1). (4.1.5) 
0 


In (4.1.5) we put x = Vi, we obtain 


ta ffir) 44 
4 - + + 
t< —(vt+1)< < < - 
ve 2 (V+) log t ( 2 ) 2 

Thus we found the bounds (4.1.4) by putting x = t/™ 5 0 in (4.1.5). For the above 
bounds given in (4.1.4), we have the following properties. 


Proposition 4.1.3. 
(1) am(t) < @m1(0), (t > 0). 
(2) Bmsi(t) < Bm(t), (t > 0). 
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(3) Lim, aq(t) = L(¢,1), im, By (t) = L(t,1), (t > 0). 
(4) an(t) < Bm(t), (t > 0), 
where L(t, 1) = bet is a representing function of the logarithmic mean. 
The examples a.(t) and £,(t) for the function y = t’, (t > 1) are given in the follow- 
ing figures: 


‘| y=t",(t>1) 


1 2k-1)/10 
as(t) = 3 2 tr 
k=1 


We compare our bounds to standard Riemannian bounds given in 
Ymlt) < ft’ dv <6,(t), (m>1,0<t<), 
bim(t) < [, t’dv<y,(t), (m>1,t > 1), 


where 
ynit) = 2 58m y(t) = 25 em 
i = mi 


Then we have the following relation. 
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Proposition 4.1.4. 
(1) fO0<t<1, thena,(t) > Ym(t) and B,(t) < 6,,(t). 
(2) Ift > 1, then am(t) > 6,(t) and Bmn(t) < Ym(t). 


Proof. It follows from 


Am(t) — Ym(t) = ue SO. Bo eee 
m(t” 2m +1) 2m 
and 
t-1 1-t 
p(t) — Sn (t) = —~—— > 0, By (t) — Y(t) = —— < 0. 
m(t 3m +1) P y 2m 


Proposition 4.1.4 shows that our bounds a,,,(t) and £,,,(t) of the logarithmic mean 
i t’ dv are tighter than the standard Riemannian bounds y,,(t) and 6,,(t). 


4.2 Trace inequality 


A trace has cyclic property Tr[XYZ] = Tr[ZXY] so that it may have a week noncom- 
mutativity since Tr[XY] = Tr[ YX]. A cyclic property will be often useful tool to get the 
trace inequalities, while it cannot use to get the operator inequalities. For X, Y,Z > 0, 
we have Tr[XZYZ] = 0. But we note that for X, Y > 0, Tr[X] < Tr[Y] does not imply 


Tr[XZ] < Tr[YZ],  foranyZ > 0. 


Here, we list up some known trace inequalities which are related to this book. 
Some of them will be applied to obtain our new and/or generalized results in the pre- 
ceding chapters/sections. 

We start from famous Araki inequality. 


Theorem 4.2.1 ((11]). Let X,Y => O andr > 1, p > 0. Then 
Te ay 2 al (eee y |: 
Corollary 4.2.1. LetX,Y > Oand0<r<1i,p>O0.Then 
Tr Se exe ey. 
Proof. Putting s = rp and t = r(> 1) in Theorem 4.2.1, we have 
Tr[(Yt2xy"))] < Tr{(y"2xty"?)""], fort >1, s>0. 
Furthermore, putting u = 1/t in the above, we have 


Tr[(Y/?xy/?)*) < Te (yx yyy) forO<usi,s>0. 
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Finally, putting X = A“ and Y = B" in the above, we have 


Tr[(BY?A"B"?)*) < Tr[(BY?ABY?)™"], forO<u<1, s>O0. 


From the above inequalities, we have the following. 


Corollary 4.2.2. For X, Y => 0, we have 
(1) Tr[X?Y?] < Tr[(YX°Y)?7],0<p<2 
(2) Tr[X?Y?] > Tr{(Yx2Y)??], p > 2. 
The following is known as Wang-Zhang inequality. 


Theorem 4.2.2 ([232]). For X, Y > 0, we have 
(1) Tr[(XY)?] < Tr[X?Y?], |p| > 1. 
(2) Tr[(XY)?] = Tr[X?Y”], |p| < 1. 
From Weyl’s majorant theorem ((20, p. 42]), we have 


Proposition 4.2.1. For X,Y > 0 and p = 0, we have 


Tr[(XY)?] < Tr[(¥X2v)””]. 


From Corollary 4.2.2, Theorem 4.2.2 and Proposition 4.2.1, we have the follow- 
ing. 


Corollary 4.2.3. For X,Y > 0, we have 
(1) Tr[X?Y?] < Tr[(XY)?] < Tr[(YX°Y)P7],O0 <p<1. 
(2) Tr[(XY)P] < Tr[X?Y?] < Tr[(YX°Y)?7],1<p<2 
(3) Tr{(XY)?] < Tr[(YX°Y)??] < Tr[X?Y?], p > 2. 
The following theorem is known as Lie-Trotter formula. 
Theorem 4.2.3 ([20, Theorem IX.1.3]). For any two matrices X and Y, 
lim (e?% e¥)/? £ lim (e2!/2¢PX eP¥/2)"/P ape 
po po 
The next theorem follows from Theorem 4.2.1 and Theorem 4.2.3. The following 
strengthened Golden-Thompsom inequality was given by F. Hiai and D. Petz. 
Theorem 4.2.4 ([114]). For two Hermitian matrices X and Y, and p > 0, 
Tr[e**?] < Tr[(ePY/2ePX eP¥/2)P)_ 


Definition 4.2.1. For X,Y > 0, quantum relative entropy (so-called Umegaki en- 
tropy [229]) is defined by 


D(X|Y) = Tr[X (log X — log Y)]. 
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Since the quantum relative entropy is defined by the use of a trace, the studies on 
trace inequalities are often associated with entropy theory in quantum physics. The 
following relations are known as variational expressions of relative entropy. 


Lemma 4.2.1 ((201)). 
(1) If Ais Hermitian and Y > 0, then 


log Tr[e**!°S"] = max{Tr[XA] - D(X|Y) : X > 0, Tr[X] = 1}. 
(2) If X > 0, Tr[X] = 1 and B is Hermitian, then 
D(X|e®) = max{Tr[XA] - log Tr[e**?] : A = A*}. 


In the paper [58], a kind of generalization of the variational expressions for the 
Tsallis relative entropy was given. The following is the logarithmic version of Theo- 
rem 4.2.4, 


Theorem 4.2.5 ((114]). For X,Y > 0, and p > 0, 
: Tr[X log Y?/?x? y?/*] < Tr[X(log X + log Y)]. (4.2.1) 


The following inequality was given by F. Hiai and D. Petz. 


Theorem 4.2.6 ([114]). For X,Y > 0, and p > 0, 
Tr[X(log X + log Y)] < Tr[X log X?/?y? x?!) (4.2.2) 


Remark 4.2.1. The inequality (4.2.1) is equivalent to the following inequality: 
Tr[X”? log Y"?xY"/?] < Tr[X"?ogX +logY)], p>. 
The inequality (4.2.2) is also equivalent to the following inequality: 
Tr[X"? og X + log Y)] < Tr[X"? logX"?Yx"?],  p>0. 
Definition 4.2.2 ([52]). For X,Y > 0, the relative operator entropy is defined by 
S(X|Y) = X"? log(x7/?¥x-N?) x? 


As a corollary of (4.2.2), we have the relation between quantum relative entropy 
and relative operator entropy. 


Corollary 4.2.4. 
D(X|Y) < —Tr[S(X|Y)]. 


The following inequality is known as Marshall-Olkin inequality. 
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Theorem 4.2.7 ((152]). For self-adjoint matrix A and any matrix X, if g : R — Ris 
increasing function, then 


Tr[AX*g(A)X] < Tr[Ag(A)XX*]. 
We call the following inequalities Bourin-Fujii inequalities. 


Theorem 4.2.8 ([49]). For self-adjoint matrices A and X, functions f and g defined on 
the domain D c R, we have 
ji) If tf(a) —f(b)}H{g(a@) - g(b)} < 0 for a,b € D, then 


Tr[f(A)Xg(A)X] = Tr[f(A)g(A)X’]. 
(ii) If (f(a) —f(b)}{g(@) — g(b)} = 0 for a,b < D, then 


Tr[f(A)Xg(A)X] < Tr[f(A)g(A)X’]. 


4.2.1 Trace inequalities for products of matrices 


We start the following proposition in this subsection. 


Proposition 4.2.2. For two real valued functions f,g on D c RandL € M,(n,C),A € 
M),(n, C), we have 


TH[f(ALSAL] < 5 THI(FCAVL) + (S(A)L)'I (4.2.3) 


Proof. Since the arithmetic mean is greater than the geometric mean and by the use 
of Schwarz inequality, we have 


Tr[f(A)Lg(A)L] = Tr[(LY7f(A)LY?)(LY?8(A)LY?)] 
< (Tr[(f(A)L)'])"?(Tr[(g(A)L) ]) 
Tr[(f(A)L)’ + (S(A)L)’]. 


1/2 


< 


1 
2 
Proposition 4.2.3. For two real valued functions f,g on D c Rand L,A € M)(n,C), we 
have 


Tr[f(A)Lg(A)L] < ; Tr[f(A)°L? + 9(A)°L’]. (4.2.4) 


Proof. Since the arithmetic mean is greater than the geometric mean and by the use 
of Schwarz inequality, we have 


Tr[f(A)Lg(A)L] < (Tr[Lf(AYL])"?(Tr[Lg(Ay2L]) 


< =Tr[f(A)L? + g(A)°L’]. 


1 
2 
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Note that the right-hand side of the inequalities (4.2.3) is less than the right-hand 
side of the inequalities (4.2.4), since we have Tr[XYXY] < Tr[X’Y7] for two Hermitian 
matrices X and Y in general. 


Theorem 4.2.9 ([74]). For two real valued functions f,g on D c Rand L,A € M,(n,C), 
if we have f(x) < g(x) or f(x) = g(x) for any x € D, then we have 


Te[f(AVLG(A)L] < 5 Tr{(fADLY + (g(AL)'] (4.25) 


Proof. For a spectral decomposition of A such as A = YA, |h,) (xl, we have 
k 


Tr[f (A)Lg(A)L] = 5 Amn ) + 8Am df An} PmILIPn)I? 


and 


5 TH{(FCANL) + (@A)L)"I = YF Am IF An) + An SA)}mILIBn) 


A 
2 
Thus we have the present theorem by 


fAmF An) + 8Am)S An) - fAmdS An) - SAmF An) 
= {f Am) = 8m) HFA) - g(A,)} = 0. 


Trace inequalities for multiple products of two matrices have been studied by 
T. Ando, F. Hiai and K. Okubo in [9] with the notion of majorization. Our results in 
the present subsection are derived by the elementary calculations without the notion 
of majorization. 

Next, we consider the further specialized forms for the products of matrices. We 
have the following trace inequalities on the products of the power of matrices. 


Proposition 4.2.4. 
(i) For any natural number m and T,A € M,,(n, C), we have the inequality 


Tr[(T!"A)"] < Tr[TA™]. (4.2.6) 
(ii) Fora € [0,1], T ¢ M,(n,C) and A € M,,(n, C), we have the inequalities 


Tr[(T"A)’] < Tr[T*AT! A] < Tr[TA?]. (4.27) 


Proof. 
(i) Putting p = m,r=1/m, X = A™ and Y = T in Araki inequality [11]: 


Tr[(Y’P?x'y? YP) < Tr[(v?xy")?] 


for X,Y ¢ M,(n,C) and p > 0,0 <r <1, we have the inequality (4.2.6). 
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(ii) By the use of Theorem 4.2.8, we straightforwardly have 
Tr[T°AT* “A] < Tr[TA’]. 
Again by the use of Theorem 4.2.8, we have 


Tr[TY2AT YA] = Tr[(TY4ATY*)"] 
< Tr[ TO (T 4 aT) pep 4 aT4)] 
= Tr[T*AT* “A]. 


In this subsection, we study a generalization of Proposition 4.2.4 as an application 
of arithmetic-geometric mean inequality. 


Theorem 4.2.10 ([74]). For positive numbers py, p>,...,Dm with p,+Po+--:+Dm = 1and 
T,A € M,(2, C), we have the inequalities 


Tr[(TY"A)"] < Tr[T@AT?A «+ TPA] < Tr[TA™]. (4.2.8) 


Proof. We write T = > A;\;) (W;|, where we can take {|), |W )} as a complete or- 


thonormal base. By the: — of the arithmetic-geometric mean inequality with weights 
Py>---»Dm> we then have 


Tr[T”AT?A--- TPA] 
AAP? AP 4 AP2AP? «APL one ADAP. APs 
1 1 hook ln 


3 az ln hob m 
‘ m 


i, 5iy,..5lm 
x (Wi, LALWi,) (Wi, |AlWi,) --- (Wi, IAIIYi,) 
Aj, +++ + Dad, + BoA; si Ce) 


a r (7 i, a i, = 


inten 


x (Wij, LALW;,) (Wi, IAlW;,) --- (Yi, IAI, ) 
Ay + Ay +0 +A; 
y (44 = ) a Al) all) WA) 


ihibacis 


= Tr[TA™]. (4.2.9) 


Il 


We should note that the above calculation is assured by 


(Wi, IAL, ) (Wi IAIP;,) --- (Y;, IAIW;,) = 0, 


since every i; j = 1,2,...,m) takes 0 or 1. See Lemma 4.2.2 in the below. Again by the 
use of the arithmetic-geometric mean inequality without weight, we have 


Tr[T”AT’A --- TPA] 
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NPP? Pm 4 AP2AP3 APL gp wee are vee AP 


_ Y hob ln ho ln 
m 


iiss 


x (Wi, ALW;,) (Wi, |AlW;,) --- (Yj, IAlY;, ) 
= Aaa A Ae LAL; (Hi IAD.) «--b;, IAI; 


isin aly 


=Tr[(T""A)""]. (4.2.10) 


Note that the inequalities (4.2.9) and (4.2.10) hold even if Ag = 0 or A, = O. It is a trivial 
when A, = 0 and A, = 0. Thus the proof of the present theorem is completed. 


Note that the second inequality of (4.2.8) is derived by putting f;(x) = x?! and 
g(x) = x fori = 1,...,min [9, Theorem 4.1]. However, the first inequality of (4.2.8) 
cannot be derived by applying [9, Theorem 4.1]. 


Remark 4.2.2. From the process of the proof in Theorem 4.2.10, we find that, if T isan 
invertible, then the equalities in both inequalities (4.2.9) and (4.2.10) hold if and only 
if T = KI. 


Lemma 4.2.2. For A « M,(2,C) and a complete orthonormal base {ipo, ),} of C”, we 
have 


(pi, |Altp,) pi |AID;,) --- (;, |Ali;,) = 0, 
where every i; j = 1,2,...,m) takes 0 or1. 


Proof. We set asymmetric group by 


We also set 


for (i;, i5,...5im) € {0,1}. Then we have 
LT hi, !Abb5) = TT Obi ANH, «TT Chin AY)- 
jel jeS j¢S 


Here, we have 


[] (4;,,,Alv;,) > 0 
jeS 


since A is a nonnegative matrix. In addition, m — |S| necessarily takes 0 or an even 
number (see Lemma 4.2.3 in the below) and then we have 


II (Pi, AlW;,) = [Pol Alp.)| 


m- Is}. 


Therefore, we have the present lemma. 
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Lemma 4.2.3. Image the situation that we put arbitrary |, vectors |,) and |, vectors 
|W) on the circle and then the circle is divided into lg + 1, circular arcs. Then the number 
|S°| of the circular arcs having different edges is 0 or an even number. 


Proof. If ls = 0 or l, = O, then |S‘°| = 0. Thus we consider lp # 0 andl, # 0. We 
suppose that the number of the circular arcs having same |) in both edges is E, 
and the number of the circular arcs having |i.) and |w,) in their edges is F. We now 
form the circular arcs by combining every |,) with its both sides. (We do not consider 
the circular arcs formed by the other method.) Thus the number of the circular arcs 
formed by the above method is an even number, since every |i.) forms two circular 
arcs. In addition, its number coincides with 2E + F which shows the number that every 
Wo) is doubly counted. Thus 2E + F takes an even number. Then F must be an even 
number. 


We give an example of Lemma 4.2.2 for readers’ convenience. 
Example 4.2.1. For {i;, i,,i3, i,, 15, ig,i7} = {0, 0, 1,1, 0, 1, 0}, we have S = {1,2,4} and S° = 
{3, 5, 6,7}. Then we have 


[] i,,/4lBi) = olAlbo) PolAlPo) (rll) = 0 


jes 
and 


[] Pigg IY; = olAleps) pr lAlepo) (bolAlyps) (WilAlpo) = [@polAly)[" > 0. 


j¢S 
Thus we have 
7 
[1 i, 4l;) = [] i, Als) [1 i, Alvi) = °- 
jel jeS j¢S 
Remark 4.2.3. For T,A ¢ M,(n,C), there exist T, A and p,, p>,..., Dm Such that 
m 
| Fa") ¢R, 
i=l 


ifn > 3 and m = 3. See [74] for the example. Therefore, the inequalities (4.2.8) does 
not make a sense in such more general cases than Theorem 4.2.10. 


We still have the following conjectures. 


Conjecture 4.2.1. Do the following inequalities hold or not, for T, A € M,,(n, C) and pos- 
itive numbers p;,P>,...,Dm with p, + Po +--+ Dm = 12 

(i) Tr[(T!"A)™] < Re{Tr[TPATPA --- TPmA]}. 

(ii) |Tr[T?!AT?2A --- TPA] < Tr[TA™]. 
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4.2.2 Conjectured trace inequality 


The purpose of this subsection is to give the answer to the following conjecture which 
was given in the paper [59]. 


Conjecture 4.2.2 ([59]). For X,Y € M,(n,C) and p € R, the following inequalities hold 
or not: 

(i) Trl[d+X+4¥ 4 Y"AxY"yP] < Trl +X+Y+XY)] forp>1. 

(ii) Tr[ +X + Y + Y"2xXY"?)P] > Tr[+X+Y+XY)] forO<p<. 


We first note that the matrix ]+X+Y+XY = (I+X)(I+Y) is generally not positive 
semi-definite. However, the eigenvalues of the matrix (I + X)(I + Y) are same to those 
of the positive semi-definite matrix (J + X yl 211+ Y)(1+X yl > Therefore, the expression 
Tr[( + X + Y + XY)?] always makes sense. 

We easily find that the equality for (i) and (ii) in Conjecture 4.2.2 holds in the case 
of p = 1. In addition, the case of p = 2 was proven by elementary calculations in [59]. 

Putting T = (1+X )Y? and S = Y", Conjecture 4.2.2 can be reformulated by the 
following problem, because we have Tr[(I+X+Y+XY)?] = Tr[(77+T7S?)?] = Tr[(T?7(I+ 
S*))P] = Tr[(TU + S*)T)?] = Tr[(T? + TS?T)?]. 


Problem 4.2.1. For T,S « M,(n,C) and p € R, the following inequalities hold or not: 
(i) Tr[(T? + ST*S)?] < Tr[(T? + TS?T)?] for p > 1. 
(ii) Tr[(T? + ST?S)?] > Tr[(T? + TS°T)?] forO <p <1. 


To solve Problem 4.2.1, we use the concept of the majorization. See [151] for the de- 
tails on the majorization. Here, for X ¢ M,(n, C), AL (X) = (at (X),... JA (X)) represents 
the eigenvalues of the Hermitian matrix X in decreasing order, At (X)>---> AL (X). In 
addition, x < y means that x = (x,,...,X,) is majorized by y = (y;,...,Y,), if we have 


R 


jl jel j=l i= 


We need the following lemma which can be obtained as a consequence of Ky Fan’s 
maximum principle. 


Lemma 4.2.4 ([20, p. 35]). For A,B € M,(n, C) and any k = 1,2,...,n, we have 
k k k 
yA (A+B) < yA (A) + yA (B). (4.2.11) 
j=l j=l j=l 
Then we have the following theorem. 


Theorem 4.2.11 ((75]). For S, T ¢ M,,(n, C), we have 


A(T? + ST?S) < AY(T? + TS’T). (4.2.12) 
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Proof. For S,T € M,(n, C), we need only to show the following: 


k k 
DY AV(T? + ST’S) < Y-AU(T? + TS°T) (4.2.13) 
jl jel 
for k = 1,2,...,n—1, since we have 


n n 
ae + ST’S) = LACT + TS°T), 
je j= 


which is equivalent to Tr[T* + ST*S] = Tr[T? + TS*T]. By Lemma 4.2.4, we have 


k k k 
y! YA < YA +Y)+ YA a), (4.2.14) 
j=l j=l j=l 
for X,Y ¢ M,(n, C) and any k = 1,2,...,n. For X € M(n, C), the matrices XX* and X*X 
are unitarily similar so that we have Ay (XX*) = A (X*X). Then we have the following 
inequality: 
« Lyp2 2 k 2 2 k Ly 2 
eRe +TS°T) = 2 + TS Dara + TS°T) 
iF iF JF 


k k 

= )1A; ((T + iTS)(T - iST)) + VAT ~iTS)(T + iST)) 
j=l jl 
k k 

= YAN((T - iST)(T + iTS)) + YA} ((T + iST)(T - iTS) 
j=l jl 


k k 
= PANT? + ST’S + i(T°S — ST’)) + Y.A;(T? + ST’S — i(T°S - ST’) 
j=l j=l 


k 
> 2) A;(T’? + ST’S), 
jel 


for any k = 1,2,...,n —1, by using the inequality (4.2.14) for X = T? + ST?S and Y = 
i(T’S — ST). Thus we have the inequality (4.2.13) so that the proof is completed. 


From Theorem 4.2.11, we have the following corollary. 


Corollary 4.2.5. For T,S « M,(n, C) and p € R, the following inequalities hold: 
(i) Tr[(T? + ST7S)?] < Tr[(T? + TS?T)?] for p > 1. 
(ii) Tr[(T? + ST7S)?] > Tr[(T? + TS?T)?] forO <p <1. 


Proof. Since f(x) = x?, (p = 1) is convex function and f(x) = x?, (0 < p < 1) is con- 
cave function, we have the present corollary thanks to Theorem 4.2.11 and a general 
property of majorization (see in [20, p. 40]). 
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As mentioned in the beginning of this subsection, Corollary 4.2.5 implies the fol- 
lowing corollary by putting T = (I +X)? and S = Y"/?. 


Corollary 4.2.6. For X,Y ¢ M,(n, C) and p € R, the following inequalities hold: 
(i) Trld+X+Y¥+YV2xv")?] < Tr[(l+X+Y+XY)?] forp>1. 
(ii) Tr[ +X + Y + YY2xXY"?)?] > Tr[+X+Y+XY)] forO<p<. 


Thus Conjecture 4.2.2 was completely solved with an affirmative answer. After our 
solution, the generalized results have been shown later. We give them here. 


Theorem 4.2.12 ([227]). For A, B « M,(n, C), 
2A!(AA* + BB”) < A‘(A*A + B"B-C) +A!(A*A+B"B+C), 


where C = A*B+B*A. 


Proof. Since A‘(H + K) < A‘(H) +A‘ (K), At (XY) = A‘ (YX) in general, we have 
Te bats |e |) 

LT Wie Deets rl |) 
[2 Jucal $e (al[ {Ja £ 
| 

Be 


2A! (AA* + BB*) 
=A 


( 
«at 
( 
( 


[A,B 
[A,B 
[A,B 
ee 


] 
] 
] 
off jua[ { Doa(na[ £ en[ ED) 


B-A*B+B*A)+A!(A*A + B*B+A*B+ BA). 


=A*(A*A+ 
Corollary 4.2.7 ((144]). For X,Y ¢ M,(n,C) such that X*Y is Hermitian or skew- 
Hermitian, 
AM(XX" + YY*) <AY(X*X+Y"Y). 


Proof. If X*Y is skew-Hermitian, then C = X*Y + Y*X = 0. If X*Y is Hermitian, then 
X*(iY) is skew-Hermitian so that we replace Y by iY. Thus Theorem 4.2.12 implies 
Corollary 4.2.7. 


If we take X = T and Y = ST in Corollary 4.2.7, we can recover Theorem 4.2.11. 
Closing this subsection, we give the proofs for Theorem 4.2.11 for special cases. Actu- 
ally, at first we could not prove Theorem 4.2.11 for general case directly. First, we tried 
and succeeded to give proofs for the special cases. Giving notes for such trials may be 
helpful to the readers. 
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Proposition 4.2.5 (Special case of Corollary 4.2.5). For T,S € M,(2,C) and p € R, the 
following inequalities hold: 

(i) Tr[(T? + ST7S)?] < Tr[(T? + TS°T)’] for p > 1. 

(ii) Tr[(T? + ST?S)?] > Tr[(T? + TS°T)?] forO <p <1. 


To prove Proposition 4.2.5, we prepare the following lemma. 


Lemma 4.2.5. For real numbers a, B,y such that a > B = y = 0, we have the following 
inequalities: 

(i) Ifp > 1, then we have (a+ B)? + (a— B)P = (a+y)P+(a-y)?. 

(ii) If0 < p <1, then we have (a+ B)? + (a— BY’ < (at+y)? + (a-yy?. 


Proof. We put f(B) = (a+ BY? + (a— By? -(a+y)P -(a-y), (a > B = y = 0). Since 
f'(B) = p{(a+ By?! - (a— B)P}} = 0 for p = 1, we have f(x) = f(y) = 0, which proves (i). 
Since f'(B) = p{(a+ By)?! - (a—B)?"1} < 0 for 0 < p< 1, we have f(x) < f(y) = 0, which 
proves (ii). 


Proof of Proposition 4.2.5. Without loss of generality, we may put 


s-(% a) PSs, ae (a, b,x,y > 0,xy > |z|* > 0). 


Then two positive matrices T? + TS’T and T? + ST’S have the following eigenvalues, 
respectively, 


m+ym-L m + [m2 - 1, 
So — ee 
where 
m= a?(1+x? + |z?) + b°(1+y? + |z/’), 
L= 4{a°b*(1 + x°\(1 + y’) + 2a’b?(1 — xy)|z|" + a’b’|z|*}, 
L= 4{a’b*(1 + x’\(1 + y’) + (a* +bt- 2a*b*xy)|z|? + a’b?|z|*}. 
Then we have 
TCT TS2TY |= Tel (1 ests) | 
=e +e wv 
m+ ym-lL\P ¢m-\m-lyP ¢m+\m?-L\? ¢m-m2-b\P 
-( *) +( ‘) ( *) ( i *). 


2 2 


We easily find L, - 1, = 4(a’ - b*)"|z|* = 0. We also find that l, > 0. Indeed, ip = 
t? + 2(1 — xy)t + (1+ x*)(1 + y?) > 0, since (1- xy)? - (1+ x°)(1+ y*) = -(x + y)* < 0, 
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where we put ¢ = |z|? > 0. Thus l, > 1, > 0 implies m > \m -L> \e - 1, > 0. The 
last inequality is caused that matrix T? + ST7S is a Hermitian. We thus have the present 


PP andy = PE 


Thus we proved that Conjecture 4.2.2 is true for 2 x 2 positive matrices. Second, we 
shall prove that Conjecture 4.2.2 is true for 3 x 3 positive matrices. 


andy = 


theorem, applying Lemma 4.2.5 with a = Be B= 


Proposition 4.2.6 (Special case of Theorem 4.2.11). For S, T € M,(3,C), we have 
Al(r? + ST°S) < At (T? + TS?T). (4.2.15) 


Proof. For a Hermitian matrix X, we assume that its eigenvalues are arranged by 
Ay (X) = Ap(X) = A3(X). For S, T € M,,(3, C), we need only to show the following: 


A,(T? + ST?S) < A,(T? + TS’T) (4.2.16) 
and 
A;(T? + ST°S) > A3(T? + TS’T) (4.2.17) 


since 


3 


3 

2 27 

A,( (T? + ST?S) = Ve DA (T? + TS°T 
J= 


fel 


We may assume the invertibility of T and S. To prove (4.2.16), it is sufficient to prove 
that A(T? eeESeT) 2041 implies AT? + ST’S) < 1, because the both sides of (4.2.16) 
have the same order of homogeneity for T and S, so that we can multiply T and S bya 
positive constant. 

From ACE? + TS’T) < 1, we have T(I + S*)T < I, namely I + S? < T*. If we take the 
inverse, then we have T? < (I+ Sy}, Then we have 


SPS STLS) SSIS? S57 41) Ss=I 5 (S40) S, 
Thus we have 
f4STs<toS (S240) So eT <1, (4.2.18) 


Indeed, from I + S? < T~?, we have T~? - I > S? which implies S-1(T~? - 1)S7! 
Therefore, we have S'!T-7S! > $-741. Taking the inverse, we have S T’S <(S74+D} 
which implies tz sis? +1) 'S"!, Thus we have the last inequality (4.2.18) and then 
we have re hi +ST’S) <1, which completes the proof of (4.2.16). 

To prove (4.2.17), by the similar argument of the above, it is sufficient to prove 
that A,(T? + TS?T) > 1 implies A,(T? + ST?S) > 1. From A,(T? + TS*T) > 1, we have 
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T(I +S*)T > I, namely I + S? > T~? which implies T? > (I + S?)“! by taking the inverse. 
Then we have 


STS SSeS) SSSIS 7 —S7G4S") Scis sles eS) Ss. 
Thus we have 
TEST SSTET? oS “WES) SST. (4.2.19) 


Indeed, from T~* < S* +1, we have T-? —I < S* which implies ST - Ds} <I. 
Therefore we have S'!T*S1! < S741. Taking the inverse of the both sides, we have 
STS > (S741) which implies T? > S\(S-*+1)_‘S"1. Thus we have the last inequality 
(4.2.19) and then we have A;(T? + ST’S) > 1, which completes the proof of (4.2.17). 


4.2.3 Belmega—Lasaulce—Debbah inequality 
E.-V. Belmega, S. Lasaulce and M. Debbah obtained the following trace inequality for 
positive definite matrices. 


Theorem 4.2.13 ([18]). For A, B ¢ M,(n, C) with invertible, and C, D ¢ M,(n, C) we have 
Tr[(A - B)(B"' — A™') + (C- D){(B+ D) | -(A+C)"}] = 0. (4.2.20) 


We call the inequality (4.2.20) Belmega-Lasaulce—Debbah inequality. In this 
subsection, we first prove a certain trace inequality for products of matrices, and then 
as its application, we give a simple proof of (4.2.20). At the same time, our alternative 
proof gives a refinement of Theorem 4.2.13. In this subsection, we prove the following 
theorem. 


Theorem 4.2.14 ([76]). For A,B ¢ M,(n,C) with invertible, and C,D € M,(n,C), we 
have 


Tr[(A - B)(B-' - A™') + (C - D){(B+D)'-(A+C)1}] 
> |Tr[(C — D)(B+ D) (A-B)(A+C)"]]. (4.2.21) 


To prove this theorem, we need a few lemmas. 


Lemma 4.2.6 ((18]). For A,B € M,(n,C) with invertible, C,D € M,(n,C) and X « 
My), (n, C), we have 


Tr[XA-'XB™'] > Tr[X(A + C)'X(B+ D)"}. 
Lemma 4.2.7. For X,Y € M(n, C), we have 


Tr[X"X] + Tr[Y*Y] > 2[Tr[X*Y]]. 
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Proof. Since Tr[X*X] = 0, by the fact that the arithmetical mean is greater than the 
geometrical mean and Cauchy-Schwarz inequality, we have 


Tr[X*X] + Tr[Y*Y] 
2 


> tr[X*X] Tr[Y*¥] > [Tr[X*Y]]. 


Theorem 4.2.15 ([76]). For X,,X> € M,(n, C) and S,,S, € M,(n, C), we have 
Tr[X,S,X,59] + Tr[XS,XpS5] = 2|Tr[X,S,X55]|. 
Proof. Applying Lemma 4.2.7, we have 


Tr[X,S,X,53] + Tr[X,S,X>S5] 
= Tr[(S¥?X,S17)($1/7X,5))] + Tr[(S3/7X2S17)(S;/7X,8)”)] 
> 2\Tr[(S3/2x,S1/7)(S1/2X,S4)]| = 2\TrLX,S,X,55]]. 


Remark 4.2.4. Theorem 4.2.15 can be regarded as a kind of the generalization of 
Proposition 4.2.2 given in [74, Proposition 1.1]. 


Proof of Theorem 4.2.14. By Lemma 4.2.6, we have 


Tr[(A - B)(B'-A"')] 
= Tr[(A - B)B'(A - B)A"] > Tr[(A- B)(A+C) ‘(A- B)(B+D)"] 
= Tr[(A - B)(B+D) "(A - B)(A+C)"]. 


Thus the left-hand side of the inequality (4.2.21) can be bounded from below: 


Tr[(A - B)(B' - A™') + (C - D){(B+ D)'-(A+C)'}] 
> Tr[(A - B)(B + D) "(A - B)(A+C)' + (C - D)(B+D) (C-D)(A+C)"] 
+ Tr[(C - D)(B+D) ‘(A - B)(A+C)"] 
> 2|Tr[(C — D)(B+ D) ‘(A-B)(A+C)"]| 
+ Tr[(C - D)(B+D) (A - B)(A+C)"]. (4.2.22) 


Throughout the process of the above, Lemma 4.2.15 was used in the second inequality. 
Since we have the following equation: 


Tr[(C — D)(B + D)'\(A-B)(A+C)'] 
= Tr[(C - D)(B+ D) ‘| -Tr[(C — D)(A+C)"] 
—Tr[(C — D)(B+D)‘(C -D)(A+C)'] 


we have Tr[(C — D)(B + Dy (A —B)(A+ or € R. Therefore, we have 


(4.2.22) > |Tr[(C — D)(B + D) “(A - B)(A+C)‘]]. 
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An alternative refinement for the Belmega—Lasaulce—Debbah inequality was 
given in the following. 


Theorem 4.2.16 ([76]). For A,B ¢€ M,(n,C) with invertible, and C,D € M,(n,C), we 
have 


Tr[(A - B)(B' — A) + 4(C — D){(B+ D)'-(A+C)'}] =0. 


We omit the proof of Theorem 4.2.16 since it can be proven by the similar way to 
Lemma 4.2.7 and Theorem 4.2.15 with slight modifications. 


Remark 4.2.5. We always have Tr[(A — B)(B™! — A“!)] > 0, however the trace 
Tr[(C - D){(B+ Dy -(A+C)'}] 


has possibility to take a negative value. Therefore, Theorem 4.2.16 gives a refinement 
of Theorem 4.2.13. 


By putting A = rA, and B = rB, for A,B € M,(n,C) with invertible in Theo- 
rem 4.2.16, we obtain the following corollary. 


Corollary 4.2.8. For A,B € M,(n, C) with invertible, C,D < M,(n, C) andr > 0, we have 
Tr[(A - B)(B' — A) + 4(C - D){(rB+ D)' - (rA + C)'}] = 0. (4.2.23) 


Remark 4.2.6. In the case of r = 2 in Corollary 4.2.8, the inequality (4.2.23) corre- 
sponds to the scalar inequality: 


(a P(z5 yt D( a5 saxy) 2° 


fora,B > Oandy,é > 0. 


We note that the Belmega—Lasaulce—Debbah inequality was generalized in [19]. 


Theorem 4.2.17 ([19]). For A,,B, € M,(n,C) with invertible, and A;,, By € M,(n,C) for 
k =2,...,K, then the following inequality holds: 


ae! -1 


nsin-m (8) (4) Il 


It may be of interests to consider the refinements given in Theorem 4.2.14 and 4.2.16 
for Theorem 4.2.13 can be applied to Theorem 4.2.17. 


5 Convex functions and Jensen inequality 


Recall that if f is a real continuous function, then the so-called perspective [197] of f 
denoted by P;(A|B), is defined as 


P,(AIB) = A2f(A-?BA~?)A?, (5.0.1) 


for A > O and B = 0. It is also called solidarity [50] for an operator monotone func- 
tion f. If f is operator convex, then some important properties have been proven in 
[45, 46]. We do not treat a perspective deeply in this book. If we take f(t) = logt or 
f(t) = 1n,t = a (t > 0,r # 0) which was defined in Section 2.4 as r-logarithmic 
function, then the perspective(solidarity) recovers the relative operator entropy [52] 
or the Tsallis relative operator entropy [240]. See Chapter 7 for the results on them. If 
the function f : J ¢ R — Ris convex, then the so-called Jensen inequality 


n 


(¥ was) < > wif (x), (5.0.2) 
i= 


i=1 


n 
holds for some positive numbers w,,...,w, with }) w; = 1and x; € J. 
i=l 
Let f : J — Rbeaconvex function and x,,...,x, € J and w,,...,w, positive num- 


n 
bers with W,, = ) w;. The famous Jensen inequality asserts that 
i=l 


f ( = 5 wa <a ¥ wif (xj). (5.0.3) 


In the paper [168], one can find that iff : J — Ris an operator convex function, 
then 


whenever A,,...,A,, are self-adjoint operators with spectra contained in J. 

The celebrated Choi-Davis—Jensen inequality (C-D-J inequality for short) [34, 
38] asserts thatiff : J — Ris an operator convex and ® : B(H) — B(X) isanormalized 
positive linear map, and A is a self-adjoint operator with spectra contained in J, then 


f(@(A)) < @(f(A)). (5.0.5) 


5.1 A generalized operator Jensen inequality 


The following result that provides an operator version for the Jensen inequality is due 
to B. Mond and J. Peéaric¢. 


https: //doi.org/10.1515/9783110643473-005 
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Theorem 5.1.1 (Operator Jensen inequality for convex function [169]). . Let A € B(H) 
be a self-adjoint operator with Sp(A) ¢ [m,M] for some scalars m < M. If f(t) is a 
convex function on [m, M], then 


f((Ax, x)) < (F(A)x, x), (5.1.1) 


for every unit vector x € H. 


The aim of this section is to find an inequality which contains (5.1.1) as a special 
case. We start by sorting out some of the notions we will consider. Given a continuous 
function f : J — R defined on the compact interval J c R, consider a function @ : J x 
R — Rdefined by (x, a) = f(x) - sax”, If p(x, a) isa convex function on J for some a = 
a’, then g(x, a) is called a convexification of f and a* a convexifier on J. A function 
f is convexifiable if it has a convexification. It is noted in [244, Corollary 2.9] that if 
the continuous differentiable function f has Lipschitz derivative (i. e., |f’(x) —f'(y)| < 
L|x — y| for any x, y € J and some constant L), then a = —-L is a convexifier of f. 

The following fact concerning convexifiable function plays an important role in 
our discussion (see [244, Corollary 2.8]): 


If f is twice continuous differentiable, then a = a f'(t)is a convexifier off. (P) 
€ 
After the above preparation, we are ready to prove the analogue of (5.1.1) for non- 
convex functions. 


Theorem 5.1.2 (Operator Jensen inequality for nonconvex function [178]). Let f be a 
continuous convexifiable function on the interval] and a a convexifier of f. Then 


f ((Ax, x)) < (F(A)x, x) - 50 (Ax, x) — (Ax, xy’), (5.1.2) 


for every self-adjoint operator A with Sp(A) ¢ J and every unit vector x € H. 


Proof. Let g, : J — Rwith g,(x) = (x, a). According to the assumption, g,(x) is 
convex. Therefore, 


Bq((Ax, x) < (8q(A)x, x), 


for every unit vector x € H. This expression is equivalent to the desired inequality 
(5.1.2). 


Theorem 5.1.2 can be regarded as a generalization of Theorem 5.1.1in the sense that 
Theorem 5.1.2 never assumes the convexity of the function f. A few remarks concerning 
Theorem 5.1.2 are in order. 


Remark 5.1.1. 
(i) Using the fact that for a convex function f, one can choose the convexifier a = 0; 
one recovers the inequality (5.1.1). That is, (5.1.2) is an extension of (5.1.1). 
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(ii) For continuous differentiable function f with Lipschitz derivative and Lipschitz 
constant L, we have 


f((Ax,x)) < (f(A)x, x) + (Ax, x) — (Ax,x)’). 
An important special case of Theorem 5.1.2, which refines inequality (5.1.1) can be 
explicitly stated using the property (P). 


Remark 5.1.2. Let f : J — Rbea twice continuous differentiable strictly convex func- 
tion and a = min f" (0). Then 
€ 


f ((Ax,x)) < (F(A)x, x) - 5a((A?x,x) — (Ax,x)?) < (f(A)x, x), (5.1.3) 
for every positive operator A with Sp(A) ¢ J and every unit vector x € H. 


Corollary 5.1.1. Let f be a continuous convexifiable function on the interval J and aa 
convexifier. Let A,,...,A, be self-adjoint operators on H with Sp(A;) ¢ J fori =1,...,n 


n 
and X;,...;X, € H be such that ¥. |\x;||* = 1. Then we have 
= 


2 


(¥ caso < ¥ (f(ADx. x) - Jo( 5 (A}x;, Xi) — (5 can) ‘ (5.1.4) 
i=1 i=l 


i=1 i=1 


Proof. In fact, x := (x;,... ee is a unit vector in the Hilbert space 1”. If we introduce 
the diagonal operator on 1", 


Ae ie B 
Ou wax Ay 
n n 
then, obviously, Sp(A) ¢ J, ||xl| = 1, ((A)x, x) = > (f(A)x;,.x;), (AX, x) = ¥ (Aix, x), 
i=l i=l 


n 
(Ax, x) = ¥ (A?x;, x;). Hence, to complete the proof, it is enough to apply Theorem 5.1.2 
i=1 


i= 
for A and x. 


Corollary 5.1.1 leads us to the following result. 


Corollary 5.1.2. Let f be a continuous convexifiable function on the interval J and aa 
convexifier. Let A;,...,A, be self-adjoint operators on H with Sp(A;) ¢ J fori =1,...,n 


n 
and let p,,...,D, be positive numbers such that > p; = 1. Then we have 
i=l 


2 
ie (ne < ¥. (pif (Aix, xX) - so 5 (pA?x, x) - (5 (das ) (5.1.5) 
il il il il 


for every unit vector x € H. 
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n 
Proof. Suppose that x € H is a unit vector. Putting x; = pix < H so that Y hal =1 
i=1 


i= 


and applying Corollary 5.1.1 we obtain the desired result (5.1.5). 


The clear advantage of our approach over the Jensen operator inequality is shown 
in the following example. Before proceeding, we recall the following multiple operator 
version of Jensen’s inequality [3, Corollary 1]: Let f : [m,M] ¢ R > R bea convex 
function and A; be self-adjoint operators with Sp(A;) ¢ [m,M],i = 1,...,n for some 

n 


scalars m < M. If p; >0,i=1,...,n with > p; =1, then 
i=l 


(¥ wa < Y (pif (A)x.x), (5.1.6) 
i=l i=l 


for every unit vector x € H. 


Example 5.1.1. Let f(t) = sint(0 < t < 2m), a = mingejeng f(t) = -1,n = 2,D) = D, 
py = 1-p, H = R’, A, = (279), A = (92) and x = (9). Then we have '(t,-1) = 
1-sint > 0 for g(t, -1) = f(t) + st. After simple calculations with (5.1.5), we infer that 


sin(27(1 — p)) < 2n’p(1-p), O<p<1 (5.1.7) 
and (5.1.6) implies 
sin(27(1-p)) <0, O<p<l. (5.1.8) 


It is not a surprise matter that the inequality (5.1.8) does not hold when 5 <p<l. 
That is, (5.1.6) is not applicable here. However, we may emphasize that the new upper 
bound in (5.1.7) still holds. 


It follows from Corollary 5.1.2 that 
n n 1 n 3 n 2 
A( 3.00) < ) pif (t) - Sal 5 pt = (Sn ) (5.1.9) 
i=l i=l i=l i=l 


n 
where ¢; € J and > p; = 1. For the case n = 2, the inequality (5.1.9) reduces to 
i=l 


f((1—Vv)ty + vty) < (1—v)f (4) + vf(t) - we Y) alts — ty, (5.1.10) 
where 0 < v < 1. In particular, 
f( ty : 2) z f(t) +1) salt by. (5.1.11) 


It is notable that Theorem 5.1.2 is equivalent to the inequality (5.1.9). The following 
provides a refinement of the arithmetic-geometric mean inequality. 
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Proposition 5.1.1. For each a,b > O and v «€ [0,1], we have 


2 


Vab < H,(a b)- $(a-2»( to *)) Pa se <(10 eee? (5.1.12) 
ee ES oR po a Bh ore ee 


where d = min{a, b} and H,(a, b) = ee is the Heinz mean. 


Proof. Assume that f is a twice differentiable convex function such that a < f"’ where 
a € R. Under these conditions, it follows that 


f( <2") - (Peo) 


2 f(-v)a+vb) a —v)b + va) sala b)(1 2v))” (by (5.1.11)) 
<f@ tf (b) ; a(a-b)* (by (5.1.10)) 
_fl@ +f) 

2 


for a > 0. Now taking f(t) = e' with t € J = [a, b] in the above inequalities, we deduce 
the desired inequality (5.1.12). 


Remark 5.1.3. As R. Bhatia pointed out in [21], the Heinz means interpolate between 
the geometric mean and the arithmetic mean, that is, 


Vab < H,(a,b) < © ; De (5.1.13) 


Of course, the first inequality in (5.1.12) yields an improvement of (5.1.13). The inequal- 
ities in (5.1.12) also sharpens up the following inequality which is due to S. S. Dragomir 
(see [41, Remark 1]): 


2 
d a at+b 
lo < Vab. 
5( 85) 2 

Studying about the arithmetic-geometric mean inequality, we cannot avoid men- 
tioning its cousin, the Young inequality. The following Zuo-Liao inequality provides 
a ratio refinement and reverse of the Young inequality: 


(1-v)a+vb 


R 
avpy < K"(h), (5.1.14) 


K'(h) < 
where v € [0,1], r = min{v,1—v}, R = max{v,1—v} and h = 2, The first one was proved 
by H. Zuo et al. [248, Corollary 3], while the second one was given by W. Liao et al. [140, 
Corollary 2.2]. 

Our aim in the following is to establish a refinement for the inequalities in (5.1.14). 
The crucial role for our purposes will play the following facts: 
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If f is a convex function on the fixed closed interval J, then we have 


Wain] > 2 =f (x) - “(3.2 «:)f = Sept) -r( Sp) (5.1.15) 


i=1 


> pf) - 1( Sra) < thao} 4 —f (x;) - (Sts «) (5.1.16) 


i=1 


where p;,...,P_, = 0 with DP = = 1, Pmin = Min{p,,.--,Py}, Pmax = MAx{P,.--,Dy}- 


Notice that the first qheanaliny goes back to J. Pecari¢ et al. [165, Theorem 1], while the 
second one was obtained by F.-C. Mitroi in [166, Corollary 3.1]. We here find that the 
inequality (5.1.15) is a generalization of Proposition 2.2.1 in Section 2.2. 

We state the theorem. In order to simplify the notation, we put at,b = a’ "bY and 
aVv,b = (1-v)a+vb. 


Theorem 5.1.3 ([178]). Let a,b > O and v « [0,1]. Then we have 
2 
: v(1—-v) r\(<=") ) 
K (h) exp(( 5 Z D 


< a5 < KR(n) exp( (“> uy EMS By ), (5.1.17) 
= 


where r = min{v, 1 — v}, R = max{v,1- v}, D = max{a, b} and h = 


a’ 


Proof. Employing the inequality (5.1.15) for the twice differentiable convex function f 
with a < f”, we have 


~ ; Y Fa) oy ie = a +4(S:0) 
i=1 i i i=1 


Here, we set n = 2, X; = a, X7 = b, p) =1-V, pp =v, v=randf(x) = -logx with] = 
[a, b], then a = min, <; f(x) = a Thus we deduce the first inequality in (5.1.17). The 
second inequality in (5.1.17) is also obtained similarly by using the inequality (5.1.16). 


Remark 5.1.4. 

(i) Since wo ui i > O for v ¢€ [0,1], we have exp((“&¥ es ney > 1. Therefore, 
the first inequality in (5.1.17) provides an improvement for the first inequality in 
(5.1.14). 

(ii) Since re Wis, & < 0 for v «€ [0,1], we get exp((“4¥ Wie eae < 1. Therefore, the 
second iadilaliiy in (5.1.17) provides an improvement for the second inequality 
in (5.1.14). 
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Proposition 5.1.2. Under the same assumptions in Theorem 5.1.3, we have 


(h+ 1) > exp(7(" = a 
4h 4\ D 
Proof. We prove the case a < b, then h > 1. We set f,(h) = 2log(h + 1) -logh - 2log2- 
; wey . Itis quite easy to see that f/ (h) = Alito > 0, sothat f,(h) > f,(1) = 0. For the 
casea > b, (then0 < h < 1), wealsoset f,(h) = 2log(h+1) -logh-—2log2 z(h 1)’. By 
direct calculation f;(h) = — ony ns?) < 0, so that f,(h) = f,(1) = 0. Thus the statement 
follows. 


Remark 5.1.5. S.S. Dragomir obtained a refinement and reverse of Young inequality 
in [41, Theorem 3] as 


2 2 
exp( is 0(<*) ) < ae < exp( 0(—*) ), (5.1.18) 


where d = min{a, b}. From the following facts (i) and (ii), we claim that our inequalities 

are nontrivial results: 

(i) From Proposition 5.1.2, our lower bound in (5.1.17) is tighter than the one in (5.1.18). 

(ii) Numerical computations show that there is no ordering between the right-hand 
side in (5.1.17) and the one in the second inequality of (5.1.18) shown in [41, Theo- 
rem 3]. See [178] for the example. 


We give a further remark in relation to comparisons with other inequalities. 
Remark 5.1.6. The following refined Young inequality and its reverse are known 
K" (vt,2)t" +r(1- Ve? < (1-v) + vt < K® (vE20t" + 11 - Ver, (5.1.19) 


where t > 0,v € [0,1], r = min{v,1-v}, r’ = min{2r,1—2r} and R’ = max{2r,1-2r}. The 
first and second inequality were given in [235, Lemma 2.1] and in [140, Theorem 2.1], 
respectively. Numerical computations show that there is no ordering between our in- 
equalities (5.1.17) and the above ones. See [178] for the details. 


Obviously, in the inequality (5.1.14), we cannot replace K’(h) by K*(h), or vice 
versa. In this regard, we have the following theorem. The proof is almost same as that 
of Theorem 5.1.3 (it is enough to use the convexity of the function 8B (x) = exe — f(x) 
where B = max f""(x)). 


Theorem 5.1.4 ([178]). Let all the assumptions of Theorem 5.1.3 hold with d := min{a, b}. 
Then 


R vii-v) R a-b\ aV,b 
Km exo( ( 2 all d ee 


G K(hyexp( (“2 Jean 
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We end this section by presenting the operator inequalities based on Theo- 


rems 5.1.3 and 5.1.4. See [178] for the proof. 


Corollary 5.1.3. Let A, B be two positive invertible operators and positive real numbers 


m, m', M, M' that satisfy one of the following conditions: 
(i) O<mI<A<ml<MI<B<M'l. 
(ii) O< mI <B<ml<MI<A<M'l. 


Then 
/ vai-v) r\/1-h : 
Kyexo( ( 2 | h ) ane 
1 2 
< ANB < K*(h')exp( ("= (4 ) ase 
and 


2 


K*(h) exp(( a v) *)( : au ) )aaB 


ARB =k Wem((MEY TZN) Vane 


2 4 
where r = min{v,1—v}, R = max{v,1—v},h = ™“ andh! = - 


m 


5.2 Choi-Davis—Jensen inequality without convexity 


(5.1.20) 


C. Davis [38] and M.D. Choi [34] showed that if © : B(H) — B(K) is a normalized 
positive linear map and if f is an operator convex function on an interval J, then the 


so-called Choi-Davis—Jensen inequality (in short C-D-J inequality) 


f(®(A)) < @(F(A)) 


holds for every self-adjoint operator A on H whose spectrum is contained in J. 


(5.2.1) 


The inequality (5.2.1) can break down when the operator convexity is dropped. For 


instance, taking 


4 1 -l 
A= 1 2 1 > D(A) <i 503) = (ij), cijer and f(b) = ff 
-1 1 


By a simple computation, we have 


ie 132 


sae ay _ (374 105 
132 1) A) O44) = ( ). 


105 70 
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This example shows that the inequality (5.2.1) will be false if we replace the operator 
convex function by a usual convex function. In [160, Theorem 1], J. Mici¢ et al. pointed 
out that the inequality (5.2.1) holds true for real valued continuous convex functions 
with conditions on the bounds of the operators. 

The purpose of this section is to obtain the C-D-J inequality for nonconvex func- 
tions. Applying our main results, we give new inequalities improving previous known 
results such as the Kantorovich inequality, and bounds for relative operator entropies 
and quantum mechanical entropies. As for applications to entropy theory, see Chap- 
ter 7. 


Theorem 5.2.1 ([159]). Let f : J — R be continuous twice differentiable function such 
that a < f" < B where a,B ¢ Rand let ® : B(H) > B(K) be anormalized positive linear 
map. Then we have 


f(®(A)) < B(f(A)) + B 5 “1M + m)®(A) — Mm} + 5(ana)? -B@(A’)), (5.2.2) 


and 


®(f(A)) < f(@(A)) + B : * {(M + m)®(A) — Mm} + 5(a(4”) —B@(A)’), (5.2.3) 


for any self-adjoint operator A on H with the spectrum Sp(A) ¢ [m,M] c J. 
In order to prove Theorem 5.2.1, we need the following lemma. 


Lemma 5.2.1. Let f : J — R be continuous twice differentiable function such that a < 
f" < B, where a, B € R, and let © : B(H) > B(K) be anormalized positive linear map. If 
Ais a self-adjoint operator on H with Sp(A) ¢ [m,M] c J forsome m < M, then we have 


@(f(A)) < L(®(A)) - S(t + m)®(A) — Mm - 0(A2)}, (5.2.4) 
@(f(A)) > L((A)) - a + m)®(A) — Mm - ®(A?)}, (5.2.5) 
f((A)) < L((A)) - “(mM + m)®(A) — Mm - @(A)’}, (5.2.6) 
f(®(A)) > L(@(A)) - a + m)®(A) — Mm - ©(A)’}, (5.2.7) 
where 
L(t) = fm) + ——™ Fu, (5.2.8) 


is the line that passes through the points (m, f(m)) and (M, f(M)). 


Proof. Since a < f" < B, then the function g,(x) := f(x) - Sx? is convex. So, 


g,((1-v)at+vb) < (1-v)g,(a) + vg_(b), 
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holds for any 0 < v <1anda,b ¢ J. It follows that 
f((-v)a + vb) < (1-v)f(a) + vf(b) - ' v(1—v)(a - by. 


M-t t-m 


Since any tf € [m,M] can be written in the form t = j—,m + ;,,,M, and putting 
v= i a = mand b = M in the above inequality we have 
f(t) < L(t) - 5 ((M +m)t—mM -t’). (5.2.9) 


Now, by using the standard functional calculus of a self-adjoint operator A to (5.2.9) 
and next applying a normalized positive linear map © we obtain 


O(F(A)) < @(L(A)) = S4(M + myO(A) - Mm - &(4?)}, 


which gives the desired inequality (5.2.4). 
By applying (5.2.9) on D(A), we obtain (5.2.6). Using the same technique as above 
for a convex function p(t) — f ? _ f(x), we obtain 


L@) = Fam +m)t — mM - t?) < f(t), 


which gives (5.2.5) and (5.2.7). 


From Lemma 5.2.1, we can prove Theorem 5.2.1. 


Proof of Theorem 5.2.1. Letm < M. We obtain (5.2.2) after combining (5.2.6) with (5.2.5) 
and we obtain (5.2.3) after combining (5.2.4) with (5.2.7). 


Remark 5.2.1. The inequality (5.2.3) is a reverse of C-D-J inequality f(®(A)) < D(f(A)) 
for a nonconvex function. The second term in (5.2.3) is always nonnegative, while the 
sign of third term in (5.2.3) is not determined. 


Example 5.2.1. To illustrate Theorem 5.2.1 works properly, let D(A) = (Ax,x),@ isa 


1 
; 8 in ak % 
unit vector), wherex =| = ],A= ( 031 ) and f(t) = t’. Of course, we can choose 
i -112 

4 


3 
m= 0.25 and M = 3.8. So after some calculations, we see that 


8 = f(P(A)) 
afta) +2 5 * {(M + m)®(A) — Mm} + (aay? — pob(A?)) = 27.14, 
and 
24 = O(f(A)) 
<f(@(a)) +2 5 *{(M + m)®(A) — Mm} + 5 (a(4”) — B@(A)) = 43.54. 
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Theorem 5.2.2 ([159]). Let A be a self-adjoint operator with Sp(A) ¢ [m, M] < J for some 
m < M. If f : [m,M] — (0,00) is a continuous twice differentiable function such that 
a<f", where a € R, and if ® : B(H) > B(K) is a normalized positive linear map, then 
we have 


1 


es 2 
er) ue [(M + m)®(A) - Mm - O(A If 


< f (@(A)) < K(m, M, f)®(f(A)) - Slim + m)Q@(A) —- Mm - @(A)’], (5.2.10) 
where 


K(m, Mf) = max} 20 :te im an)| (5.2.11) 


and L(t) is defined in (5.2.8). 
Proof. By using (5.2.6), we have (see [164, Corollary 4.12]) 
f(@(A)) < L(@(A)) - $[(M + mO(A) - Mm - O(AY] 


< K(m, M, f)®(f(A)) - Sl + m)®(A) - Mm - ®(A)’], 


which gives the right-hand side in the inequality of (5.2.10). Also, by using (5.2.4) and 
given that 0 < m< Q(A) < M, we obtain 


@(f(A)) < K (mM, f)f(@(A)) ~ $[(M + m)O(A) - Mm - &(4?)]. 


Since K(m, M, f) > 0, it follows: 


1 


f(®(A)) = Km Mf 


jor) + sl + m)®(A) - Mm - o(4?)]|, 


which is the left-hand side in the inequality of (5.2.10). 


Remark 5.2.2. Let A and © be as in Theorem 5.2.2. If f : [m, M] — (0, oo) is a continu- 
ous twice differentiable function such that f” < B, where B € R, then by using (5.2.5) 
and (5.2.7), we can obtain the following result: 


k(m, M, f)®(f(A)) - at + m)®(A) - Mm - ®(A)’] 


< f(O(A)) < foyiay + aC +m)®(A) ~ Mm - ©(A?)] }, 


k(m, M,f) 


where k(m, M, f) = min{ 2 : t € [m, M]} and L(t) is defined by (5.2.8). 
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In the next corollary, we give a refinement of reverse of C-D-J inequality (see, e. g., 
[164]) 


7 KM pr’) s f(®(A)) < K(m, M, f)®(f(A)), 
for every strictly convex function f on [m,M], where K(m,M,f) > 1 is defined by 


(5.2.11). 


Corollary 5.2.1. Under the assumptions of Theorem 5.2.2, for a strictly convex function 
f on[m, M]. Then we have 
mayor (A)) + sl + m)®(A) — Mm - o(4*)]| 


D(f(A)) < 


K(m, a f) a K(m,M,f) 


< eo) < K(m, M, f)@(f(A)) ~ 5 [(M + m)@(A) - Mm - 0(4)’] 
< K(m,M,f)@(f(A)), 
where K(m, M, f) > 1is defined by (5.2.11). 


Proof. Since f is strictly convex, then 0 < a < f” on [m, M]. Given that (M + m)®(A) — 
Mm - ®(A?) > 0 is valid, the desired result follows by applying Theorem 5.2.2. 


5.3 Operator Jensen—Mercer inequality 


Our motivation for this section arose from the paper by A. McD. Mercer [157], which 
is connected with a remarkable variant of the inequality (5.0.2). His result states the 
following. 


Theorem 5.3.1 ([157, Theorem 1.2]). If f is a convex function on [m, M], then we have 


f(wem- Swe) = 0 +m - ¥ wis) (5.3.1) 


i=1 
n 
for all x; € [m, M] and all w; € [0,1] (i =1,...,n) with ¥ w; =1. 
i=1 
A similar arguing with application of functional calculus gives an operator 


Jensen-Mercer inequality without operator convexity assumptions. More precisely, 
the following theorem is proved in [154]. 


Theorem 5.3.2 ((154, Theorem 1]). Let A;,...,A, € B(H) be self-adjoint operators with 
spectrum in [m,M] and let ®,,...,®, : B(H) — B(K) be positive linear maps with 


n 
Y Oi(1y)) = 1. Iff : [m, M] ¢ R — Ris convex function, then we have 
i=1 


i( + mlx - ¥ 0,4) < (f(M) + f(m))1x — ¥' ®;(F(A;)). (5.3.2) 
i=1 


i=1 
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Moreover, in the same paper [154], the following series of inequalities was proved: 


A( ot +m) - > 2,4) 


i=1 


y ;(A;) => Mig Mig = y ;(A;) 
< (f(M) + fm) + 7 (m) + —=5-——f(M) 
< (f(M) + f(m))1c - ¥' (F(A). (5.3.3) 


i=1 


In the following, we aim to improve inequality (5.3.1). The following lemma is well 
known in [157, Lemma 1.3], but we prove it for the reader’s convenience. 


Lemma 5.3.1. Let f be a convex function on [m, M], then 
f(M+m-—a;) < f(M)+f(m) -f(a), (msa;<M,i=1,...,n). 


Proof. Iff : [m,M] — Risa convex function, then for any x,y € [m, M] and t € [0,1], 
we have 


f(tx+ (1- Oy) < f(x) + - Of). (5.3.4) 
: : . M-a; a;-m M-a; , aj-m _ 
It can be verified that ifm < a; < M(i=1,...,n),then 7—|, yo, < land yoita, = 1 
Thanks to (5.3.4), we have 


M -a; a; 
fai) < Fm) + 


—" F(M). (5.3.5) 
—-m 


One the other hand, m < a; < M (i=1,...,n)impliesm< M+m-a;<M (i=1,...,n). 
Thus, from (5.3.5) we infer 


a; 
f(M+m ai) < 


oT em) + MOS pep, (5.3.6) 
—-m M-m 


Summing up (5.3.5) and (5.3.6), we get the desired result. 


Based on this, our first result can be stated as follows. 


Theorem 5.3.3 ((173, Theorem 2.1]). Let f be a convex function on [m, M] and t « [0,1]. 
Then 


f(M+m-a)< > wi (M +m ((1- t)a@ + ta;)) 
i=l 


< f(M) + f(m) — ¥° wif (aj) (5.3.7) 
1 
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n 
for alla; € [m,M] and w, «€ [0,1] @ = 1,..., n) with yw; = = 1, where a@ := > w,a 
i=1 i: 
Moreover, the function F : [0,1] — R defined by 


F(t) = ) wif(M + m- ((1- £)a + ta;)) 
i=1 


is monotonically nondecreasing and convex on [0, 1]. 


Proof. First, we have 


¥ wif(M + m-—((1-t)d + ta;)) =1( Swi m-((1-a+ ta))) 


i=1 
=f(M+m-a). (5.3.8) 


On the other hand, 
> wif ( +m-—((1-t)a+ ta;)) 
i=1 
ay wif ((1—t)(M +m-—a)+t(M+m-—a;)) 
=1 
<¥w (1 - t)f(M +m-—a)+tf(M+m-—a;)) 
=1 
Sw (« ~ a ran + f(m) - Dw wfla) ) + t(f(M) + f(m) -fa)) 
= f(M) + f(m) - ¥ wildy). 


tt: 


For the convexity of F, we have 


ey ae (are eg) 


7 (1-t)a+ta,+(1-s)a@+sa; 
= wif( at +m ( : : ) 
> 


2 


_< M+m-((1-f)a@+ta,)+M+m-((1-s)a+sa;) 
=Ywa 2 


< 5| 5 wrt m-—((1-t)a+ta;)) + y wi(M + m— (a-sa-sa)) 
i=1 i=1 


_ F(t) +F(s) 
a 
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t-s 


Now, ifO <s<t<1,thens = ee O+ ; -t, and hence the convexity of F implies 


t-s s 
F(s) = F(TS-0+5-t) 


t-s Ss 


IA 


t-—s Ss 
< pt pO 


= F(t). 


We remark that the second inequality in the above follows from (5.3.8) and the fact 


F(0) = )'wf(M +m-@) = f(M+m-@). 
tei 


Therefore, F is monotonically nondecreasing on [0, 1]. 
Corollary 5.3.1. Let all the assumptions of Theorem 5.3.3 hold, then 


M+m-a; 
n 


f+m-a<Y “| fae < FM) +fom)- w/a. 


i=1 


M+m-a 
Proof. Integrating the inequality (5.3.7) over t € [0,1], we get Corollary 5.3.1. Here, we 
used the fact 


1 1 
| FQ +m— (1-0 + ta;)) de = | F(A NOM + ma) + eM +m ai)) de 
0) 0 


1 
= | fet +m — a) + H(M + m~ ai) at 
0 


1 
a- 


M+m-a; 
- | f(t)at. 
” Mama 


Remark 5.3.1. Put n = 2, w, = w2 = 1/2, a, = a, and a, = b in Corollary 5.3.1, then 


b 
| fot +m —w) au 


a 


f(u+m- <2 ) 1 


< 
b-a 


< fim) + fm) FO *L0) 


We give a more precise estimate in the next theorem. 
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Theorem 5.3.4 ([173, Theorem 2.2]). Let f be a convex function on [m, M]. Then 


FM +m—2) < w(t +m 2441) 


i=1 2 
7 M+m-a; 
ye | f(t) at 
i=1 a- a; = 
M+m-a 
n 
< f(M) + f(m) — ¥' wif (aj) (5.3.9) 
i=l 
for alla; € [m, M] and w;, € [0,1] @ = 1,...,n) with Y2, w; = 1, where @:= YL, wjq;. 


Proof. If f : [m,M] — Risa convex function, then we have for any a, b € [m, M], 


f( <2") = -( oe eens) 


2 2 
_ f(ta + (1- t)b) + f (tb + (1- ta) 
: 2 
< fa + fb) 
2 


Replacing a and bby M+ m-aand M +m - bd, respectively, we get 


f( m+ m —————————_— 
_ f(M+m-— a) +f(M + m—b) 
< 5 ; 


Integrating the inequalities over t € [0,1], and using the fact 


1 1 
| flec+a-oy)de= | Fo + a- ox) at, 
10) 0 


we infer that 


1 
at+b 
f(M +m 5 )s [rir+m-(ea+a—onyae 
i 


(M+m-—a)+f(M+m-—b) 


< 
2 
Since a;,a € [m, M], we can write 
ke M+m-a; 
+4; 1 
f( ut +m ‘<= | f(t) dt 
2 a-a; 
M+m-a 


_ f(M +m—a) +f(M +m—a;) 
< 5 , 
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due to 
1 M+m-a,; 
| far +m- (ta +(1-t)a;))d ara f(t) dt. 
10) M+m-a 


Multiplying by w; > 0 (i = 1,...,n) and summing over i from 1 to n, we may deduce 


Y wf ( Me +m a4) < Sg 


i=1 i= i 


f(M +m-@) +S wf(M +m-a)) 
< = , (5.3.10) 


On the other hand, by (5.0.2) 
= i at a; 
f(M+m-a) -/(3 w( Mt +m - a+a)) 


< Y ws (m ar es za ) (5.3.11) 


and by Lemma 5.3.1 and (5.3.1) 


f(M+m- a)+ > w£(M+m- aj) 
i=1 


2 
f(M) + f(m) — ¥ w/f(a;) + FM) + fm) - ¥ wif la) 
jel i=1 
= 2 
= f(M) + f(m) - > w;f (qj). (5.3.12) 


=k 


Combining (5.3.10), (5.3.11) and (5.3.12), we get (5.3.9). 


Corollary 5.3.2. Let a; « [m,M] and w; € [0,1] (i= .,n) with 5 w,; = 1. Then 
i=1 
Mt A M+m-a; 
- g cero] > | “a 
I] a; ea * Msin-ai 


Proof. Put f(t) = —logt, (0 < t < 1) in Theorem 5.3.4. 
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Remark 5.3.2. If we set n = 2, a, = m, a) = M and w, = w, = 1/2 in Corollary 5.3.2, 
then we have 


—M_ 
Vim < <1 yarsamons3M < Lim +m). 
emi-n 4 2 


In the following theorem, we give an extension of operator Jensen-Mercer in- 
equality given in Theorem 5.3.2. 
Theorem 5.3.5 ([174]). Let A,,...,A, € B(H) be self-adjoint operators with spectrum in 
n 
[m, M] and let D,,...,®, : B(H) — B(K) be positive linear maps with Y ®;(14,) = 1. 
i=1 


If f : [(m,M] ¢ R > Ris a continuous twice differentiable function such that a < f" < B 
with a, B € R, then we have 


(f(M) + f(m))1¢ -— ¥' (F(A) 


i=1 


2 
=A 04m $0404) — mint = 3( (2) + oa) 
i=1 i=1 


i=1 


i=1 


=f (om +m) - > 2,4) (5.3.13) 


< (f(M) + f(m))1x - ¥' ®;(F(A))) 
i=1 


2 
> af a +m) ) ®;(A;) - Mm1x. - (3 oy) + 
i=1 


i=1 


; oat) (5.3.14) 
=1 


Proof. The idea of the proof is the following. We give the sketch of the proof. It is well 
known that for any convex function f and m < t < M we have 


M-t t-m 
fle) = f( om + =" a) < L(t), (5.3.15) 
where 
M-t t-m 
L(t) = Mom! ™ a uM ml (5.3.16) 


According to the assumption, the function g,(t) = f(t) - St? (m < t < M) is convex. On 
account of (5.3.15), we have 


F(t) < L(t) - sm +m)t — Mm - (?}. (5.3.17) 
Since m < M+m-t <M, wecan replace t with M + m - t, which gives us 


f(M+m-— <Lo(t) - 5m +m)t -Mm-¢}, 
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where L(t) = L(M +m - t) = f(M) + f(m) - L(t). Using functional calculus for the 
n 


operator m1, < ¥ O,(A;) < M1), we infer that 
i=l 


i( +m - $0149 
i=1 
2: 


< ta( 5: 040 ] = a + m) ¥ @4(A,) - Mm, - (Sex) ; (5.3.18) 


i=l i=1 i=1 
On the other hand, by applying functional calculus for the operator m1, < A; < M1}, 
in (5.3.17), we get 
a 
f(A) < L(A) — 5{(M + mA; - Mm, - Aj}. 


Applying positive linear maps ®; and summing, we have 


¥ ofA) 


< ($0440) = a +m) ) ®;(A;) - Mm. - ova} (5.3.19) 
i=1 


fot i=1 


Combining the two inequalities (5.3.18) and (5.3.19), we get (5.3.14). The inequality 
(5.3.13) follows similarly by taking into account that 


L(t) - Ems m)t — Mm - t*} <f(t), m<t<M. 


The details are left to the reader. Hence, we have the conclusion. 


This expression has the advantage of using twice differentiable functions instead 
of convex functions used in Theorem 5.3.2. Here, we give an example to clarify the 
situation in Theorem 5.3.5. 


Example 5.3.1. Taking f(t) = sint(O < t < 2m), A = (3  ) and @(A) = 5 Tr[A]. After 
2 
simple computations (by putting m = 7 and M = 5), we get 
0.9238 =~ f((M +m) - ®(A)) ¢ f(M) + f(m) - ®(f(A)) ~ 0.8535. 


This example shows that (5.3.2) may fail without the convexity assumption. On the 
other hand, 


0.9238 ~ f((M + m) - ®(A)) 


= f(M) + f(m) - O(f(A)) - a (M + m)®(A) — M {®(A)* + o(a)}} 


ah 
2 
~ 0.9306, 


namely our approach can fill the gap. 
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It is important that, under convexity assumption, a strong result related to Theo- 
rem 5.3.2 hold. 


Remark 5.3.3. It is instructive to observe that 


(M+ m) OA) - Mmi,. - s( (Sou ) -Yo(a) ) 20 


i=1 i=1 


One the other hand, if f is convex then a > 0. This shows that (5.3.14) can provide 
a much stronger bound than (5.3.2). (Of course, the inequality (5.3.18) is also sharper 
than (5.3.3).) 


In the sequel, we will briefly review some known properties related to log-convex 
functions. A positive function defined on an interval (or, more generally, on a convex 
subset of some vector space) is called log-convex if log f (x) is a convex function of x. 
We observe that such functions satisfy the elementary inequality 


f(-v)a+vb) <f' “(af'(b), v« [0,1] 


for any a,b € J and a nonnegative function f. The function f is called log-concave if 
the inequality above works in the reversed way (i. e., when f is log-convex). Because 
of the arithmetic-geometric mean inequality, we also have 


f((1-v)a+vb) < f' “(af (b) < (1-v)f (a) + vf(b), (5.3.20) 


which says that any log-convex function is a convex function. This is of interest to us 
because (5.3.20) can be written as 


f(t) <fiem(m)fiem(M) < L(t), m<t<M (5.3.21) 


where L(t) is as in (5.3.17). With the inequality (5.3.21), we can present the following re- 
sult, which can be regarded as an extension of Theorem 5.3.2 to log-convex functions. 
The proof is left to the reader as an exercise. 


Theorem 5.3.6 ([174]). Let all the assumptions of Theorem 5.3.5 hold except that f : 
[m, M] — (0, co) is a log-convex. Then we have 


n 
Ee (Ap)-myc M1c- ¥ O;(4j) 


f(a + mM)1e - §, 0/49) s [fom] [f(y] 


i=1 


< (f(M) + f(m))1x - ¥ ®;,(f(A))). (5.3.22) 
i=1 


In the rest of this section, we give some applications to the results given in this 
section. Assume that: 
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(i) A = (A,,...,A,), where A; € B(H) are positive invertible operators with Sp(A;) ¢ 
[m, M] for some scalars 0 < m < M. 
(ii) B = (M,,...,@,,), where ®; : B(H) > B(K) are positive linear maps. 


Here, C([m, M]) is the set of all real valued continuous functions on an interval [m, M]. 
In [154], the following expression is defined, where the authors called the operator 
quasi-arithmetic mean of Mercer’s type: 


M,(A,®) = (coo + plm))1c — ¥)D;(p(A)) )} 
i=1 


Theorem 5.3.7 ([174]). Let y, wh € C([m, M]) be two strictly monotone functions. 
(i) Ifeither pop is convex and " is operator monotone increasing, or pop "' is con- 
cave and w' is operator monotone decreasing, then 


M, (A, ®) < M,(A, ®). (5.3.23) 


(ii) If either pop” is concave and w' is operator monotone increasing, or pop is 
convex and yp)" is operator monotone decreasing, then the inequality in (5.3.23) is 
reversed. 


These interesting inequalities were firstly discovered by A. Matkovié etal. [154, 
Theorem 4]. By virtue of Theorem 5.3.5, we have the following result. 


Theorem 5.3.8 ((174]). Let p,y ¢€ C([m,M]) be two strictly monotone functions and 
wog is twice differentiable function. 
(i) Ifa < (pop )” witha € Rand wp is operator monotone, then 


M,(A,®) < p'{(M,(A, ®)) - ao (m,M, 9, A, ®)}, (5.3.24) 


where 


o(m,M, y, A, ®) = (p(M) + p(m)) ¥' &( (4) - PM M1 
i=1 


- 2( (ewan ) + ¥®(9(4))” )} 
i=1 i=l 


(ii) If (pop™')" < BwithB ¢ Randy‘ is operator monotone, then the reverse inequality 
is valid in (5.3.24) with B instead of a. 


Proof. Make the substitution f = poo" in (5.3.14) and replace A;, mand M with 9(A;), 
g(m) and p(M), respectively, we get 


p(M,(A,®)) < (My(A, ®)) - ao (m,M, 9g, A, ®). 
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Since 7! is operator monotone, we can get the conclusion. The other case follows in 
a similar manner from (5.3.13). 


In the same spirit, we infer from Theorem 5.3.6 the following result: 


Theorem 5.3.9 ([174]). Let @,  € C({m,M)]) be two strictly monotone functions. If poo! 
is log-convex function and jp is operator increasing, then 


n n 
X Oi (P(Ay))- POM) 1c PM)1xc- Y O;(G(A;)) 
i=1 i=1 


M, (A, ®) <Wil{[pim] 9-7 [puM)| Pawo} < My(A, ®). 


Remark 5.3.4. By choosing adequate functions g and yw, and appropriate substitu- 
tions, we can obtain some improvements concerning operator power mean of Mercer’s 
type. We leave the details of this idea to the interested reader, as it is just an application 
of main results in this section. 


In the end of this section, we show the example such that there is no relationship 
between Theorems 5.3.8 and 5.3.9. Here, we restrict ourselves to the power function 
f(t) = with p < 0. 


Example 5.3.2. Itis sufficient to compare (5.3.17) and the first inequality of (5.3.21). We 
take m = 1, M = 3. Setting 


t-m 


= i 7 p-2 Z z 
Mat ge 4 2M yp Besa M {(M +m)t - Mm — 2} — (mien Mem), 


M-m M-m 2 


B= 


A simple calculation shows g(2) = —0.0052909 when p = -0.2, while g(2) = 0.0522794 
when p = -1. We thus conclude that there is no ordering the right-hand side of (5.3.17) 
and the first inequality of (5.3.21). 


5.4 Inequalities for operator concave function 


During the past decades several formulations, extensions or refinements of the Kan- 
torovich inequality [153] in various settings have been introduced by many mathemati- 
cians. See [143, 164, 182, 187] and references therein. 

Let A € B(H) be a positive operator such that mI < A < MI for some scalars 
0 <m<M and ® bea normalized positive linear map on B(H), then 


(5.4.1) 


In addition, 


M+m 


@(A)t(B) < 
2VMm 


®(AtB), (5.4.2) 
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whenever m’A < B < M?AandO < m < M. The first inequality goes back to R. 
Nakamoto and M. Nakamura in [189], the second is more general and has been proved 
in [138] by E.-Y. Lee as a matrix version. 

In the below, we first extend (5.4.2), then as an application, we obtain a general- 
ization of (5.4.1). In addition, we use elementary operations and give some inequalities 
related to the Bellman type. We prove the following new result, from which (5.4.2) di- 
rectly follows. 


Theorem 5.4.1 ([222]). Let A,B € B(H) be two strictly positive operators such that m{I < 
A < MjI, miI < B < M3I for some positive scalars m, < M,, m) < M, and let ® bea 
normalized positive linear map on B(H). If f : [0, co) — [0, co) is an operator monotone, 
then we have 


M+m Mmo(A) + ®(B)\ _ f(Mmo(A)) + f(®(B)) 
i Pee) 
> f(Mm®(A)) tf (P(B)), 


_ Mm _ 
where m = M, and M = ma 


a 
2 


Proof. According to the assumptions, we have mI < (A-2BA~2) < MI, it follows that 
1 


(M+ m)(A~2BA™ 2 )? > Mm +A~2BA”?, The above inequality then implies (“ae )ALB > 
Mna+® Using the hypotheses made about ®, we have (“2 )@(AjB) > MBC4#0) 


2 
Thus we have 


f ( ( u : u Joa 1B)) >f ( —) (since f is operator monotone) 


‘ f(Mm®(A)) + f(®(B)) 
- 2 
> f(Mm®(A))tf(®(B)) (by AM-GM inequality), 


(by [8, Corollary 1.12]) 


which is the statement of the theorem. 


We complement Theorem 5.4.1 by proving the following. 


Theorem 5.4.2 ([222]). Let A,B ¢€ B(H) be two strictly positive operators such that 
mjI < A < Mil, mjI < B < M3] for some scalars m, < M,,m < My, and let ® be a 
normalized positive linear map on B(H). If g : [0,00) — [0, co) is operator monotone 
decreasing, then 


o( (oa) ef) 


Z {semoa + g(®B))" 
~ 2 


= 
} < g(Mm®(A))tg(®(B)), 


_ Mm - © 
where m = M, and M = Ae 
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Proof. Since g is operator monotone decreasing on (0, co), so : is operator monotone 


on (0, co). Now by applying Theorem 5.4.1 for f = es we have 


M+m Mm®(A) + ®(B) \~ 
s(( 2 ovate) = s( 2 ) 


. §(Mm®(A))* + g(®(B))™ 
7 2 


> g(Mm®(A)) 'tg(®(B)) 
Taking the inverse, we get 


M+m Mm(A) + ©(B) g(Mm®(A))! + g(@(B))] 
3(( 2 evar) < s{ 2 )s| 2 | 


< {g(Mm®(A)) ‘tg(@(B))} _ = g(Mm®(A))te(B)), 


proving the main assertion of the theorem. 


As a byproduct of Theorems 5.4.1 and 5.4.2, we have the following result. 


Corollary 5.4.1. Under the assumptions of Theorem 5.4.1, we have the following: 
@) IfO<r<i,then 


M+m\'_, MmO(A) + 0(B)\" _ (Mm)'®"(A) + @"(B)_ _, ‘ 
—~— | o'(AtB @'(A)t®" (B). 
im a )=( 2VMim )e Whe 
(ii) If-1<r<0, then 
M+m\'_, Mm®(A) + ®(B) \! 1 (ue ee 
©’ (AtB 
Can! - )<( 2VMm : (Mm)? 2 


< O'(A)t@"(B). 


Our next result is a straightforward application of Theorems 5.4.1 and 5.4.2. 


Corollary 5.4.2. Let A ¢ B(H) be a positive operator such that mI < A < MI for some 
scalars 0 <m< Mand ® be a normalized positive linear map on B(H). 
(i) Iff : [0,c0) > [0, co) is operator monotone, then 


1 -1 1 -1 
Mai FeO(A)+O(A)\ f(a (A)) +f(@(A) 
f ( 2Mm ) ah ( 2 ) : 2 


=f (Gn P(A) F(A), 


(ii) If g : [0, co) — [0, oo) is operator monotone decreasing, then 


(=) 
& 2Mm 


IA 


< 


( mA) + a) 


{sate +g(®(41)) | 
2 


2 


< s( 1A) )te(@(4), 
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In the same vein as in Corollary 5.4.1, we have the following consequences. 


Corollary 5.4.3. Under the assumptions of Corollary 5.4.2, we have the following: 
Gi) IfO<r<1,then 
( Maan ) ( 7 _O(A) + VMimo(A7) ) Game D(A) + (Mim) ?@"(A) 
> > 
2VMm 2 
> (A) t@"(A“'). 


2 


For the special case of r = 1, we have 


M+m . Tm P(A) + VMmb(A™) 
2VMm — 2 
(ii) If-1<r< 0, then 


> D(A) tb(A“). 


r 


(= +m ) 2 ( Tame) t ois» - | (Mm)"'®""(A) + &-"(A7) |" 
2VMm/ — 2 = >(Mm): 
< @'(A)to"(A7'). 


Let A,B € B(H) be two strictly positive operators and ® be a normalized positive 
linear map on B(H). If f : [0,c0) — [0,co) is an operator concave, then for any v € 
[0, 1], the following inequality obtained in [185, Theorem 2.1]: 


@(f(A))VP(f(B)) < f(P(AV,B)). (5.4.3) 


In the same paper [185], as an operator Bellman inequality [17], M. S. Moslehian et al. 
showed that 


@((I — A)'V,(I - B)’) < ®'(I - AV,B), (5.4.4) 


where A, B are two norm-contractive (in the sense that ||All, ||Bl| < 1) andr, v € [0,1]. 
Under the convexity assumption on f, (5.4.4) can be reversed. 


Theorem 5.4.3 ([222]). Let A,B € B(H) be two norm contractive and ® be a normalized 
positive linear map on B(H). Then we have 


@' (I — AV,B) < ®((I - A)'V, (I - B)’), (5.4.5) 
for any v € [0,1] andr € [-1,0] u [1, 2]. 
Proof. Iff is operator convex, we have 


f (@(AV,B)) < B(F(AV,B)) (by Choi-Davis—Jensen inequality) 
< O(f(A)V,f(B)) (by operator convexity of f). 
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The function f(t) = t’ is operator convex on (0,00) for r € [-1,0] U [1,2]. It can be 
verified that f(t) = (1 — t)" is operator convex on (0, 1) forr ¢ [—1,0]U[1, 2]. This implies 
the desired result (5.4.5). 


However, we are looking for something stronger than (5.4.5). The principal object 
of this section is to prove the following. 


Theorem 5.4.4 ([222]). Let A,B € B(H) be two contraction operators and ® be a nor- 
malized positive linear map on B(H). Then we have 


"(I — AV,B) < O'(I — A)t,®" (I — B) < ®((I — A)" tI - B)’) < ®((I - A)'V, (I - BY’), 


where v € [0,1] andr € [-1, O]. 


The proof is given at the end of this section. The following lemma will play an 
important role in our proof. 


Lemma 5.4.1. Let A, B € B(H) be two strictly positive operators and ® be a normalized 
positive linear map on B(H). If f : [0,co) — [0, co) is operator monotone decreasing, 
then for any v € [0,1] 


f(P(AV,B)) < f(P(A)) tf (PB) < O(F(A)) WO), (5.4.6) 
and 
f(®(AV,B)) < B(F(A)t,f(B)) < ®(F(A))V,O(F(B)). (5.4.7) 
More precisely, 
f(®(AV,B)) < f(®(A)) tf (P(B)) < O(F(A)tf(B)) < O(F(A))V,O(F(B)). (5.4.8) 


Proof. As T. Ando and F. Hiai mentioned in [8, (2.16)], the function f is operator mono- 
tone decreasing if and only if 


F(AV,B) < f(A) tf (B). (5.4.9) 


We emphasize here that if f satisfies (5.4.9), then it is operator convex (this class of 
functions is called operator log-convex). It is easily verified that if Sp(A), Sp(B) ¢ J, 
then Sp(®(A)), Sp(@(B)) ¢ J. So we can replace A, B by P(A), B(B) in (5.4.9), respec- 
tively. Therefore, we can write 


f(P(AV,B)) < f(PA)) HF(PB)) 
< O(f(A))t,P(F(B)) (by C-D-J inequality and monotonicity property of mean) 
< O(f(A)V,f(B)) (by AM-GM inequality). 
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This completes the proof of the inequality (5.4.6). To prove the inequality (5.4.7), note 
that if Sp(A), Sp(B) ¢ J, then Sp(AV,B) ¢ J. By computation, 


f (@(AV,B)) < B(f(AV,B)) (by Choi-Davis—Jensen inequality) 
< O(F(A)t,f(B)) (by (.4.9)) 
< O(f(A))t,P(f(B)) (by Ando’s inequality [6, Theorem 3]) 
< O(f(A)V,f(B)) (by AM-GM inequality), 


proving the inequality (5.4.7). We know that if g > 0 is operator monotone on (0, co), 
then g is operator concave. As before, it can be shown that 


8(P(A))t,g(P(B)) = P(g(A)) ty P(g(B)) = O(g(A)t,s(B)). 


Taking the inverse, we get 
g(®(A)) ‘t,g(@(B)) * < ®(g(A)t,g(B)) | < ®(e(A) t,g(B)). 


If g is operator monotone, then f = : is operator monotone decreasing, we conclude 


f(®(A)) tf (PB) < (F(A) t FB). 


This proves (5.4.8). 


We finally present the proof of Theorem 5.4.4. 


Proof of Theorem 5.4.4. Itis well known that the function f(t) = t” on (0, oo) is operator 
monotone decreasing for r € [-1, 0]. It implies that the function f(t) = (1 - t)’ on (0,1) 
is also operator monotone decreasing. By applying Lemma 5.4.1, we get the desired 
result. 


5.5 Bounds on operator Jensen inequality 


In this section, we use] c Ras an interval, since we use J for an alternative symbol. 
Our purpose of this section is to give a better bounds on operator Jensen inequality. 
It is known that [3], if f : I + Ris a convex function, A,,...,A, self-adjoint operators 


n 
with spectra contained in I, and w,,...,w, positive numbers such that > w; = 1, then 
i=l 


1 Se wicae ») < J wi(f(A)xx), (5.5.1) 
i=1 i=1 


where x € H with ||x|| = 1. In the following theorem, we make a refinement of the 
inequality (5.5.1). 
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Theorem 5.5.1 ((179]). Let f : I > R be a convex function, A,,..., A, self-adjoint oper- 


n 
ators with spectra contained in I, and w,,...,w, positive numbers such that ¥ w; = 1. 
i=1 
Assume J ¢ {1,2,...,n} andJ° = {1,2,...,n}\VJ, Wy = 2 W;, Wye = 1— >) w;. Then for any 
ieJ 
unit vector x € H, 


n n 
A( Scar <W(f, AIS‘) < ¥ wif (Apx x), (5.5.2) 
i=1 i=1 
where 
1 1 
WATS) = wif —) wiiA.x)} + wr f( —)y widAyx)). 
wy ie] Wye ieJ¢ 
The inequality (5.5.2) reverses if the function f is concave on I. 


Proof. We can replace x; by (A;x,x) where x € # and |x|| = 1, in (5.0.3). Hence, by 
using [97, Theorem 1.2], we can immediately infer that 


i yw, (AjX, oq oS y wif (Aix, X)) < a> w,(f(A))x, x), (5.5.3) 


Wr Wr i=1 


where W,, = ¥j_, w;- Nowa simple calculation shows that 


Y wir xx) = VY wi(f(A)xx) + Y wi(f(A)x x) 


ic] icJ¢ 
= w,( = > wilf(Ai )x, x)) +0¢( = > w w;(f(Aj)x, x)) 
WT ig Wye igge 
> wif YF widinx)) + wef (— >. witAix, “= Wf, AT), 
ad Wye ge 
(5.5.4) 
where we used the inequality (5.5.3). On the other hand, 
YPAII) = off( ZY wilaoa)) + ph (5 - ¥ wi(Apex) ) 
ic] * ies’ 
1 1 . 
> f(w,( wy wavs) + wy( top 2 w(Aexx))) = 1 Scar ) 
(5.5.5) 


In the above computation, we have used the assumption that f is a convex function. 
Thus, relation (5.5.4), together with inequality (5.5.5), yields the inequality (5.5.2). 
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The following refinements of the arithmetic-geometric-harmonic mean inequal- 


ity are of interest. 


Corollary 5.5.1. Let a,,...,a, be positive numbers and let {w;},J,J° be as in Theo- 
rem 5.5.1. Then we have 


> wia; < (= Wa; ) ne > wia; | 
;_ wy r Wyc ief 


n 1 wy 1 wyc n 
Wj 
< [14 < (= ¥ wai) ( ¥ mai) = > wia; 
i=1 J igh T° jee i=1 
and 
n i = aed 8 -st 1 
(3 m0 ) < (114 + wye | [ a; ‘ ) 
i=1 ie] icJ° 
n pu n 
<|]a;"< ae eee < wa 
i=1 ie] ieJ° i=1 


By virtue of Theorem 5.5.1, we have the following result. 


Corollary 5.5.2. Let f : I > R be a nonnegative increasing convex function, A,,...,An 
positive operators with spectra contained in I, and let {w;},J,J° be as in Theorem 5.5.1. 


Then 
1 n 
i( = of SI al) ey its me = i=l 


The inequality (5.5.6) reverses if the function f is nonnegative increasing concave on I. 


al) 


n 


3 w;A; 


i=1 


if a) . (6.5.6) 


n 
i=1 


Proof. On account of assumptions, we can write 


supf( 3 wits ) = {sue Swan )) =4( ; 
et \G iiat\& mm 


< wf wi + Wye wi 
slr) ore Si we) 
< sup Swi (4, )x, x) = y wi (4) . 
Ixil=1 \ j=1 i=1 


This completes the proof. 


We give a remark on Corollary 5.5.2. 
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Remark 5.5.1. Let A,,...,A, be positive operators and let {w;},J,J° be as in Theo- 
r r 


rem 5.5.1. Then for any r > 1, 
r 
<w d +W , < 
“ J wy y J Wyc = 


n 

> wii 

i=1 
For 0 < r < 1, the reverse inequalities hold. If every operator A; is strictly positive, 
(5.5.7) is also true for r < 0. 


n 


> wiAi 


1 


n 


> wiAi 


i=1 


n 


i=] 


(5.5.7) 


The multiple version of the inequality (5.0.5) is proved in [171, Theorem 1] as fol- 
lows: Let f : I — Rbe an operator convex, ®,,...,®,, normalized positive linear maps 
from B(H) to B(K), A;,...,A, self-adjoint operators with spectra contained in J, and 


n 
W,...,W, positive numbers such that )' w; = 1, then we have 
i=l 


(¥ W044) < ) wif (®;(A))). (5.5.8) 
i=1 i=1 


The following is a refinement of (5.5.8). 


Theorem 5.5.2 ((179]). Let f : I — R be an operator convex, ®,,...,®,, normalized 
positive linear maps from B(H) to B(K), A;,...,A, self-adjoint operators with spectra 
contained in I, and let {w;},J,J° be as in Theorem 5.5.1. Then we have 


1 Smercan <AF,AII) < ¥ wO,(f(A)), (5.5.9) 


i=1 i=1 


where 
1 1 
Af, ATS) = wif — ¥ wii) ) + wf ( —y wi0((Ai) 
Wj] 5 Wye ite 
ie] ie] 
The inequality (5.5.9) reverses if the function f is operator concave on I. 
Proof. Note that 


1< 1X 
i( Ww. ¥ W044) S Ww. ¥ w;®,(f(A;)), (5.5.10) 


n j=1 n j=1 


n 
where W,, = > w,. By employing the inequality (5.5.10), we have 
i= 


> w;®,(f(A;)) = Y wi®;(F(A;)) + > w;®;(f(Aj)) 
i=1 ieJ ieJ© 
2 w( oe >, wd (f(A) + wy( 


wy ieJ 


1 
Wye 


Ey wid,(f(Ap) 


ieJ© 
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> wf = ¥ wid ) + wf ( ty wi0,(Ai)) = A(f, A,JJ*). 


) 


J ieJ J° jeje 
(5.5.11) 
On the other hand, since f is an operator convex we get 
1 1 
A(f, A.J) = wif(& Y wor) + yf ( Y wi0,(A:)) 
Wy ieJ Wye ieJ¢ 
i 1 . 
> f(w,( —— oy wi0i(A) ) te wy( » wi0,(A,)) -1(3 wo) } 
Wig Wye ge i=l 
(5.5.12) 


Combining the two inequalities (5.5.11) and (5.5.12), we have the desired inequality. 


A special case of (5.5.9) is the following statement. 


Remark 5.5.2. Let ®,,...,@,, be normalized positive linear maps from B(#) to B(K), 
A,,..., A, self-adjoint operators with spectra contained in J, and let {w;},J,J° be as in 
Theorem 5.5.1. Then for any r € [-1,0] U [1, 2], 


r 


(Swe. < w( - yy wi0((A) ) + w( 2 > wi0((A) ) < )' w;®;(4)). 
i=1 


J ief T° jefe i=1 


For r € [0,1], the reverse inequalities hold. 


Corollary 5.5.3. Let ®,,...,®,, be normalized positive linear maps from B(H) to B(K), 
A,,..., A, self-adjoint operators with spectra contained in I, and let {w;},J,J° be as in 
Theorem 5.5.1. Then for any r = 1 and every unitarily invariant norm, 


r 1 197 
a 1 x 1 
[Sve] ca (w,(=— ¥ w0((47)) ¢ wy( Y wid ((4%) ) ) 
i=1 u wy ie] Wye ieJ¢ u 
n 
<]]¥ w;®;(4))]] (5.5.13) 
i=1 u 
In particular, 
n ‘ i aaa 
* 1 * 7 1 * : 
| (5 w;X; Ant < (w( — )' wiX; A'X;) w( 2 > wk; A'X;) ) 
i=1 u Wy ie] T° jeje u 
n 
< |] wiX; AiXi] (5.5.14) 
i=1 u 


n 
where X,,...,X, are contractions with >) X;'X; = Iq. 
i=l 
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Proof. Of course, the inequality (5.5.14) is a direct consequence of inequality (5.5.13), 
so we prove (5.5.13). It follows from Remark 5.5.2 that 


w( Y wi0(A; ») rors 


Wy ic] 


< (5 W049 
i=l 


for any r > 1. Replacing A; by A’, we get 


as Y wi, (4; ny +on( 5 Y. wi; (4; 4) 


J ief * iese 


< (5 wo) / 


1 
It is well known that ||X tha” = |||X|"||,," defines a unitarily invariant norm. So (5.5.15) 
implies 


(eeu) 


i=l 
The proof is complete. 


A 
r 


ny w;®;(A; ) 


< 


-¥wooian) | 


© jeje 


u 


u 


n 
Y wi®;(A))| < 
i=1 Uu 


(5.5.15) 


u 


1 7 


< (w (= a ny + a(S ag DMO »)') 


u 


u 


We know that (see the estimate in [136, equation (16)]) if o is an operator mean in 
the Kubo—Ando sense and A;, B; > 0, then we have 


J w(A,oB,) < (S: mts Jo( 3) (5.5.16) 
ial 


i=1 i=1 


The following corollary can be regarded as a refinement and generalization of the in- 
equality (5.5.16). 


Corollary 5.5.4. Let o be an operator mean, ®,,...,®, normalized positive linear maps 
from B(H) to B(K), Aj,...,A,, B,,...,B, strictly positive operators with spectra con- 
tained in I, and let {w;},],J° be as in Theorem 5.5.1. Then we have 


yw @,(A;oB;) < (Sw, ®,(A; ))o (x w0,(B,)) + (> wi®,(A:))ol Y wi0,(B)) 


ieJ ie] ieJ© ieJ° 


< (5 w,®,(A;) 20) w,;(B;) ) 
i=1 i=1 


5.5 Bounds on operator Jensen inequality —— 149 


Proof. If F(-,-) is a jointly operator concave, then Theorem 5.5.2 implies 
n 
Y wi; (F(A; B;)) 
i=l 


< wF( Y w;®;(A;), — ~ ¥ wb) J ak Pa are ~ J. wi(B) J 
W) ig Wig I ieye 


< (S w,®;(A;), ¥ w;®;(B;) ) (5.5.17) 


i=1 i=l 


It is well known that F(A, B) = AoB is jointly concave, so it follows from (5.5.17) that 
7 1 1 
Y w®;(A;oB;) < w,( | — 2 wea i oe 2 wiOiB 
i=1 W iz * OF iz . 


+ay((2 m Y moyay )o o( = - Y w,@)) 
= (Ymoiay)o(Y wi (B) J (> wib(A) Jo ya w(@)) 


ie] ie] ieJ° ie] 
n n 
< (5 wan Jol 5 wo) } 
i=1 i=1 


thanks to the homogeneity of operator means. Hence the proof is completed. 


By setting o = t,, (v € [0,1]) and ®,(X,) = X; (i = 1,...,n) in Corollary 5.5.4, we 
improve the weighted operator Hélder and Cauchy inequalities in the following way. 


Corollary 5.5.5. Let ®,,...,@, be normalized positive linear maps from B(H) to B(K), 
A,,...,An, B,,...,B, strictly positive operators with spectra contained in I, and let 
{w;},J,J° be as in Theorem 5.5.1. Then for any v « [0,1], 


> waa) < (Zea )to( ZB) (Z wiA; i)o( wa ) 
s (Srwts a(S) 
i=1 i=1 
In particular, 


San -( Zeal Qn) -(Zoa} Zo) 
s (Sms a( $8} 


i=1 i=1 
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The operator perspective enjoys the following property: 
Py(@(A)|D(B)) < O(P;(AIB)). 


This nice property has been proved by F. Hansen [101, 105]. Let us note that the per- 
spective of an operator convex function is operator convex as a function of two vari- 
ables (see [97, Theorem 2.2]). Taking into account above and applying Theorem 5.5.2, 
we get the following result. 


Corollary 5.5.6. Let f : I — R be an operator convex, ®,,...,®,, normalized positive 
linear maps from B(H) to B(K), A;,...,A, self-adjoint operators with spectra contained 
in I, and let {w,},J,J° be as in Theorem 5.5.1. Then we have 


) 


< wP;( — pwn |2-¥ mead) +079 - ¥ weman | > ¥ wi) 
J ies 7 ig Wye ie 


< )) wi®;(P;(Ai1B))). 


5.6 Operator inequalities via geometric convexity 


Given a unitarily invariant norm || - ||,, on B(#), for a finite dimensional Hilber space 
H, the following Hélder inequality for unitarily invariant norm holds [127]: 


A ’XB" |, < WAX, “IXBIY, O<v<t, (5.6.1) 


for positive operators A, B and an arbitrary X € B(H). 

In the paper [208], it was shown that the function f(v) = A’ YXB" ||, is log-convex 
on R. This entails (5.6.1) and its reverse when v ¢ [0,1]. 

In this section, we present some applications of geometrically convex functions 
to operator inequalities. Recall that if J is a subinterval of (0,00) andf : J — (0,00), 
then f is called geometrically convex [192] if 


f(a *b") < fap"), v € [0,1]. (5.6.2) 


The power function x’, (x > 0, r € R) satisfies the condition of geometrically con- 
vexity, with equality. The following functions are known as geometrically convex 
[192], exp, sinh, cosh on (0, 00), tan, sec, csc on (0, 7/2), arcsin on (0, 1], —log(1 — x), 
(1+ x)/(1— x) on (0,1) and > C,X", (Cy = 0) on (0,R,), where R, is a radius of con- 


vergence. It is easy to find that if the geometrically convex function f : J — (0,00) is 
decreasing, then f is also (usual) convex. The function Vx + 1is an example such that 
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it is a geometrically convex and a (usual) concave. The concavity of Vx +1 is trivial. 
The proof of the geometrically convexity of the function yx + 1 is done by the use of 
the standard H6lder inequality: 


1-v v 


Say <(S a") (S07). (0<v<1,q;,b; > 0) 


with n = 2, a, = 1, a) =a", b, = 1, bo = b’. 

In addition, it is known that the function f(x) is a geometrically convex if and only 
if the function log f(e*) is (usual) convex; see, for example, [14]. 

Recall that the numerical radius w(A) and usual operator norm ||A|| of an oper- 
ator A are defined by 


|Al| = sup ||Ax|| and w(A) = sup|(Ax,x)|, 
Ix|=1 Ixl/=1 


where ||x|| = (x, x). Of course, w(A) defines a norm on B(H) and for every A € B(H), 
we have 


5A < w(A) < [ALL (5.6.3) 


The second inequality in (5.6.3) has been improved considerably by F. Kittaneh in [129] 
as follows: 


w(A) < slaray? + (AA*)?| eS 5 (Val + |A7||?) < IAI. (5.6.4) 


On the other hand, S. S. Dragomir extended (5.6.4) to the product of two operators to 
the following form [41]: 


w(B*A)’ < sca"4y +(B"B) |, forallr>1. (5.6.5) 


5.6.1 Scalar inequalities 


In this subsection, we first present some results on (5.6.2). We begin by the following 
reverse of (5.6.2). 


Lemma 5.6.1. Let f be a geometrically convex on the interval J and a,b «€ J. Then for 
any v > Oorv < -1, 


f'(af’(b) < f(a"*’b”). (5.6.6) 


The proof is not so difficult so that we omit it. We also present the following theo- 
rem without proof. See [215] for their proofs. 
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Theorem 5.6.1 ([215]). Let f be a geometrically convex on the interval J and a,b « J. 
Then for any v € [0,1], 


2r 


Lab) fay"), (5.6.7) 


( f(Vab) 
vf (af (b) 


vf (a)f(b) 


where r = min{v, 1 — v} and R = max{v, 1 - v}. 


2R 
) FY afi(b) < fla*b) <( 


The first inequality in (5.6.7) can be regarded as a reverse of (5.6.2). On the 


other hand, the second inequality in (5.6.7) provides a refinement of (5.6.2), since 
f(vab)_ 4 
VF(@fb) ~ 
We can extend (5.6.2) to the following form [192]: 


A(T 1" < [ [#"@) Y w; =1, (5.6.8) 
i=l i=l i=l 


We can extend (5.6.6) to the following. 


n 
Corollary 5.6.1. Leta, b;,v; => Oandletv = > v;.Iff : (0,00) — (0, co) isa geometrically 
i=l 
convex, then 
n n 
sa I] H") Seay [ [f". 
i=l i=1 


In the following, we aim to improve (5.6.8). To this end, we need the following 
simple lemma which can be proven by using (5.6.8). 


Lemma 5.6.2. Let f be a geometrically convex on the interval J and x,,...,X, € J, and 


n 
W1,.--»W, positive numbers with w,, = ¥ w;, then we have 
i=1 


A(t") )<([ro) 
i=1 i=1 


We also present the following theorem without proof. See [215] for the proof. 


Theorem 5.6.2 ((215]). Let f be a geometrically convex function on the interval I, 
n 
Xp.-5X_, € I, and wy,...,w, positive numbers such that ).w; = 1. Assume J ¢ 
i=l 
{1,2,...,n} and J°* = {1,2,...,n}\J, Ww, = yw, Wye = 1- > w;. Then we have 
ic] ie] 


wW Nye 


(ft) (ey) Ae)") «fire 


ieJ ieJ© 


It is quite natural to consider the n-tuple version of Theorem 5.6.1. 
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Theorem 5.6.3 ([215]). Let f be a geometrically convex on the interval J and x,,...; 


n 
X, €J, and let p,,...,D, be nonnegative numbers with > p; = 1. Then we have 
i=l 


1 MR, 
(et! r) [ [fe </( ITs \s (ATE) ” [Lee (5.6.9) 


(Hera) i=l i=1 (Ti f0%))" i=l 
where r,, = min{p,,...,p,} and R, = max{p,,...;Dy}- 


Proof. We first prove the second inequality of (5.6.9). We may assume r,, = p; without 
loss of generality. For any k = 1,...,n, we have 


np, 


pi 1 Mn i‘ + 5 ae 1—np, 
(AEA) Fyre (ITs) ) (Fro ) 
(Ties f))" i=1 i i=1 
n 7 Be. “ppb I-np, 
(Ge) (0) 
i=1 i=1 


= (II) ; Tx ) : (TT ») 
i=1 i=1 


In the above, the first inequality follows by (5.6.8) with 1 — np, = 0 and the second 


PiPk 


inequality follows by (5.6.2) with a = ix}. b= Tx ?k 1—v=npy. 


We also assume R,, = p, and for amy l=1,. i we have 


np)-1 


fz cts) n _ we 7D] 
Cr) Af Cow) 


mi npj-1 
n P-Pi np) 
=/([]# i. AT" ) 
i=1 
n oy no (Pei iy( I) noi 
=/((T1) [1% Aad, )=A( I}. 


In the above, the first inequality follows by (5.6.8) with Pi > Oand the first inequality 


Pr i) 


n 
follows by (5.6.2) with a = 1x”, ‘,b=T] x“ ,l-v= =e Thus the first inequality of 
t=] 1 


(5.6.9) was proven. 


We easily find that Theorem 5.6.3 recovers Theorem 5.6.1 when n = 2. 
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5.6.2 Numerical radius inequalities 


In this subsection, we present an application of geometrically convex functions to nu- 
merical radius inequalities. Our first result in this direction is the general form of (5.6.5). 
For the rest of the subsection, geometrically convex functions are continuous and im- 
plicitly understood to be of the form f : J — (0, co), where J is a subinterval of (0, oo). 


Theorem 5.6.4 ((215]). Let A,B ¢ B(H) and f be an increasing convex function. Then 


f(w(B*A)) < Sif (A*A) + f(B*B)|. (5.6.10) 
Proof. We recall the following Jensen’s-type inequality [97, Theorem 1.2]: 


f((Ax, x)) < (F(A)x, x), (5.6.11) 


for any unit vector x € H, where f is a convex function on J and A is a self-adjoint 
operator with spectrum contained in J. Now, let x « H be a unit vector. We have 
f(|(B* Ax, x)|) = f (|(Ax, Bx)]) 

< f(|Ax|||[Bx|]) (by the Cauchy—-Schwarz inequality) 

= f(V (Ax, Ax) (Bx, Bx)) 


= f (|(A*Ax, x) (B*Bx, x)) 
oo Ben) 8 =) 


ay 


(f : increasing and AM—GM inequality) 


f ((A*Ax,x)) + 5f((B*B,x)) (f : convex) 


Ne 


((f(A*A)x, x) + (F(B*B)x,x)) (by (5.6.11), 


where the last inequality follows form the arithmetic-geometric mean inequality. 
Thus, we have shown 


f(\(B* Ax, x)|) < =(f(A*A) + f(B*B)x, x). 


By taking supremum over x € H with ||x|| = 1 and the assumption that f is continuous 
increasing function, we get 


f(w(B°A)) = F(sup|(B°Ax,x)]) = sup f(|(B*Axx)!) 


1 


< 5 sup f(A"A) +f(B°B)x.x) = seca" A) + f(B°B)|. 


Therefore, (5.6.10) holds. 
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One can easily check that the function f(t) = t’, (r > 1) satisfies the assumptions 
in Theorem 5.6.4 on f. Thus the inequality (5.6.10) implies (5.6.5). 


Corollary 5.6.2. Let f as in Theorem 5.6.4 and let A,B, X € B(H). Then 
f(w(A*XB)) < SIF (A*|X*["A) + F(B°IXPO™B)I, (Vv € (0,1). 
Proof. Let X = U|X| be the polar decomposition of X. Then we have 
f(w(A*XB)) = f(w(A* U|X1B)) = f(w((XI'U" A)" (IX1"“B)). 
By substituting B = |X|"U*A and A = |X|'’B in Theorem 5.6.4, we get the desired 


inequality, noting that when X = U|X|, we have |X*| = U|X|U* which implies |X*|*" = 
U|X|"U*. 


The function f(t) = ¢’ (t > 0,r > 1) also satisfies the assumptions in Corollary 5.6.2. 
Thus Corollary 5.6.2 recovers the inequality given in [221]: 


w' (A*XB) < 5K (A"|x*["A) + (BYXPOB)'], (r= Lv € (0,1). 


Another interesting inequality for f(w(AXB)) may be obtained as follows. First, 
notice that if f is a convex function and a < 1, it follows that 


f(at) < af(t) + (1- af (0). (5.6.12) 


This follows by direct computations for the function g(t) = f (at) — af(t). 
For the coming results, we use the term norm-contractive to mean an operator X 
whose operator norm satisfies ||X|| < 1. The norm-expansive means ||X|| > 1. 


Proposition 5.6.1. Under the same assumptions as in Theorem 5.6.4, the following in- 
equality holds for the norm-contractive X: 


Xl 


f(w(A*XB)) < S—F(A"A) + F(B"B)|| + (1 - IXI)F(O). 


In particular, if f (0) = 0, then we have 


flw(A"xB)) < Et 


“> WF(ATA) + £(B"B)]. 


Proof. Proceeding as in Theorem 5.6.4 and noting (5.6.12), we have 


f (|(B*XAx, x)|) = f(|(XAx, Bx)|) < f (IXAxI|I|Bxll) 
< f (IXIMAxIIIBxl]) < [XIF(AXIIBxd]) + (1 — X11) F(0). 


Then an argument similar to Theorem 5.6.4 implies the desired inequality. 
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In particular, if f(t) = t’, we obtain the following extension of (5.6.5). 
Corollary 5.6.3. Let A,B, X € B(H). IfX is norm-contractive and r > 1, then we have 


|X" 
=I 


w"(A*XB) < A) +(B"B)' ||. (5.6.13) 


Proof. Notice that a direct application of Proposition 5.6.1 implies the weaker inequal- 
ity 


a" (a°xB) < Eh ycaray' + (BBY 


However, noting the proof of Proposition 5.6.1 for the function f(t) = t’, we have 


f (|(B*XAx, x)|) = f(|(XAx, Bx)]) < f (IXAxI|||Bxll) 
< f (IXIMAXINBxll) = f(IXI)F(IAXIIBxI1). 


Arguing as before implies the desired inequality. 


Corollary 5.6.3 recovers the inequality (5.6.5), when X = I. Our next target is to 
show similar inequalities for geometrically convex functions. For the purpose of our 
results, we remind the reader of the following inequality: 


f ((Ax,x)) < k(m,M,f) "(fF (A)x, x), (5.6.14) 


valid for the concave function f : [m, M] — (0, co), the unit vector x € H and the pos- 
itive operator A satisfying m < A < M, for some positive scalars m, M. Here k(m, M, f) 
is defined by 


k(m,M, f) = min| 76 ( — “ fm) + = —™ f(a ) ‘te ima). (5.6.15) 
Proposition 5.6.2. Let A,B € B(H) be such that 0 <m< A,B < Mand f be an increas- 
ing geometrically convex function. If f is also concave, then 


<I 


f(w(A2XB2)) (5.6.16) 


for the norm-expansive X, where K := k(m, M,f). 


Proof. Proceeding as in Proposition 5.6.1 and noting (5.6.14) and the inequality f(at) < 
af (t) when f is concave and a > 1, we obtain the desired inequality. 


In particular, the function f(t) = t’, (0 < r < 1) satisfies the conditions of Propo- 
sition 5.6.2. Further, noting that f(X||AXI||Bx]) = FULXI)FCIAxI|||Bxl]), we obtain the 
inequality 


1 
typi) < (IAI ) eee 
A?XB?2)< A+B’ 
w(abxB!) < (PE) yar +B 


> 
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for the positive operators A, B satisfying 0 < m < A, B < M and the norm-expansive X. 
The constant K(h, r) is well known as a generalized Kantorovich constant given by the 
formula (2.0.8). See [97, Definition 2.2]. 


Theorem 5.6.5 ([215]). Let A,B € B(H) and f be an increasing convex function. Then 
for any a € [0,1], 


((*))< (WAP) + FBP] + Ia" P) +f0B Fy) 6.7) 


and 


A+B 1 a) a) at a) 
f(w( AS )) < IRCA) +F0A PO) + fBPS) +f EL 6.8) 


Proof. Before proceeding, we recall the following useful inequality which is known in 
the literature as the generalized mixed Schwarz inequality (see, e. g., [128]): 


|(Ax,y)| < Vir, x) (\a* Poy, y), a «€ [0,1], (5.6.19) 


where A € B(7) and for any x,y € H. Let x,y € H be unit vectors. We have 
f(3K(a + Bx!) 
<f(5(laxy)l+ |Buy) < 50F(Any)) +F(Bey»)) 
< Sax. x) (af. y)) +1 BP) (IB Py, y))) 
< 5(F( Flaite) + (aT ".9)))) 
+ 3(r(5 (BP %.x) + ey 
< T((F(IAI) + F(IBI*)x.x) + F(A) + FBP yyy) 


where the first inequality follows from the triangle inequality and the fact that f is in- 
creasing, the second inequality follows from the convexity of f, the third inequality 
follows from (5.6.19), the fourth inequality follows that f is increasing and the arith- 
metic mean-geometric mean inequality, the last inequality follows from the convexity 
of f and (5.6.11). 

Now, by taking supremum over x, y € H with ||x|| = |lyll = 1, we deduce the desired 
inequality (5.6.17). If we take x = y, and applying same procedure as above we get 
(5.6.18). 


The case f(t) = t’, (t > 0,r > 1) in Theorem 5.6.5 implies 


|A + Bil" < 2 (ae % BP IA" ana a)r eer 


), 
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and 


len a)r ied 


w'(A+B) <2 Al" + |B?" + |A* + |B 


Another observation led by Theorem 5.6.5 is the following extension; whose proof 
is identical to that of Theorem 5.6.5. 


Corollary 5.6.4. Let A,B € B(H) and f be an increasing convex function. Then for any 
a,v € [0,1], 


ee —v)A + vBI|) 


5(Ia- v)F (IAI) + vf (IBI7)|| + | — v)F((A* | 


2(1- ”) hapa) 


+ vf([B*| 
Next, we show the concave version of Theorem 5.6.5, which then entails new in- 
equalities forO <r<1. 


Theorem 5.6.6 ([215]). Let A,B € B(H),a € [0,1] and f be an increasing geometrically 
convex function. Assume that, for positive scalars m, M, 


m< |A\24, |A* ames a) BI, Fa la <M. 


If f is concave, then 


2(1- 2) 


eM. 956620) 


F(A + Bll) < silt (IAI) + F(IBI)|| + F(A") + FB" 


and 


f(w(A+B)) < (5.6.21) 


where K := k(m,M,f). 


Proof. The proof is similar to that of Theorem 5.6.5. However, we need to recall that a 
non-negative concave function f is subadditive, in the sense that f(a +b) < f(a) + f(b) 
and to recall (5.6.14). These will be needed to obtain the second and fifth inequalities 
below. All other inequalities follow as in Theorem 5.6.5. We have, for the unit vectors 


X,Y, 


f(|((A+B)x,y))) 
<f(((Axy)| + |(Bxy)])) s F(4xy)]) + F(Bx )/) 


< f(((UAP x, x) (la* Poy, y)) + FOV BPX, x) (IBY Py, y)) 
< VEAP, x) F(IA*Oy,y)) + VECIBP%,x) FBO yy) 
< KV (f(IAP) x, x) (f(la* Oy.) + VIBE x,x) FBO yyy) 


< so((F(IAP") + F(IBP*)x,x) + (AT) + FBP) 


we 


a yy). 
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Now, by taking supremum over unit vectors x, y € H, we deduce the desired inequali- 
ties. 


In particular, if f(t) = t’, O < r < 1, we obtain with h = M/m, 


1 


kay WA + 1BP + fas” + BrP. 


|A + BI < 


In the next result, we will use the concave-version of the inequality (5.6.11), where we 
have 


f ((Ax,x)) = CF(A)x, x), (5.6.22) 
when x € H is a unit vector, f : J — Ris a concave function and A is self-adjoint with 
spectrum in J. 

Theorem 5.6.7 ([215]). Let A ¢ B(H),0 < a<1andf :J — Rbean increasing geomet- 
rically convex function. If in addition f is convex, then we have 
“(2 
f(w*(A)) < af(IAl’) + 1 - af (A) 


Proof. Noting (5.6.19) and the monotonicity of f, we have for any unit vector x € H, 


F(x, x)]?) < FLAP, x) (lA* PO x, x)) 
< f((|AI?x,x)"(|A* Ix, x)"*) (by concavity of t* and t’*) 
< f((IAPx, x) ft *((JA*|x,x)) (by (5.6.2) 
< af ((|Alx,x)) + (1—- af ((|A* |°x, x)) (by Young’s inequality) 
< a(f(|Al*)x, x) + (1- a)(f(|A*|)x,x) (by (5.6.11)) 
= ((af (AI?) + (1 a)f((A*|?))xx) 
< |f(AP) + ayf(lA"/)I. 


Therefore, 


> 


f(w°()) = (sup |(4x,x)/’) = sup f(|(Axx)))) < |F(AP) + -af(|*?)| 


which completes the proof. 


Letting f(t) = t’, (t > 0,r => 1) in Theorem 5.6.7 implies 


w™ (A) < jalA” +(1- @)|A*|" 
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5.6.3 Matrix norms 


In this subsection, we present some unitarily invariant norm inequalities on M(n, C) 
via geometrically convexity. It is well known that the function f(t) = |A‘XB' |, is log- 
convex on R, for any unitarily invariant norm ||-||,, and positive matrices A and B, [210]. 
In this subsection, we show that the function f(t) defined above, is also geometrically 
convex, when A, B are expansive. In this context, we say that a matrix A is expansive 
matrix if A > J and contractive matrix if A < I. 

Note that if A, B < I, then for any X € M(n, C), 


|AXBI|, < JAMA uIBI < Xl 


by submultiplicativity of unitarily invariant norms. Therefore, if A,B are expansive 
and a < , then for any X, |A* *XB*¥ ||, < ||X||,,, which gives, upon replacing X with 
APXBP ||A°XB"|,, < |A°XBP\,,,. In particular, if t,,t, > 0, then /&6 < ate, and the 
above inequality implies 


ty+ty ttt 


JAvexBY® |, < JA? XB? | 


(5.6.23) 


As 
when A, B are expansive. 


Theorem 5.6.8 ((215]). If A,B are expansive and X € M(n,C) is arbitrary, then f(t) 
|A‘XB'|,, is geometrically convex on (0, 00). 


Proof. Taking into account of (5.6.23), we obtain 


+t 


_—- + 1 
flim) = JAYEXBNSE|, < JA XB? |, < JASXBS| 2 A2XB°| 


“ 
2 
uw? 


where the last inequality follows from the well-known log-convexity of f. 


Corollary 5.6.5. If A is expansive and B is contractive, then the function f (t) 
|A‘XB ‘|, is geometrically convex on (0, 00). 


Proof. Notice that if B is contractive, B™' is expansive. Therefore, applying Theo- 
rem 5.6.8 with X replaced by XB and B replaced by B', we obtain the result. 


Corollary 5.6.6. Let A, B be expansive and let X € M(n,C) be arbitrary. Then we have 
IX, < |AXB\,, for any unitarily invariant norm || - |. 


Proof. Let f(t) = |A‘XB'|,,. By Theorem 5.6.8, f is geometrically convex on [0, co). In 
particular, by letting t, = 0,t, = 1, inf(./&t) < vf(t)f(), then we get the desired 
inequality. 


Corollary 5.6.7. Let A, B be expansive and let X € M(n, C) be arbitrary. Then we have 


Abe xpab’ 


ws [A'XB" |, ty[4°XB" |), 


for t,t) = 0,0 < v < 1and any unitarily invariant norm || - ||,,. 
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Proof. The proof follows the same guideline as in Theorem 5.6.8, where we have 
tttyt < tV)t). Then we have f(t, t,t) < f(, Vb) < f(t.) t.f(b), where the last inequal- 
ity follows from the log-convexity of f. 


Corollary 5.6.8. Let a;,b; > 1, t,,t, > 0 andO < v < 1. Then we have 


n n n 
Y(ab)""? < (Seam Jto( Seo! ) 
i=l i=1 i=1 

Proof. For the given parameters, define A = diag(a;) and B = diag(b;). Then clearly A 
and B are expansive. Applying Corollary 5.6.7 with X being the identity matrix implies 
the desired inequality. 


Notice that as a special case of Corollary 5.6.8, we obtain the Cauchy-Schwarz- 
type inequality 


yap, < (S1an9* (S1a0" 
i=1 i=l i 


for the scalars a;,b; = 1and t,, t, > O satisfying t,t, = 1. 


5.7 Exponential inequalities for positive linear maps 


In this section, we adopt the following notation. For a given function f : [m,M] > R, 
define 


L{m, M, f\(t) = a[m, M, f]t + b[m, M,f], (5.71) 
where 
a[m, M, f] = f= iin) and b[m, M, f] = Mf(m) — mf(M) 
M-m M-m 


If no confusion arises, we will simply write a[m, M,f] = ay and b[m, M, f] = br. Also, 
for ty € (m, M), define 


L' [to f(t) =f (to) +f’ (to)(t - to); (5.7.2) 


provided that f’(t,) exists. It is clear that for a convex function f : [m,M] — R, one 
has 


L'[t, f(t) < f(t) < Lm, M, f (0), (5.73) 


while the inequalities are reversed for a concave function f. 
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Remark 5.7.1. Notice that if f is convex on an interval J containing [m, M], then (5.73) 
is still valid for any ty € J. That is, ty does not need to be in (m, M). 


Now, if f : [m,M] — [0,0o) is log-convex, we have the inequality logf(t) < 
L{m, M, log f](t), which simply reads as follows: 


f(d< (fy pM t(my) <L[m,M,f](t), m<t<M, (5.74) 


where the second inequality is due to the arithmetic-geometric inequality. We refer 
the reader to [180] for some detailed discussion of (5.7.4). Another useful observations 
about log-convex functions is the following. If f is log-convex on [m, M] and if tp € 
(m, M) is such that f(t)) # 0, (5.73) implies 


L'[to,g](t)<g, where g = logf. 


Simplifying this inequality implies the following. 


Lemma 5.7.1. Let f : [m,M] — [0, co) be log-convex. If f is differentiable at ty « (m,M), 
then 


f' (to) 
Ff (to) 


In this section, we present several inequalities for log-convex functions based on 
the Mond-—Peéarié method. In particular, we present inequalities that can be viewed 
as exponential inequalities for log-convex functions. More precisely, we present in- 
equalities among the quantities 


fit) > flto) exp (t- to)) i See 


@(f(A)), f(®(A)), (fp ™(Myg"™4(n)™) 


and 
(fram (M) pot) (m)) = 


An another interest in this section is to present inequalities for operator-like 
means when filtered through normalized positive linear maps. That is, it is known 
that for an operator mean @, one has [172] 


@(AoB) < ©(A)o@(B), A,B e B*(H). 


In particular, we show complementary inequalities for the geometric tt, and harmonic 
|, operator-like means for v < 0. When v ¢ [0,1], these are not operator means. We 
adopt the notation {, and +, for v ¢ [0,1]. 


Proposition 5.7.1. Let f : [m,M] — [0, co) be log-convex, A € B(H) a self-adjoint oper- 
ator with spectra contained in [m, M] withO < m < M and © be a normalized positive 
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linear map. Then we have 


Kaper) s (pM f!A (amy) } 


1 
ai K(m, M,f) 
LOA) e Ge “aor (m))* ™ << K(m,M, f)®(f(A)), 
where K(m, M, f) is defined in (5.2.11). 


Proof. The first and the second inequalities follow from [180, Proposition 2.1] and the 
fact that K(m,M,f) > 0. So we have to prove the other inequalities. Applying a stan- 
dard functional calculus argument for the operator ®(A) in (5.7.4), we get 


F(@(A)) < (F°™ ay ph © (my) < Lim, M, fI(@(A)). (5.75) 
Following [164], we have for a > 0, 
L{m, M, f |(@(A)) — a@(f(A)) = ap@(A) + be — a®(f(A)) < B, 


where B = ae + by — af (t)}. That is, 


L{m,M,f](®(A)) < a®(f(A)) + B. 


aa =: K(m, M, f). With this choice of a, we 


have L[m, M,f](@(A)) < K(m,M oUF (A)), which, together with (5.7.5), complete the 
proof. 


By setting B = O, we obtain a = mete A 


Corollary 5.7.1. LetA € B(H) be aself-adjoint operator with spectra contained in [m, M] 
with 0 <m< Mand ® be a normalized positive linear map. Then, for t < 0, 


1 


t 1 A-m_, M-A\ Tem ; 
KinMp?“)* km tS OA) 


K(m, M, t) 
t 
< (MP4 nM OA) IO < Km, M, t)®(A), 


where K(m, M, t) is the generalized Kantorovich constant defined in (2.0.7). 


Proof. The result follows immediately from Proposition 5.71, be letting f(x) = x‘, 


(t < 0). 


Remark 5.7.2. Corollary 5.71 presents a refinement of the corresponding result in [161, 
Lemma 2]. 


As an another application of Proposition 5.7.1, we have the following bounds for 
operator means. To simplify our statement, we will adopt the following notation. For 
a given function f : [m,M] — [0, co) and two positive operators A and B satisfying 
mA < B < MA, we write 


Ao;B = A?f(A-?BA~2)A~? and A6B = A~?BA™?. 
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Corollary 5.7.2. Let A,B € B(H) be two positive operators such that mA < B < MA for 
some positive scalars m, M. Then, for any positive linear map ® (not necessarily normal- 
ized) and any log-convex function f : [m,M] — [0, co), 


1 


@(Ao;B) < (A? (f458-™ ay pM-A°8 my) 42) < @(A)o¢@(B) 


1 
K(m,M, f) 
< @2(A)(f? )6(B)- mmf (A)5@(B) omy) \@2(A) 
< K(m, M, f)®(Ao,B). 


1 
K(m, M,f) 


Proof. From the assumption mA < B < MA, we have m < A6B := A AR < M. 
Therefore, if f is log-convex on [m, M], Proposition 5.7.1 implies 


i Ko pel?) < Roeper aor” “oy ") < f(p(A6B)) 


1 
K(m, M, f) 
< (fH ABB-m (ypypM-WABE) my) ™™™ < Km, M,fyyp(f(ABB)). 
for any normalized positive linear map w. In particular, for the given ®, define 


P(X) = O72 (A)@(A2XA2)D™2(A). 


Then y is a normalized positive linear map and the above inequalities imply, upon 
1 
conjugating with D2 (A), the desired inequalities. 


In particular, Corollary 5.72 can be utilized to obtain the quasi-versions for the 
geometric and harmonic operator means, as follows. 


Corollary 5.7.3. Let A,B € B(}) be two positive operators such that mA < B < MA for 
some positive scalars m, M. Then, for any positive linear map ® (not necessarily normal- 
ized) and for v < 0, 


1 


amo < 


1 
__+ ___@y4g_B 
Kano e 


< (A)h,@(B) < (A)og@(B) < K(m, M, t)®(Ab,B), 
where g(x) = (Mm) w= and K(m, M, t) is as in Corollary 5.7.1. 


Proof. Noting that the function f(x) = x” is log-convex on [m, M] for v < 0, the result 
follows by the direct application of Corollary 5.7.2. 


Remark 5.7.3. If A, B are two positive operators, then we have 
@(A)4,D(B) < B(At,B), v € [-1,0). 


Therefore, Corollary 5.73 can be regarded as an extension and a reverse for the above 
inequality, under the assumption mA < B < MAwithM =m > 0. 


5.7 Exponential inequalities for positive linearmaps —— 165 


Corollary 5.7.4. Let A,B €¢ B(H) be two positive operators such that mA < B < MA for 
some positive scalars 1 < m < M. Then, for any positive linear map ® (not necessarily 
normalized) and for v < 0, 
@(At,B) < oe 
H(m, M, t) 
< H(m, M, v)®(At,B), 


H(m,M,v) D(Ao,B) < P(A)+,P(B) < P(A)o, 0(B) 


where g(x) = ((1tyM)*"(1t,m)") i= and 
H(m,M, v) = faa ae (204 —v)VimM + v)faramayan. 


Proof. Noting that the function f(x) = (1-v+vx~!) 1 is log-convex on [m, M] forv < 0, 
provided that m > 1, the result follows by the direct application of Corollary 5.7.2. 


We should remark that the mapping v + H(m, M, v) is a decreasing function for 
v < 0. In particular, 


(vmM - 1) 


(m—1(M—0)’ Vv <0. 


1 = H(m,M,0) < H(m,M,v)< lim H(m,M,v) = 
¥>-00 
Further, utilizing (5.74), we obtain the following. In this result and later in this 
section, we adopt the notation: 
ar aff (to) 
f'(to) f'(to) 


The following proposition gives a simplified special case of [162, Theorem 2.1]. 


a(f,to) = and A(f,to) = apt + bp - 


Proposition 5.7.2. Let f : [m,M] — [0, oo) be convex, A € B(H) a self-adjoint operator 
with spectra contained in [m, M] withO < m < M and © be a normalized positive linear 
map. If f is either increasing or decreasing on [m, M], then for any ty € (m,M), 


@(F(A)) < af, to)f(P(A)) + BUF, to), (5.76) 


and 


f(®(A)) < af, to) B(F(A)) + BE, to), (5.77) 


provided that f' (to) exists and f'(t 9) # 0. Further, both inequalities are reversed if f is 
concave. 


Proof. Notice first that f being either increasing or decreasing assures that apf "(ty) > 0. 
Using a standard functional calculus in (5.7.3) with t = A and applying © to both sides 


imply 


F (to) + f'(to)(P(A) — to) < B(F(A)) < ap B(A) + by. (5.7.8) 
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On the other hand, applying the functional calculus argument with t = (A) implies 
f (to) +f" (to)(®(A) - to) < f(P(A)) < af P(A) + by. (5.79) 


Noting that ay and f’ (to) have the same sign, both desired inequalities follow from 
(5.7.8) and (5.7.9). Now if f is concave, replacing f with —f and noting linearity of © 
imply the desired inequalities for a concave function. 


As an application, we present the following result. 


Corollary 5.7.5. Let A € B(H) be a self-adjoint operator with spectra contained in 
[m, M] with O < m < M. Then, for a normalized positive linear map ®, 


2 


Be vs cits 1 1 
(A) < O(A) + (= = =z) (5.7.10) 
and 
ay. (M+m)y. 
(47) < (A). (5.7.11) 


Proof. Let f(t) = t™!. Then f is convex and monotone on [m, M]. Letting tp = vmM « 
(m, M), direct calculations show that a(f, to) = 1, Bf, to) = (5 - a )*. Then inequality 
(5.7.6) implies the first inequality. The second inequality follows similarly by letting 


m+M 


to = 2 . 


Manipulating Proposition 5.7.2 implies several extensions for log-convex func- 
tions, as we shall see next. We will adopt the following constants in Theorem 5.7.1: 

ap = alm,M,h], by = blm,M,h], a = a(h,to), B = B(h,to) for h(t) = (f° ""(M) x 
f!(m) wa and a, = alf!™(m),f!-"(M), hy], by, = BUF Om), FM), Ay], 
a, = a(h,,t,) and B, = B(h,,t,) for h,(t) = tim, The first two inequalities of the next 
result should be compared with Proposition 5.7.1, where a reverse-type is presented 
now. 


Theorem 5.7.1 ([214]). Let f : [m,M] — [0, co) be log-convex, A € B(H) a self-adjoint 
operator with spectra contained in [m,M] withO < m < M and © be a normalized 
positive linear map. Then for any to, t; € (m,M), 


F(@(A)) < (f° Mp (my) = < ae( f=" (MDF HH (m)) + B 


a(@(f-" (My f™-4(m))) wm + B, M-m21 
s 1 
aa, (o(f4-"(M) fF! 4(m))) =" + 08,+B8, M-m<1. 


Proof. For h(t) = (f may yas ~(m)) ie , we Clearly see that h is convex and monotone 
on [m, M]. Notice that 
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f(®(A)) < (fom i (m)) im (by the third inequality of Proposition 5.7.1) 
= h(®(A)) < ath, ty)®(h(A)) + B(M to) (by (5.77) 
= a(h, to) ®(f Hm (M)f =m (m)) + B(R, to). 


This proves the first two inequalities. Now, for the third inequality, assume that 
1 
M-m = 1and let h,(t) = t=. Then the second inequality can be viewed as 


f(®(A)) < a®(h, (ff “4 (m))) + B. (5.7.12) 


Since M - m > 1, it follows that h, is operator concave. Therefore, from (5.7.12) and 
(5.0.5) we can write 


f(®(A)) < a@(hy (fA "(Mf “(m))) + B < ah (OFA "Mf" 4 (m))) + B, 


which is the desired inequality in the case M —-m > 1. 
Now, if M-m < 1, the function h, is convex and monotone. Therefore, taking into 
account of (5.7.12) and (5.7.6), we obtain 
f (®(A)) < a®(h,(f4 "(Mf" “(m))) + B 
= a(a,h,(o(f4 "(Myf 4 (m))) +B,)+B 
1 


= aa, (of "(M)f™A(m)))* + af, +B, 


which completes the proof. 


For the same parameters as Theorem 5.7.1, we have the following comparison, too, 
in which the first two inequalities have been shown in Theorem 5.7.1. 


Corollary 5.7.6. Let f : [m,M] — [0, co) be log-convex, A € B(H) a self-adjoint oper- 
ator with spectra contained in [m, M] withO < m < M and © be a normalized positive 
linear map. Then we have 


flay < (FM ap" my 
< ad(f =m (Mf =m (m)) +B < aK(m,M, f)®(f(A)) +B. 


Proof. We prove the last inequality. Letting p(X) = X be a normalized positive linear 
map and noting that ® is order preserving, the fourth inequality of proposition 5.7.1 
implies 
Am M-A pA)-m M=p(A) 
a®(f = (M)f = (m)) + B = aD(f = (M)f ™~ (m)) + B 
< aK(m, M, f)®(p(f(A))) + B = aK(m, M, f)@(F(A)) + B, 


which is the desired inequality. 
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For the next result, the following constants will be used: @, = a[m,M,h], b, = 
b[m,M, h], & = @(h, to), B = B(h, to) for h(t) = fo "Myf" "(m) and a, = alf"(n), 
f™"(M), hy], by, = BF" (m), f""(M), hy], a = a(hy, t)) and B, = B(hy, ty) for hy(t) = 


wale, 
tin, 


Theorem 5.7.2 ([214]). Let f : [m,M] — [0, oo) be log-convex, to, t, € (m, M), A € B(H) 
a self-adjoint operator with spectra contained in [m, M] withO < m < Mand ® bea 
normalized positive linear map. If M — m > 1, then we have 


O(F(A)) < [OF Mf Am) < (FPO an) +B) 
On the other hand, if M - m < 1, then we have 
O(F(A)) < ay [O(F™ A omf"(M))]7* + By < ay [af Myf cm) + BI + By. 
Proof, Letting h,(t) = t= and A(t) = fo") f™*(m), we have 
@(f(A)) < (hy (f4 "(MD f" 4(m))) (by the first inequality of Proposition 5.71) 
<h,(@o(f* "(Mf “(m))) (since h, is operator concave) 
= [oe mye A(m))]™* = [O(RA))]™* (where hie) = FO" MF“) 
< [ah(@(A)) +B)" (by oe) 
= (af? ph (my +B) 
which completes the proof for the case M - m > 1. Nowif M- m< 1, we have 
@(f(A)) < O(h, (fA "(MD f" 4(m))) (by the first inequality of Proposition 5.71) 
< ah (@(ee "Myf" 4(m))) +B, (by (6.76) 
= [OF (MA Cm) + B, = ay[O(H(A))]"™ + B, 
< a,[ah(@(A)) +B)" +B, (by (5.76) 


= 0, [af (Myf (rn) + BY™ + By 


which completes the proof. 


Remark 5.7.4. In both Theorems 5.7.1 and 5.7.2, the constants a and a, can be selected 
to be 1, as follows. Noting that the function h in both theorems is continuous on [m, M] 
and differentiable on (m, M), the mean value theorem assures that a), = h’ eo) for some 
to € (m, M). This implies a = 1, since we use the notation a = a(h, to) = Wey ( tp) . A similar 
argument applies for h,. These values of ty can be easily found. Moreover, one can 
find ty so that B(h,t)) = 0, providing a multiplicative version. Since this is a direct 
application, we leave the tedious computations to the interested reader. 
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Utilizing Lemma 5.71, we obtain the following exponential inequality. 


Proposition 5.7.3. Let f : [m,M] — [0,0o) be log-convex, to,t, € (m,M), A € B(H) 
a self-adjoint operator with spectra contained in [m, M] withO < m < M and® bea 
normalized positive linear map. Then we have 


f (to) (Fi B 
(f(A)) = 7 xP Keto) ((A) t)) a (fo). 
and 
fl(to) ( Eo B 
FlO(A)) = 0 exp( Fa to))) - Eftto) 
where a = a(k,t,) and B = B(k,t,) for k(t) = exp( fee (kas): 
Proof. By Lemma 5.7.1, we have 
tt 
f(t) > Flto) exp( Fa (tf) :mstsM, 


A functional calculus argument applied to this inequality with t = A implies 


(FLAY) = Fttoy(exr(Z Mo) ig t))) 


F (to) 
= Fltg)®(K(A)) 2 f(bq) “PYF 


_ F(to) 


a 


(by (5.7.7)) 


fio) B 
exp( Fay (OA) to)) Pry), 


which completes the proof of the first inequality. The second inequality follows simi- 
larly using (5.7.6). 


The above results are all based on basic inequalities for convex functions. There- 
fore, refinements of convex functions’ inequalities can be used to obtain sharper 
bounds. We give here some examples. In the paper [166], the following simple in- 
equality was shown for the convex function f : [m,M] — R: 


f(t)+ 


2min{t —m,M - S(im +f(M) 


M- f(™2")) <L[m,M,f\(t). (5.713) 


This inequality can be used to obtain refinements of (5.7.6) and (5.7.7) as follows. First, 
we note that the function t + tyin := 2minif— ml aay gi mes = F( mo )) is a continuous 
function. Further, noting that 


_M-m+|M+m-2t| 


min{t -m,M - t} 5 


> 


one can apply a functional calculus argument on (5.7.13). With this convention, we will 
use the notation 
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A 


ee (eee (= 


min = 99 5 5 ) Jae m+|M+m-—A)). 


The following is a refinement of Proposition 5.7.2. Since the proof of Proposition 5.7.4 
is similar to that of Proposition 5.7.2 utilizing (5.7.13), we do not include it here. 


Proposition 5.7.4. Let f : [m,M] — [0, co) be convex, A € B(H) a self-adjoint operator 
with spectra contained in [m, M] with O < m < M and © be a normalized positive linear 
map. If f is either increasing or decreasing on [m, M], then for any ty € (m,M), 


D(F(A)) + P(Anin) < af tof (P(A) + BY, to), (5.714) 
and 
f(®(A)) + (PA) min WF, to P(F(A)) + BUF, to), (5.7.15) 
provided that f'(ty) exists and f' (ty) # 0. 


Applying this refinement to the convex function f(t) = t™' implies refinements of 
both inequalities in Corollary 5.7.5 in the following. 


Corollary 5.7.7. Under the assumptions of Corollary 5.7.5, we have 


2 


4 (4-4 
(A °) + P(Anin) < ® (4) +( Vii =a) (5.7.16) 
and 
2 
@(A *) + (@(A)) gM ay, (5.717) 


min — 4 


Remark 5.7.5. The inequality (5.7.13) has been studied extensively in the literature, 
where numerous refining terms have been found. We refer the reader to [211, 212], 
where a comprehensive discussion has been made therein. These refinements can be 
used to obtain further refining terms for Proposition 5.7.2. Further, these refinements 
can be applied to log-convex functions, too. This refining approach leads to refine- 
ments of most inequalities presented in this book, where convexity is the key idea. We 
leave the detailed computations to the interested reader. 


5.8 Jensen’s inequality for strongly convex functions 


Let J c R be an interval and c be a positive number. Following B.T. Polyak [203], 
a function f : J > Ris called strongly convex with modulus c if 


f(vx+(1—-v)y) < vf(x) + Av) f(y) - cv — v(x y)*, (5.8.1) 


for all x,y € J andv e [0,1]. Obviously, every strongly convex function is convex. 
Observe also that, for instance, affine functions are not strongly convex. Since strong 
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convexity is strengthening the notion of convexity, some properties of strongly con- 
vex functions are just stronger versions of known properties of convex functions. For 
instance, a function f : J — Ris strongly convex with modulus c if and only if for every 
Xo €J° (the interior of J) there exists a number | ¢ R such that 


c(x - Xo) +U(X-X9) +f(%) sf), xeT. (5.8.2) 


In other words, f has a quadratic support at xp. For differentiable functions f, f is 
strongly convex with modulus c if and only if 


(f'(x) -f'(y))( -y) = 2clx -y)’, (5.8.3) 


for each x,y € J. 
Consider a real valued function f defined on an interval J, x,,...,x, € J and 


n 
Py>--->Py € [0,1] with ¥ p,; = 1. The Jensen functional is defined by 
i=l 


In(f.X P) = > vif (Xi) -1( $00) 
i=1 i=1 


According to [40, Theorem 1], if x = Oty +9 %n) € 1", p = (Dy ---sDn)s @ = (Gyre +> An) 


are nonnegative n-tuples satisfying : Dp; =1, » g; = 1, q; > 0,i=1,...,n, then 
i=1 


min P tL a X,q) < J,(f,X, Pp) < max PE a X, q). 


1si<n 


A. McD. Mercer [157, Theorem 1.2] proved the following variant of Jensen inequal- 
ity, to which we will refer as to the Jensen-Mercer inequality. If f isa convex function 
on [m, M], then 


i(m +m- he < f(M) +f(m) - Y pf), (5.8.4) 


i=1 i=1 


for all x; € [m, M] and all p; € [0,1] (i = .,n) with 2 D; = 1. We refer the reader 


to [122, 154, 196] as a sample of the extensive use of this inequaliy’ in this field. The 
following lemma [158, Theorem 4] is the starting point for our discussion. 


Lemma 5.8.1. If f : J — Ris strongly convex with modulus c, then 


c > pil -X)° < Trf.%P), (5.8.5) 


i=l 
n n 
for all x,,...,X%_ €J, Dys--->Pn > Owith Y p; = 1andx = > p3x;. 
i=l i=l 


In the paper [167], the following result has been given. 
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Theorem 5.8.1 ([167, Corollary 3]). Let f : J — R be a strongly convex function with 
modulus c X= (4). %n) € J", p = (Py---s Dy) @ = (Qp--->Qn) nonnegative n-tuples 


satisfying ¥. p; = 1, yg: =14;>0, i=1,...,n. Then 
i=1 i=1 


mathe) re( 30 - map| x oe) +m( ¥o%-a0m) | 


i=1 


< J, (f.%, P) 


< manta) ~e( 5. Ma -( dar “) (Se -aixi) ) 


i=1 i=l 
where m := min{p;/q;} and M := max{p;/q;}. 
1si<n 1sisn 


Remark 5.8.1. Note that Lemma 5.8.1 also holds for functions defined on open convex 
subsets of an inner product space. See [197, Theorem 2]. Therefore, Theorem 5.8.1 can 
be also formulated and proved in such more general settings. 


An interesting corollary can be deduced at this stage. We restrict ourselves to the 
case when n = 2. 


Remark 5.8.2. According to J.B. Hiriart-Urruty and C. Lemaréchal [115, Proposi- 
tion 1.1.2], the function f : J — Ris strongly convex with modulus c if and only if 
the function g : J > R defined by g(x) = f(x) — cx’ is convex. Hence the function 
f : (0,1] — [0, 00), f(x) = —- log x is strongly convex with modulus c = . Taking p, =v, 


Po =1-V, q =U, G = 1-uwithv,u € [0,1], x; = a, xX» = band taking into account 


that m = min{¢, = 7} and M = max{¢, 7 7_,} Simple algebraic manipulations show that 
ua+(1—u)b . (b- a)’ 
(A) xp( 5 ((v — mu)(v - 1)? + v*((1-v) - m(1 — uw) + m(u- ”) 
— vat (1-v)b 
a’ bly 


peg 1 
~\ athe exp( oa" ((Mu - v)(u- 1)? + w(M(1 - u) - (1-v)) + u-v))) 


Remark 5.8.2 admits the following important special case. 


Corollary 5.8.1. Let a,b € (0, 1], then 


rf @ (b- ay 22 r 2 
K (5) exp( 5 (w r)(v-1)°+v°(1-v)-r)+ 5(1- 2v) )) 
< Va+(l-v)b _ K*(2) 
abr * exp (Rv) +(R-(1-v)) +(1-2vy)) 


where r = min{v, 1 — v}, R = max{v,1-v}andv € [0,1]. 
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Proof. The result follows from Remark 5.8.2 by taking u = . 


Remark 5.8.3. The following Zuo-Liao inequality holds: 
x’ ; Jaro <vat+(1-v)b< x ; aro (5.8.6) 


where a,b > 0, v € [0,1], r = min{v,1-—v} and R = max{v,1- v}. Since exp(x) > 1 for 
x = 0, Corollary 5.8.1 essentially gives a refinement of the inequalities in (5.8.6). 


The following lemma plays an important role to prove Theorem 5.8.2. 


Lemma 5.8.2. Iff : J — Ris strongly convex with modulus c, then 


Fy +X_—%) < FOG) + FX) — FO) — 241 - V4 — Xp) 


where v; € [0,1], x; = min x;, X, = max x; and x; € J. 
1si<n 1sisn 


Proof. Let yj = X, +X, —X;,i = 1,2,...,n. We may write x; = v;x, + (1 - v;)x, and 
y; = (1-v,)x, + v;xX, where v; € [0, 1]. 
Now, using simple calculations, we obtain 


f(y) = f((1— vi)xq + ViXn) 
< (1-v,)f(X%,) + vif &,) — cv; (1 — vj) - Xn)” (by (5.8.1)) 
= fq) + fn) — (Vif On) + (1 VF Op) — CV) = VO — Xn)? 
< fq) + fq) —F (Vix, + 1 -v)x,) - 2ev,(1 - vO, Xn) (by (5.8.1)) 
= f(X1) + £On) — F%) — 2Zevi(1- VIO — Xn) 


which completes the proof. 


Lemma 5.8.2 follows also from the fact that strongly convex function is strongly 
Wright-convex (see, e. g., [190]). At this point, our aim is to present Jensen—Mercer 
inequality for strongly convex function. 


Theorem 5.8.2 ([214]). Let f : J — Rbea strongly convex with modulus c, then 


n 
it +Xy_- 5x) 
i=l 
2 


< fq) +f On) - Y if) - (2 Y pivi( - Vi)0q - Xp)? + Sn (x - a) ) 
i=1 i=1 i=1 


i=1 


n 
where ¥ p; = 1,v; € [0,1], x, = min x;,x, = maxx; and x; € J. 
i=1 1sisn 1sisn 
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Proof. A straightforward computation gives that 


its + Xn 5x) =1( 3 ne +Xy =) 
i=l i=l 
n n n 2 
< Y pif +Xy—Xj)-—C€ n(x - a) (by Lemma 5.8.1) 


i=1 i=1 i=1 


< f(x) +f On) — ) vif 04) 
i=1 
2 


n n n 
= e(2 Y pil — Vi )(Xy - Xn)” + n(x = i) ) (by Lemma 5.8.2), 
i=l i=l 


1 


as required. 


Remark 5.8.4. Based on Theorem 5.8.2, we obtain that 


n 
A +Xy- a) 
i=l 
2 


Sf (x1) +f On) - Y pif) - e(2 Y ivi - Vi0q - Xp) + Sni(x - a) 
i=1 i=1 


i=1 i=1 


< f (x1) +f On) - > pif). 
i=1 


Corollary 5.8.2. Let us now define 


X1Xn 

A =X +X_— ) Dix, Ges 
i=l i 
11%; 


As mentioned above, the function f : (0,1] — [0, co), f(x) = —logx is strongly convex 
with modulus c = . From Remark 5.8.4, we obtain —-InA < —InG +M < —InG, where 


Pa. n n n 2 
M =2Y pv, - v4 -xX,)° + Pil x =) Pix) . We thus obtain 
i=1 i=1 i=1 


G<eMGcA. (5.8.7) 


The celebrated H6lder-McCarthy inequality which is a special case of Theo- 
rem 5.1.1 asserts the following results. 


Theorem 5.8.3 ([156]). Let A be a positive operator on H. If x € H is a unit vector, then: 
(i) (Ax,x)" < (A"x,x) forallr > 1. 
(ii) (Ax,x)" > (ATx,x) forallO <r <1. 
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Here, we give a more precise estimation than the inequality (5.1.1) for strongly con- 
vex functions with modulus c as follows: 


Theorem 5.8.4 (Jensen operator inequality for strongly convex functions [214]). Let 
f :J — R be strongly convex with modulus c and differentiable on J°. If A is a self- 
adjoint operator on the Hilbert space H with Sp(A) < J°, then we have 


f ((Ax, x)) < (f(A)x,x) — c((A?x, x) — (Ax, x)”), (5.8.8) 


for each unit vector x € H. 


Proof. It follows from (5.8.2) by utilizing the functional calculus that 
c(A* + x6 - 2x9A) + 1A — xo +f (Xp)I < f(A), (5.8.9) 
which is equivalent to 
c((A’x, x) + ee — 2X9 (Ax, x)) + KAx, x) — x9 +f (Xo) < (F(A)X, x), (5.8.10) 


for each unit vector x € H. 
Now, by applying (5.8.10) for x9 = (Ax,x), we deduce the desired inequality 
(5.8.8). 


Remark 5.8.5. Note that if A > 0, then (Ax, x) — (Ax,x)? > 0. Therefore, we have 
f ((Ax,x)) < (f(A)x, x) - c((A2x, x) — (Ax, x)”) < (f(A)x, x). 


Remark 5.8.6 (Applications for Hélder-McCarthy’s inequality). 

(i) Consider the function f : (1,00) > R, f(x) = x’ with r > 2. It can be easily verified 
that this function is strongly convex with modulus c = i Based on this fact, 
from Theorem 5.8.4 we obtain 


(Ax, x)" < (A'x,x) - (=D (ey x,x) — (Ax,x)’), (5.8.11) 
for each positive operator A with Sp(A) c (1,co) and a unit vector x € H. It is 


obvious that the inequality (5.8.11) is a refinement of Theorem 5.8.3(i). 
(ii) It is readily checked that the function f : (0, — R, f(x) = -x’ with 0 < r < lis 


a strongly convex function with modulus c = se —. Similar to the above, by using 
Theorem 5.8.4 we get 
(A’x,x) < (Ax, x)" + ue WET ay x)? - (A*x,x)), (5.8.12) 


for each positive operator A with Sp(A) c (0,1) andaunitvectorx ¢ 1. Apparently, 
inequality (5.8.12) is a refinement of Theorem 5.8.3(ii). 


176 —— 5 Convex functions and Jensen inequality 


Now, we draw special attention to the case f”, (0 < v < 1). Itis strongly convex for 
which further refinement is possible. 


Theorem 5.8.5 ((214]). Let f : J — R be nonnegative and strongly convex with modu- 
lus c. If f’ is strongly convex with modulus c' for v € [0,1], then 


f ((Ax,x)) < f" ((Ax, x)” ((Ax, x) + c!f 1” ((Ax, x) )((A?x, x) — (Ax, x)”) 
< f'"((Ax, x)) (f(A), x) < fT" ((Ax, x) (F(A), x)" 
< (1—v)f((Ax, x)) + V(f(A)x, x) 
< (f(A)x,x) — c(1 — v)((A?x,x) — (Ax,x)?) < (f(A)x, x), (5.8.13) 


for any positive operator A with Sp(A) < J and unit vector x € H. 
Proof. As we have assumed above f” is strongly convex, so (5.8.8) gives 
fY((Ax,x)) < (f"(A)x,x) — c'((A?x, x) - (Ax,x)”). 
Multiplying both sides by f’ ’((Ax,x)), we infer that 
f((Ax,x)) =f" (Ax, x))f" (Axx) 
< f'’((Ax, x)) (f"(A)x, x) — cf Y((Ax, x))((A2x, x) — (Ax, x)). 
Rearranging the terms, we obtain 
f ((Ax,x)) < f°" ((Ax, x) )f" ((Ax, x)) +c! f 7" ((Ax, x) ((A2x, x) — (Ax, x)*) 
< f'’((Ax, x)) (f"(A)x, x). (5.8.14) 
On the other hand, by using Hélder—-McCarthy inequality we have 
(f'(A)x,x) < (F(A)x, x)". 
Multiplying both sides by f!’((Ax, x)), we obtain 


fT’ ((Ax, x)) UF" (A)x, x) < FP" ((Ax, x) F(A), x)" 
< (1-v)f((Ax,x)) + v(f(A)x,x) (by Young’s inequality) 


< (f(A)x,x) — c(1 — v)((A2x,x) — (Ax,x)”) (by (5.8.8). 
(5.8.15) 


Combining (5.8.14) and (5.8.15) yields the desired result (5.8.13). 


By (5.8.3) and in a similar manner to the proof of Theorem 5.8.4, we have the fol- 
lowing additive reverse. 
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Theorem 5.8.6 ([214]). Let f : J — R be strongly convex with modulus c and differen- 
tiable on J° whose derivative f' is continuous on J°. If A is a self-adjoint operator on the 
Hilbert space H with Sp(A) c J°, then we have 


(A’x,x) — (Axx)? < a ((F'(AdAx,x) — (Ax, x)(f"(A)x, x)), 


for each unit vector x € H. 


By replacing c(x — y)* with a nonnegative real valued function F(x — y), we can 
define F-strongly convex function as follows: 


f(vx+(1—-v)y) < vf(x) + 1 -v) f(y) - v1. - v)F(x -y), (5.8.16) 


for each v € [0,1] and x,y € J. (This approach has been investigated by M. Adamek in 
[2].) 

We should note that, if F is F-strongly affine (i.e., “=” instead of “<” in (5.8.16)) 
then the function f is F-strongly convex if and only if g = f — F is convex (see [2, 
Lemma 4]). 

From (5.8.16), we infer that 


f(v(x-y) + y) -f(y) + v0 - v)F(x - y) < vif) - f(y)). 
By dividing both sides by v, we obtain 
f(vx-y) +y) -fY) 


Vv 
Notice that if f is differentiable, then by letting v — O we find that 


+(1-v)F(x-y) < f(x) -f(y). 


f'Wx-y) + Fx -y) + fy) < feo, (5.8.17) 


for allx,y € J and v € [0,1]. 
In a similar manner to the proof of Theorem 5.8.4, if F is a continuous function it 
follows from (5.8.17) that 


f ((Ax,x)) < (F(A)x, x) — (F(A — (Ax, x))x, x), (5.8.18) 


for any self-adjoint operator A and x € H, with ||x|| = 1. The following theorem is a 
generalization of (5.8.18). The idea of the proof, given below for completion, is similar 
to that in [155, Lemma 2.3]. 


Theorem 5.8.7 ([214]). Let f : J — Rbe an F-strongly convex and differentiable func- 
tion onJ° and let F : J > [0, 00) be a continuous function. If A is a self-adjoint operator 
on the Hilbert space H with Sp(A) < J° and f(0) < 0, then we have 


1 
Ixl? 


f((Ax,x)) < (f(A)x, x) - ((4 sr LANEY 9) + (Ix||* - IeP)F( (4x) ) 


2 
[xl 


for eachx € Hand ||x|| < 1. 
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Proof. Let y = so that |ly|| = 1, where 


Ba 
f ((Ax, x)) 

= f (xi? (Ay, y) + (1- [x7)0) 

< [lxI?F (Ay, y)) + (1 = Ire? )FO) = Ix?(1 = Ixll?)F((Ay, y) - 0) (by 6.8.16) 

< [lxI?F((Ay, y)) + (Ikxil* = IlxI?)F((Ay,y)) (Since f (0) < 0) 

< Ixi’((F(Aly,y) — (F(A - (Ay,y))y.y)) + (ell = Il? )F((Ay,y)) (by (6.8.18)) 


~ li ce a4 ee )*)) 


+ (Ill! — PF bat ») 


= (f(A)x, x) - (F(4- 


Em 


5 (Ax,x) je) + (a — Be F( 5 (4x3). 


This completes the proof. 


Remark 5.8.7. By taking into account that F(-) is a nonnegative function, we infer that 


F((ARX)) = (FlAIKx) ~ CF (4-—, mee x) ex) + (lel! = bP)F( 
< (f(A)x, x). 


(A )) 
ee” 


6 Reverses for classical inequalities 
As we have seen in Chapter 2, and it is known that we have the inequality, 
(1-v)+vt>t" (6.0.1) 


fort > O and O < v < 1. This inequality states that the weighted arithmetic mean is 
always greater than or equal to the geometric mean. 

For example, multiplying Kantorovich constant K(t) = (ery? > 1 to the right-hand 
side in the above inequality, we obtain the reverse of the arithmetic-geometric mean 
inequality, namely we have 


(l-v)+vt < K()t" (6.0.2) 


fort > Oand0O < v < 1. We easily prove the inequality (6.0.2) in the following. Set 
the function f,(t) = K(t) - fey Then we calculate fi) = rece , where g,(t) = 
t’ +t”! -4v(1-v). Since -4v(1 - v) > -1for0 <v <1, ift >1, thent” >1andt”'!>0 
and also if 0 < t <1, thent” > Oandt” ' > 1, we have g,(t) > 0 fort > OandO<v<1l. 
Thus we have f/(t) < 0 for 0 < t < 1andf/(t) > 0 for t > 1 which imply f,(t) = f,(1) = 0. 


From (6.0.1) and (6.0.2), for a, b > 0 we thus have 


a’ ’b’ <(1-v)a+vb< rae ie 


(a+b) 
ab 


by putting t = b/a. The first inequality is the arithmetic-geometric mean inequality 
and the second one is its reverse with Kantorovich constant. There are several con- 
stants in the right-hand side. They have been studied in Chapter 2. 

In this chapter, we treat with such reverses for classical known inequalities. 


6.1 Reverses for complemented Golden-Thompson inequalities 


For positive semidefinite matrices A and B, the weak log-majorization A <,,)., B 
means that 


k k 
[]A4@ <[]A@®, k=12....0 
jl jel 


where A,(A) = A,(A) = --- = A,(A) are the eigenvalues of A arranged with decreasing 
order. If the equality holds when k = n, then we call it the log-majorization A <;,, B. 
It is known that the weak log-majorization A <,,j), B implies ||All,, < ||Bll, for any 
unitarily invariant norm ||-||,,, that is, |UAV||,, = ||All,, for any matrix A and all unitary 
matrices U, V. See [151, 20] for the details of majorization. 
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In the paper [223], Specht obtained the following inequality for x, > --- > x, > 0 
with h = x,/Xx,: 
Xp te +X 4 
es < S(h)(x,..-Xq)"s 
which is a ratio reverse inequality of the arithmetic-geometric mean inequality. 
The Golden-Thompson inequality [102, 224] is given by Tre”*® < Tre“e* for 
arbitrary Hermitian matrices H and K. In [139, 225], A. Lenard and C. J. Thompson 
proved the generalized result as 


Je"**],, < [etek e", (6.11) 


with a unitarily invariant norm. This inequality has been complemented in [114, 7]. 
T. Ando and F. Hiai in [7] proved that the complemented Golden-Thompson in- 
equality for every unitarily invariant norm || - ||,, and p > 0, 


errs eI, < fern] (6.1.2) 


‘: 

Y. Seo in [219] found some upper bounds on |e" ”#*"* ||, by multiplying constants 
to ||(e?" teP%)e ll,» which give reverses of the complemented Golden-Thompson in- 
equality (6.1.2). In this section, we show another reverse of complemented Golden- 
Thompson inequality, which improve Seo’s results. In fact, the general sandwich con- 
dition sA < B < fA for positive definite matrices is the key point on results in this 
section. Also, the so-called Olson order <,), is used. For positive operators A and B, 
A <,), B if and only if A” < B" for every r > 1 [198]. 

To study the Golden-Thompson inequality, T. Ando and F. Hiai in [7] developed 
the following relation on log-majorization: 


A’tyB’ <jog (AtyB)’, (r= 1), 
which is equivalent to 
4 a 
(A? t,B?)? <log (A7t,B4)#, (O0<q<p). 


By the following lemmas, we obtain a new reverse of these inequalities in terms 
of eigenvalue inequalities. 


Lemma 6.1.1. For A,B > O satisfying sA < B < tA withO <s<t,andv € [0,1], we have 
A’ t,B" < (max{S(s), S(O)}) (AtyB)’, (O<r<1). (6.1.3) 


Proof. Let f be an operator monotone function on [0, co). Then according to the proof 
in [99, Theorem 1], we have 


f(A)tf(B) < f(c(At,B)), 


where c = max{S(s), S(t)}. Putting f(t) = t’, (0 < r < 1), we have the inequality in 
(6.1.3). 
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Lemma 6.1.2. For A,B > 0 satisfying sA <,, B <,), tA withO < s < t, andv « [0,1]. 
Then we have for k = 1,2,...,n, 


A,(AtyB)’ < max{S(s"), S(t’) }A,(A’tyB"), (r= 1), (6.1.4) 
and hence, 
A,(A%t,B2)# < (max{5(s?),5(t?)})?A,(AP4,B?)?, (0 <q <p). (6.1.5) 


Proof. Note that the condition sA <,), B <j, tA is equivalent to the condition s’A” < 
BY < t’A” for every v > 1. In particular, we have sA < B < tA for v = 1. Also, forr > 1 
we have 0 < , < land by (6.1.3) 


Att, Bi < (max{S(s),S(0)})' (At,B)?. (6.1.6) 


On the other hand, from the condition s’A” < BY” < t’A” for every v > 1 and letting 
v =r, wehaves’A’ < B’ < t'A’. Now if we take X = A’, Y = B’, w=s' andz = t’, then 


wX < Y < 2x. (6.1.7) 


Applying (6.1.6) under the condition (6.1.7), we have 
1 1 A 1 
XrtyY? < (max{S(w), S(z)})" (Xt, Y)", 


which is equivalent to 


A 
r 


AtyB < (max{5(s"), $(e")})'(A"tyB") 


Thus we have 


i 
r 


Ay(AtyB) < (max{s(s"), $(e")}) ACA" tyBY)’. 


By taking rth power on both sides and using the spectral mapping theorem, we get 
the inequality (6.1.4). Note that from the minimax characterization of eigenvalues of 
a Hermitian matrix [20, Corollary III.1.2] it follows immediately that A < B implies 
A,(A) < A;,(B) for each k. Similarly, since p/q = 1, from inequality (6.1.4), we have 


B 
q 


A(AtyB)? < max{S(s7),S(t@)}A,(At,B4). (6.1.8) 


Replacing A and B by A‘ and B? in (6.1.8), and using the sandwich condition s4A% < 
BY? < t7A7, we have 


Ay(AtyB)* < max{S(s?), S(t?)}4y(A?fyB?). 


This completes the proof. 
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We have the following corollary for the condition mI < A, B < MI by the use of 
Lemma 6.1.1 and Lemma 6.1.2. 


Corollary 6.1.1. For A,B > O satisfying mI < A,B < MI withO < m< M,h = M/m, 
€ [0,1] and k = 1,2,...,n, we have 


A’t,B” < S(h)'(At,B), (0<r<1), (6.1.9) 

and hence 
A,(AttyB)’ < S(h’)A, (A'tyB’), (r= 1), (6.1.10) 
A,(ATt, BY) < S(hP)? Ay(AP $B)? (0<q<p). (6.1.11) 


See [100] for the proof of Corollary 6.1.1. In the sequel, we show a reverse of the 
complemented Golden-Thompson inequality (6.1.2). 


Theorem 6.1.1 ([100]). Let H and K be Hermitian matrices such that eSe" <,, e& <,i 
ee” withs < t, andletv € [0,1]. Then we have for allp > O and k = 1,2,...,n, 


A(e MX) < (max{s(e”), S(e”)})? A eae)? 


Proof. Replacing A and B by e” and eX in the inequality (6.1.5) of Lemma 6.1.2, we can 
write 


Ay(e™ te"*)# < (max{s(e”), S(e”)})?A(ePt cP), (0<q<p). 
By [114, Lemma 3.3], we have 


ef v)H+vK = lim(e*ty otk) a, 


and hence we have for each p > 0, 


Ay (eo! MEK) < (max{s(e”), S(e”)}) 7 Aer 4, e®)?. 


Note that eigenvalue inequalities immediately imply log-majorization and unitar- 
ily invariant norm inequalities. 


Corollary 6.1.2. Let H and K be Hermitian matrices such that eSe <,, eX <,, e'e” 
with s < t, and let v € [0,1]. Then we have for every unitarily invariant norm || - ||, and 
allp > 0, 


fe PHKY, < max{s(e”).S(e”))* ye), (61.42) 


and the right-hand side of (6.1.12) converges to the left-hand side as p | 0. In particular, 
we have 


| eer < max{S(e*’), S(e")}||(e7" te**)|,. 
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It is remarkable that the inequality (6.1.12) does not give a better upper bound of 
jet VEK | for the case p = 1 compared to the original inequality (6.1.1). However, 
the inequality (6.1.12) holds for any p > 0 and we take the limit p — 0, the right-hand 
side of (6.1.12) can be close to the left-hand side of (6.1.12) as one hope. This means 
the inequality (6.1.12) gives a better upper bound of ||e 2+" ll, for a general case of 
p > O. It may be interesting problem to find the constant c < 1 such that |je“** lla < 
clle"/7eX e#/*||,, as the special case of p = 1. 


Corollary 6.1.3. Let H and K be Hermitian matrices such that mI < H, K < MI with 
m < M, and let v € [0,1]. Then we have for all p > 0, 


1 
A, (el VEWE) < sip (emp) a (Pty PX)?, (k= 1,2,...,). 
We thus have for every unitarily invariant norm | - ||, 


1 
jer eeey < SUPE Mm) (ery ePK)> | 


ip 
and the right-hand side of these inequalities converges to the left-hand side as p | 0. 


See [100] for the proof of Corollary 6.1.3 and [219, Theorem 3.3-Theorem 3.4] as ref- 
erences for the readers. A well-known matrix version of the Kantorovich inequality 
[153] asserts that if A and U are two matrices such that 0 < mI < A < MI and UU* =I, 
then 


2 
it (m+M) 


UA"U" < (UAU*)". (6.1.13) 


Now as a result of the following statement with the generalized Kantorovich 
constant given in (2.0.8), we have an another reverse of the complemented Golden- 
Thompson inequality which refines corresponding inequality in [219] by Y. Seo. 


Proposition 6.1.1. Let H and K be Hermitian matrices such that ee <,, eX <,), e'e# 
for some scalars s < t, and let v € [0,1]. Then 


1 
Ay(et VEE) < KVP (PES) ya (ett ePX)?, p> 0, (6.1.14) 


where K(-.,-) is the generalized Kantorovich constant defined as (2.0.8). 


Theorem 6.1.2 ([100]). Let H and K be Hermitian matrices such that mI < K, H < MI 
with m < M and let v € [0,1]. Then we have for every p > 0, 


1 
Ay (er VEE) < RMP (eM) ya (PH ePK)?, (k= 1,2,....), 


and the right-hand side of this inequality converges to the left-hand side as p | 0. In 
particular, we have 


2M 
hig) oe ee) hat 
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Proof. Since mI < K, H < Ml implies e™™e" <, e& <,, e“-"e", desired inequal- 


ities are obtained by letting s = m- M andt = M - min Proposition 6.1.1. For the 
Be < K(w,v) < 1, for every v € [0,1] by (iv) and (v) in 


wl 
2wP/4 


Lemma 2.0.2. uae Savigt Y > 0,1< KY? (w?,v) < ( Sue 
ye in 1 oe “I logw _ 0, and then lim on 


4wPl2 +1 


convergence, we know that 2 


Neus aes calcula- 


tions show that lim Z 5 logs eSelriep 


a wel2+4 


From the nae principle with w = in ~™) we have lim K(e® aw m) yy VP = 1, 
p-' 


Remark 6.1.1. Under the assumptions of Theorem 6.1.2, Y. Seo in [219, Theorem 4.2] 
proved that 


1 
fee) 2 KVP (eM) yn) KUMP (em) | v) (ert tePX)e | 


ut 


(O0<p<}), 


u > 
and 


1 
[ere |, < K (ere, v)| (2? 1 ePX) Pp | 


wp (p21). 


2p(M-m) 


However, the inequality (6.1.14) shows that the sharper constant is K ~ (e ,V) for 


all p > 0. Since for 0 < p <1, K-V/P(@(M—m) |p) > 1, and hence 
K~YP(eP—m) y) < KVP (eM) py) K UP (eM) y), 


It has been shown in [99] that if f : [0,co0) —> [0,co) is an operator monotone 
function and 0 < ml<A<B<MI <Iwithh= Me then for all v € [0,1] 


f(A)tyf(B) < exp(v(1 - v)(1 — h)?)f(AtyB). (6.1.15) 


This new ratio has been introduced by S. Furuichi and N. Minculete in [77] (see Theo- 
rem 2.3.1), which is different from Specht ratio and Kantorovich constant. By applying 
(6.1.15) for f(t) = t’, 0 < r <1, we have the following results similar to Lemma 6.1.1 and 
Lemma 6.1.2. 


Lemma 6.1.3. For A,B > 0 satisfying 0 < mI < A < B < MI < Iwithh = M/m, and 
v € [0,1], we have 


A’ t,B” < exp(rv(- v)(1—h)’)(At,B)", (0<r<1). 


Lemma 6.1.4. For A,B > 0 satisfying 0 < mI <,, A Xois B Xo15 MI Xo, I with h = M/m, 
v € [0,1], and for allk = 1,2,...,n, we have 


Ae(AtyBY" < exp(v(—v)(1- A’) (ALB), (2 2), 


A,(A%ty, BI)i <e <e x( ivi -v)(1- hr) ae ah BP), (0<q<p). (6.1.16) 
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Theorem 6.1.3 ([100]). Let H and K be Hermitian matrices such that eI <,, e" <q 
eX <), eMI <j, I withm < M, and let v € [0,1]. Then we have for all p > 0 and 
k =1,2,...,n, 


1 
Ay(et MEME) < exp( avi -v(1- erm) Nag(erty ehh)? 
and we thus have, for every unitarily invariant norm || - ||, 


fee < exp( Av _ v)(1 = etm? 1(ePH 4 ePR)? la: 


Proof. The proof is similar to that of Theorem 6.1.1, by replacing A and B with e” and 
eX and h =e“ in the inequality (6.1.16). 


6.2 Reverses for operator Aczél inequality 


In the paper [1], J. Aczél proved that if a;,b,(1 < i < n) are positive real numbers such 
n n 
that aj — 2, a; > Oand bi - 2 b? > 0, then 
l= 1= 
2 


(« = Sat) ( 0 7 502) < (a. = Sat) : 
i=2 i=2 i=2 


Aczél inequality has important applications in the theory of functional equations 
in non-Euclidean geometry [1] and references therein. Some considerable attentions 
have been given to this inequality involving its generalizations, variations and appli- 
cations. T. Popoviciu [204] first presented an exponential extension for Aczél inequal- 
ity as follows. 


n n 
Theorem 6.2.1 ((204]). Let p > 0,q > Owith = +7 =1, a, a? > 0, and bid b? > 0. 
l= 1= 
Then we have 
1 


n P n 4 n 
(at -5: ar) (ot 01) < a,b, - ¥ ajb;. 
i=2 i=2 


fea 


The above inequality is often called Popoviciu inequality. S.S. Dragomir [39] 
established a variant of Aczél inequality in an inner product space. 


Theorem 6.2.2 ((39]). Let a, b be real numbers and x,y be vectors of an inner product 
space such that a? — ||x||? > 0 or b* = |lyl|? > 0. Then 


(a? Ix\?)(b? = lly) < (ab - Re(x,y))’. (6.2.1) 


M.S. Moslehian in [184] proved an operator Aczél inequality involving the 
weighted geometric operator mean. 
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Theorem 6.2.3 ((184]). Let g : (0,00) — [0, oo) be an operator decreasing and operator 
concave function, F 4. : =1,p,q > 1. For A,B > Oand allé € H, we then have 


(A”)t 18(B") < g(A’t 1B"), (6.2.2) 
(g(A?)E,& )? (g(BI)E, g ya < (g(A? ts BNE, é). (6.2.3) 


In this section, we present some reverses for operator Aczél inequality (6.2.2) 
and (6.2.3), by using several reverse Young inequalities. In fact, we show some upper 
bounds for inequalities in Theorem 6.2.3. These results are proved for a nonnegative 
operator monotone decreasing function g without operator concavity. That is, we use 
less restrictive conditions on g. Actually, the conditions on g in Theorem 6.2.3 seem 
to be rigid restrictions because the operator concavity is equivalent to the operator 
monotone increasingness, if g > 0. 

The study on Young inequality is interesting and there are several ratio-type and 
difference-type reverses of this inequality [42, 140]. We have studied the recent ad- 
vances of Young inequalities in Chapter 2. One of reverse inequalities is given by W. 
Liao et al. [140] using the Kantorovich constant as follows. 


Lemma 6.2.1 ((140, Theorem 3.1]). For A,B > O satisfying the conditions either 0 < 
ml <A <m'I < M'Il <B<MlorO < ml <B<m'I < M'I < A < MI, with some 
constants m, m', M, M', we have 


(1-v)A +vB < K¥(h)(At,B), (6.2.4) 
where h = 4 v € [0,1], R = max{1 -v,v}. 


In the following, we generalize Lemma 6.2.1 with the more general sandwich con- 
dition 0 < sA < B< tA. The proof is similar to that of [226, Theorem 2.1]. 


Lemma 6.2.2. LetO0 <sA <B<tAwithO <s<tandletv € [0,1]. Then we have 
(1-v)A + vB < max{K*(s), K*(t)}(At,B), (6.2.5) 
where R = max{v, 1 — v}. 
Proof. From [140, Corollary 2.2], for x > 0 and v «€ [0,1], we have 
(1—v) +x < K8(x)x". 
Thus for every strictly positive operator 0 < sI < C < tI, we have 
(1-v)+vC < max K"(x)C’. 
Substituting A-2BA”? for C , we get 


(1—v)+vA-2BA? < max K*(x)(A~?BA~?)", 


SSXS 
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Multiplying A? to the both sides in the above inequality, and using the fact that 
max K (x) = max{K(s), K(t)}, the desired inequality is obtained. 
S<xX< 


Remark 6.2.1. Lemma 6.2.2 is a generalization of Lemma 6.2.1. Since, if0 < ml < A< 
ml <M'I<B<Mlor0<ml<B<m'l<M'I<A<MI, then ma<Bs uA. Now by 
letting s = i and t = M in Lemma 6.2.2, the inequality (6.2.4) is obtained. 


Lemma 6.2.3. Let g : (0,00) — [0, 00) be an operator monotone decreasing function. 
Then, for A > OandA > 1, 


78(4) < g(M4). 


Proof. First, note that since g is analytic on (0, co), we may assume that g(x) > 0 forall 
x > 0. Otherwise, g is identically zero. Since g is also an operator monotone decreasing 
on (0,00), f = 1/g is nonnegative operator monotone on (0, co), and thus operator 
concave function [20, Theorem V.2.5]. On the other hand, it is known that for every 
nonnegative concave function f and A > 1, f(Ax) < Af(x). Therefore, for every A = 1 we 
have 


(g(AA))' <A(g(A)) 


Taking inverse of this inequality, we obtain the result. 


Proposition 6.2.1. Let g : (0,co) — [0, co) be an operator monotone decreasing func- 
tionandO < sA<B<tAwithO <s<t.Then we have for allv € [0,1], 


g(At,B) < max{K*(s), K*(t)}(g(A)tyg(B)), (6.2.6) 


where R = max{v,1-v}. 


Proof. Since 0 < sA < B < tA, from Lemma 6.2.2 we have 
(1-v)A+vB < A(At,B), 


where A = max{K*(s), K¥(t)}. We know that A > 1. Also, the function g is operator 
monotone decreasing and so 


g(A(At,B)) < g((1—v)A + vB). 
We can write 
[8(AbB) < g(A(ARB)) < g((1-V)A + VB) < (A) 808) 


where the first inequality follows from Lemma 6.2.3 and the last inequality follows 
from [8, Remark 2.6]. 
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Now, we can give one of reverses of operator Aczél inequality (with Kantorovich 
constant) for Theorem 6.2.3 as follows. 


Theorem 6.2.4 ([100]). Let g : (0,00) — [0, co) be an operator monotone decreasing 
function, 3 + i =1,p,q>1and0 < sA? < B4 < tA? withO < s < t. Then we have for all 
g€H, 


(At 1B) < max{K*(s), K*(t)}(g(A”)tig(B4)), (6.2.7) 


((A?4:BY)E,£) < max{R(s), KO} (g(A")EE)? (BEE), (6.28) 
where R = max{1/p, 1/q}. 


Proof. Letting v = 1/q and replacing A? and B? with A and B in Proposition 6.2.1, we 
have the inequality (6.2.7). To prove the inequality (6.2.8), first note that under the 
condition 0 < sA? < B? < tA? from Lemma 6.2.2 we have 


APY,B4 < max{K*(s), K*(t)}(A? t,B). 


For convenience, set A = max{K*(s), K*(t)}. Therefore, for the operator monotone de- 
creasing functions g and v = 1/q, we have 


8(A(A? t1/qB")) < g(A?V,/_B"). (6.2.9) 
We compute 


(g(AP HyjgBDE.€) < Mg(A(A?HygB))E.E) < Alg(APVy/gB))E.E) 
< Mg(A? tga (BIE €) < Ag (APE, E)? (e(BE,E) 


where the first inequality follows from Lemma 6.2.3 and the second follows from 
the inequality (6.2.9). For the third inequality, we use log-convexity property of op- 
erator monotone decreasing functions [8, Remark 2.6], and in the last inequality we 
use the fact that for every positive operators A,B and every € € H, (At,Bé,&) < 
(Ag, &)'" (BE, €)”, [29, Lemma 8]. We thus obtained 


(g(A? HjgB2)E, &) < max{K®(s), K(t)}(g(A?)E,€)"” (g(BYE, E) 4. 


Corollary 6.2.1. Let + + + = 1, p,q = 1, and A,B be commuting positive operators with 
spectra contained in (0,1) such that 0 < sA? < B! < tA? withO < s < t. Then we have 
for every unit vector € « H 


1 (AB)"7E)? < max{K%(s), K8(O}(1- APE?) BME)", (6.2.10) 
and consequently 
1 JABE|? < max{K®(s?), KR(P)}(1 — JAPE|?)”(a [BAe 


where R = max{1/p, 1/q}. 
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See [123] for the proof of Corollary 6.2.1. 


Remark 6.2.2. M.S. Moslehian in [184, Corollary 2.4], showed operator version of 
Aczél inequity (6.2.1) as follows: 
2 


(1- JA%e]?)7(1- [BEEI)* <1 |aBy2E| (6.2.11) 


where A and B are commuting positive operators with spectra contained in (0,1), and 


: + i = 1 for p,q = 1. As it has been seen, the inequality (6.2.10) in Corollary 6.2.1 


provides an upper bound for the operator Aczél inequality (6.2.11). 

Corollary 6.2.2. Let g : (0, co) — [0, 00) be an operator monotone decreasing function 
and A,B be commuting positive operators such that 0 < sA? < B4 < ta? withO<s<t. 
Then we have 


g(AB) < max{K*(s), K®(t)}g(A? )? g(B4)*, 


where R = max{1/p, 1/q}. 


Corollary 6.2.3. Let g : (0, co) — [0, co) be a decreasing function and a;, b; be positive 
q 
numbers such taht0 <s< oa < t with constants s, t. Then we have 


a Fs Vp), 1/q 
S sain) < mania) x%C0( 5a) (Sep (6.2.12) 
i=1 


i=l 1 
where R = max{1/p, 1/q}. 


See [123] for the proof of Corollary 6.2.3. We state some related results. S.S. 
Dragomir in [42, Theorem 6], gave an another reverse inequality for Young inequality 
as follows (we treated the improvements of this kind of inequality in subsection 2.5). 


Lemma 6.2.4. For A,B > 0 satisfying 0 < sA < B < tAwithO < s < t, and for all 
v € [0,1], we have 
2 


(1-v)A+VvB< exp( sua vi ne 1) cary. (6.2.13) 


By using this new ratio, we can express some other operator reverse inequalities. 
The proofs are similar to that of preceding results so that we omit the proof. See [123] 
for the proof of Proposition 6.2.2. 


Proposition 6.2.2. Let g : (0,00) — [0, co) be an operator monotone decreasing func- 
tionandO < sA<B<tAwithO <s<t.Then we have for allv € [0,1], 


2 


1) )eane®). 


max({I, t} 
min{1, s} 


s(AtB) < exp( 5v(t-»)( 
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We can give a reverses of operator Aczél inequality (with an alternative con- 
stant) for Theorem 6.2.3 as follows. 


Theorem 6.2.5 ([100]). Let g : (0,00) — [0, co) be an operator monotone decreasing 
function, 3 + i =1,p,q>1and0 < sA? < B’ < tA? withO < s < t. Then we have for all 
gEH, 


2 
8(4?t1qB") < exp( ma ( aang : 1) Jew? )t1jq8(B%)), 
2 1 1 
(5(APjqB*)65) < ex( (BEE -1) )lg(a?)e.g)? (abt) 4)". 


In [79, Theorem B], an another reverse Young’s inequality is presented as follows. 


Lemma 6.2.5. Let A and B be positive operators such that 0 < sA < B < Aforaconstant 
s > Oand ve [0,1]. Then 


(1-v)A + vB < M,(s)(At,B), 


1-v)(s—1)? 

where M,(s) =1+ aoe 
Now by using this new constant, the similar reverse Aczél inequalities are ob- 
tained. Note that M,(s) > 1 for every v ¢€ [0,1]. See Section 2.6 and [79] for more prop- 


erties of M,(s). 


Proposition 6.2.3. Let g : (0,co) — [0, co) be an operator monotone decreasing func- 
tion,O <sA< B<Awiths > Oandv € [0,1]. Then we have 


g(At,B) < M,(s)(g(A)t,s(B)). 


We can give a reverses of operator Aczél inequality (with an alternative con- 
stant and restricted assumption) for Theorem 6.2.3 as follows. 


Theorem 6.2.6 ([100]). Let g : (0,00) — [0, 00) be an operator monotone decreasing 
function, : + ; =1,p,q >1and0 < sA? < B? < A? for aconstant s > 0. Then we have 
forallé €H, 


8(A? ty /qB") < Myjq(s)(8(A” )fhr/q8(B"))» 
1/p 1/q 
(8(A? t1jqB4)S.8) < Myjq(s)(g(A")8.8)  (8(B4)8, 8) 
Remark 6.2.3. We clearly see that the condition 0 < sA < B < tAforO <s<t 
in Lemma 6.2.4 is more general than the condition 0 < sA < B < Afors < 1in 
Lemma 6.2.5. But under the same condition 0 < sA < B < A, the appeared constant in 


Lemma 6.2.5 gives a better estimate than ones in Lemma 6.2.4. In fact, we have 
2 


M,(s) < exp( 5a - v(- - 1) ), 


for every v € [0,1] and 0 < s <1, which is given in [71, Proposition 2.10]. 
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In the paper [99], it is shown that if f : [0, oo) — [0, co) is an operator monotone 
function and 0 < sA < B< tAwith0O <s < t, then we have for all v € [0,1], 


f(A)tyf(B) < max{S(s), S(t) }f(At,B), 


where S(t) is the Specht ratio [97, 223]. As a result, we can show for an operator mono- 
tone decreasing function g : (0,00) — [0,00),0 <sA<B< tA, andv € [0,1], 


g(At,B) < max{S(s), S(t)}(g(A)t,g(B)). (6.2.14) 


Thus we can obtain the alternative reverse of operator Aczél inequality with Specht 
ratio max{S(p), S(q)}. 


6.3 Reverses for Bellman operator inequality 


The following inequality is well known in the literature as the operator Bellman in- 
equality [185] 


oP (I — AV,B) > O((I - A)? V, (I - B)"”), (6.3.1) 


forv € [0,1], p > 1,0 < A, B< Iand a normalized positive linear map ®. This inequal- 
ity was proved in [185] by M.S. Moslehian etal. as an operator version of the scalar 
Bellman inequality [17] 


a 1/p * 1/p _ 1/p 
(«-5 at) +(w-Son) < (a+? Sica, +09” , (6.3.2) 
k=l 


k=1 k=1 


n n 
for the positive numbers a, a;, b, b, satisfying ¥ ae <a’ and ¥ be < bP, where p > 1. 
k=1 


=1 = 
The proof of (6.3.1) was based on the operator inequality [185] 
f(@(AV,B)) = B(F(A)V,f(B)), (6.3.3) 


valid for the operator concave function f : J ¢ (0,00) — (0,00), the normalized pos- 
itive linear map ® and the positive operators A, B whose spectra are contained in the 
interval J. 

In this section, we prove a more elaborated reverse of (6.3.3), valid for concave 
functions (not necessarily operator concave). This reverse inequality will be used to 
find a reversed version of (6.3.1) and (6.3.2). Further, we present a simple approach that 
can be used to prove the scalar Bellman inequality and its reverse. The new approach 
will be useful in obtaining several refinements for their inequalities. 

In the sequel, we present a general inequality by applying Mond—Pe¢ari¢ method. 
We refer the reader to [97] as a comprehensive reference of this method. 
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The following notation will be used in Theorem 6.3.1, for the positive numbers 
m, M and the function f : [m,M] — R: 


f(M) - f(m) Mf (m) — mf(M) 
2 soles | as aes ae 


Theorem 6.3.1 ((216]). Let ® be a normalized positive linear map on B(H), A, B € B(H) 
be two positive operators such that mI < A, B < MI withO < m< M. If f,g : [m,M] > 
[0, co) are continuous functions such that f is concave, then for a given a > 0, 


ag(@(AV,B)) + BI < ®(f(A)V,f(B)), (6.3.4) 
where B = gle, tape + by — ag(t)}. 
The reverse inequality of (6.3.4) holds when f is a convex function. 


Proof. According to the assumptions, we have f(t) = a,t + by for any t € [m,M].A 
standard functional calculus argument implies f(A) = aA + byl and f(B) = afB + byl. 
Consequently, we infer for any v € [0, 1], 


(1—v)f(A) = (1—v)apA+(1—v)beI and vf(B) > vayB + vbel, (6.3.5) 
and we then have 
F(A)V,f(B) = af (AVB) + bel. (6.3.6) 
It follows from the linearity and the normality of ® that 
D(f(A)V,f(B)) > ap D(AV,B) + byl. 
Therefore, we have 


O(f(A)V,f(B)) — ag(P(AV,B)) = ap P(AV,B) + bel — ag(P(AV,B)) 
> {apt + by — ag(t)}I 


min 
te[m,M] 


which implies the desired inequality (6.3.4). 


A reverse for operator Bellman inequality (6.3.1) is obtained by taking f(t) = g(t) = 
(1- t)/P on (0,1) with p > 1in Theorem 6.3.1 in the following. 


Corollary 6.3.1 (Reverse of operator Bellman inequality). Let A,B ¢ B(H) be two pos- 
itive invertible operators such that 0 < mI < A,B < MI < I, and © be a normalized 
positive linear map on B(H). Then for a given a > 0, 


ad"? (I — AV,B) + BI < O((I — A)? V,(I - B)"”), 


where p > 1, v € [0,1] and 


_ yy _ (4 — m)1/P _ m)V/P _ _ yylp 
= min { M) eu) t+ ue) mM) a(l pel. 
M-m M-m 
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By choosing appropriate a and f in Corollary 6.3.1, we find the following simpler 
forms. 


Corollary 6.3.2. Let A,B € B(H) be two positive invertible operators such that 0 < mI < 
A, B < MI < I, and © be a normalized positive linear map on B(H). Then 


ab’? (I — AV,B) < &((I - A)? V (I - By”), 


where p > 1, v € [0,1] and 


a= min 
té[m,M] 


1 ( (1-M)"? (a - m)'? | M(-m)"? — mq - M)"P )} 
(1 —t)¥P M-m 7 M-m : 


In addition, we have 
oP (I — AV,B) + BI < O((I — A)? v,(1 - B)"”), 


where 


| Ge a : a sit)? 6 MGs Be : ut =m)? a tae 


As an application of Corollary 6.3.2, we have the following scalar Bellman-type 
inequality. 
Corollary 6.3.3. Fori = 1,2,...,n, let a;, b; be positive numbers satisfying 0 < m < a;, 
b; < M < 1for some scalars m and M. Then we have for p > 1andq < 1, 


n n 
a2? ¥(24 — (a, + by)4)"” < Y4(a— a)” + (1 8)"”}, (6.3.7) 
i i=1 


where a is as in Corollary 6.3.2. 


Proof. For the given a;, b;, define the n x n matrices A = diag(a?) and B = diag(b’). 
Applying the first inequality of Corollary 6.3.2 with v = 1/2, we get 


a(I - AVB)"? < (1 - A)? vcr - By”, 
where we have chosen © to be the identity map. In particular, it follows that 
ali — AVB)"? |, < | — a)? vit — By! ||, 


for any unitarily invariant norm || - ||,,. Using the trace norm || - ||; as a special case, we 
obtain 


a)’ s((I - AVB)"?) < }'s,((I A)? VU - B)'”), 
i=1 i=1 
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where s; is the ith singular value. This implies 


which completes the proof. 


Corollary 6.3.4. Let A,B €¢ B(H) be two positive operators such that mI < A, B < MI 
with O < m < M.Iff : [m,M] — [0,0o) is a concave function and v «€ [0,1], then the 
ratio-type inequality 


f(AV,B) < ~(f(A)v,F(B)) (63.8) 


art+Dbp 
i) 


holds, where a = ent | }. Additionally, the following difference-type inequality 
ELM, 


f(AV,B) + BI < f(A)V,f(B) (6.3.9) 


holds, where B = cn et + by - f(t}. 
ELM, 
The reverse inequalities in (6.3.8) and (6.3.9) hold when f is a convex function. 


We conclude this section, by presenting the following simple proof of (6.3.2) and 
some reversed versions. 


n n 
Proposition 6.3.1. Let a,,b, be positive numbers such that > a? <land ¥ be < 1, for 
k=1 k=1 
p€R. Then we have for v € [0,1], 


i Vp a 1p i 1p 
(1 Scqvop | = (1-¥ 4] w(1- Son) Ae (6.3.10) 


k=1 


and 


- Vp fi Vp ii Vp 
(: - Scape < (: = Sat) w(1- 5 Ht) , (wed. (6.3.11) 


k=1 


Proof. For v € [0,1], we define the function 


fv) = (: - 5 capwo) : 
kl 
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Since the summands are linear in v, it is readily seen that f is concave if p > 1 and is 
convex if p < 1. Then both inequalities follow from concavity/convexity of f. 


Notice that when p > 1, the function x ~ x? is convex for x > 0. Therefore, 
avy by. > (a, V,b,)”. This observation together with (6.3.10) imply 


a \/p A 1/p es 1/p 
(1- Sao”) 2 (1-34) w(1- Son) , (p>)). 
k=1 k=1 


k=1 


An elaborated proof of this inequality was given in [185] as an application of (6.3.1). 
Further, in [185], it was shown that this last inequality is equivalent to (6.3.2). 

Notice that convexity of the mapping x +> x”, p > 1 allowed the passage from 
avy by. to (a, V,b;)”. Unfortunately, the same logic does not apply for p < 1. However, 
the following is a more elaborated convexity result. The proof follows immediately 
upon finding the second derivative of the given function. 


Proposition 6.3.2. For the positive numbers a,,b;, < 1and p € R, define the function 


fv) = (1 Searyon’ ) », O<vs<l. 


k=1 
Then f is concave if p > 1, while it is convex if p < 0. 
From this, we have 


n 1p n 
(1- Saeo” ) < (1-5 at) 
k=1 


k=1 


1/p 


nw oNaP 
w(1-¥ of] , (p<0). 
k=1 


Using this inequality with the similar way to the proof of [185, Theorem 2.5], we 
obtain the following reverse of (6.3.2). 


Corollary 6.3.5 (Reverse of scalar Bellman inequality). Let a, a;,, b, by be positive sca- 
n n 

lars satisfying ¥ ay < a? and ¥ by < b?, where p < 0. Then the following reverse of 
k=1 


k=1 
(6.3.2) holds: 


7 1/p r 1/p * 1/p 
(«- Sat) -(w- 51) > («a+ o?- Sa, +b? ) : (6.3.12) 
k=l 


k=1 k=1 


Note that the condition on p < 0 of (6.3.12) is different from that on p > 1 of (6.3.2). 


7 Applications to entropy theory 


Historically, entropy was studied as Clausius entropy in thermodynamics and Boltz- 
mann entropy in statistical physics. In the papers [220], C. E. Shannon introduced in- 
formation entropy as an unit of information (which is used as a bit nowadays) and then 
information theory [36] was established, although von Neumann introduced quantum 
mechanical entropy by a general mathematical form in earlier days [191]. 

In this chapter, we study the mathematical properties on some entropy and diver- 
gence (relative entropy). We give their definitions here. For probability distributions 
P = {P},P>,---,Pn} and q = {q),q)...-.,@,}, Shannon entropy H(p) and relative en- 
tropy D(p|q) are defined by 


n n 
p . 
H(p)=-) p,logp;, D(plq) = > pjlog , 
jel j=l qj 
with convention 0 log 0 = 0 and p; = 0 whenever q; = 0 for some j. Shannon entropy 
is regarded as the weighted arithmetic mean of the self-information — log p;- In [228], 
C. Tsallis introduced the Tsallis entropy, which is one-parameter extension of Shan- 
non entropy, for the analysis of statistical physics. We use the definitions of the Tsallis 
entropy and the Tsallis relative entropy, for example, [86]: 


n n 
H,(p) =-)p; "In, p; D,(plq) = >’ p; “(n, p; - In, gq), 
j=l j=l 
where In, is called r-logarithmic function and defined by In,(x) = = with the pa- 
rameter r € R. It is notable that the inverse function of r-logarithmic function is given 
by r-exponential function defined as exp,(x) = (1+ rx)!" which comes from e* = 
1 


; n ‘ ey Be 
jim, (1+ *) putting r = —. Wealso have famous quantities, the Rényi entropy [205] de- 


1-r ,7 


n n 
fined by R,(p) = 7 log ¥ p; ” and the Rényi relative entropy R,(plq) = + log > p; "qi 
jel jl 


as alternative one-parameter extensions. They recover the usual entropy and diver- 
gence in the limit r > 0, namely 


lim H,(p) = lim R,(p) = H(p) 
r-0 r-0 
and 
lim D,(p|q) = lim R,(plq) = D(p|q), 
r>0 r-0 


since r-logarithmic function In, uniformly converges to the usual logarithmic function 
log in the limit r > 0. 

Analogically, quantum mechanical (noncommutative) entropy and relative en- 
tropy and their one-parameter extended quantities were defined by 


S(p) =-Trlplogp], D(plo) = Tr[p(log p — log o)| (7.0.1) 


https: //doi.org/10.1515/9783110643473-007 
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and 
S,(p) = - Tr[p'? In,p], D,(plo) = Tr[p’ ?(In, p - In, 0)] (7.0.2) 
and 


Ry(p) = 5 lost R,(e|0) = ; log Tr[p" ?0”] 


for density operators (which are self-adjoint positive operators with a unit trace) p 
and o. A sandwiched Rényi relative entropy and its further generalizations are studied 
in [188] and references therein; we do not treat them (and Rényi entropy, Rényi relative 
entropy, a-divergence [5] and sandwiched Rényi relative entropy) in this book. See 
[199] for quantum entropy and [86] for quantum Tsallis relative entropy. 

As J. I. Fujii and E. Kamei introduced the relative operator entropy [52] (see also 
Definition 4.2.2 and it is notable that the similar definition was previously done in 
[16]) by 


S(X|Y) =X" log(x Vx?) x"? 


for X, Y > 0, the Tsallis relative operator entropy 7,,(X|Y) and the Furuta paramet- 
ric relative operator entropy S,,(X|Y) for p < R with p # 0 were defined [240, 93] by 


Ti(X\Yy =X? in, yx )x? (7.0.3) 


and 


SOW a x(x Vx opi tyx xe, (7.0.4) 


We see that lim T,(X|Y) = lim S)(X|Y) = S(X|Y). We also find the above three relative 
p> p> 
operator entropies S(X|Y), T,(X|Y) and S,(X|Y) are special forms of the perspective 


defined in (5.0.1) with log, In, and x? log. In this section, we mainly study to estimate 
the bounds on the relative operator entropies. 


7.1 Some inequalities on the quantum entropies 


In this section, we first recall the quantum Tsallis relative entropy defined in (7.0.2) is 
written by D,(p|o) = ae without the function In,. We also note that D,(-|-) may 
be defined for A,B > O without the condition Tr[A] = Tr[B] = 1. We often use this 
formula generally. 

By the use of spectral decompositions ofp and o and the scalar inequalities ae < 


logx< = for x > O and t > 0, we have the following relations. 


Proposition 7.1.1 (Ruskai-Stillinger [207, 199]). For the density operators p and o, we 
have 
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(i) D,_»(p|0) < Diplo) < Di4p(plo), (O<p<l). 
(ii) Di4p(Pl0) < Diplo) < D,_»(plo), (-l<sp <0). 


As an application of Golden-Thompson inequality (which is treated in Sec- 
tion 6.1), we have the following inequality which states the relation between quantum 
Tsallis relative entropy and the Tsallis relative operator entropy defined in (7.0.3). 


Theorem 7.1.1 ((86]). For 0 < p < 1and anystrictly positive operators with unit trace p 
and o, we have 


D,(pla) < - Tr[T,(plo)]. (71.1) 
Proof. From [114, Theorem 3.4], we have 
Tr[e“g,e7] < Trle® "7 | 
for any p € [0,1] and A, B > 0. Putting A = logp and B = logo, we have 
Tr[pt,o] < Tr[elos? "+l0807) 


Since the Golden-Thompson inequality Tr[e4*®] < Tr{e“e®] holds for any Hermitian 
operators A and B, we have 


Tr[|elos? 080") < Trl” lB") — Tr[p! PoP]. 


Therefore, 


Tr[p!2(p- ap YP pY?] < Tr[p' 20" 


which implies the theorem. 


We have another upper bound of the quantum Tsallis relative entropy for X, Y > 0 
and p € (0,1], 


D,(AIY) < se (7.1.2) 


where A, = 3(A +|Al) and |A| = (A*A)"”? for any operator A. The proof is directly given 
by the use of the inequality for A,B > 0 ands € [0,1], 
Tr[ASB’ S] > 


5 THA +B |A - BI] 
by K.M.R. Audenaert etal. in [13]. 

We give the fundamental properties for quantum Tsallis relative entropy without 
proofs. 


Proposition 7.1.2 ([86]). For p € (0,1] and any density operators p and o, the quantum 
Tsallis relative entropy D,,(p|o) has the following properties: 
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(i) (Nonnegativity) D, (pla) = 0. 
(ii) (Pseudoadditivity) D,(p, ®P|0, ® 02) = D, (0,10) + D, (P2102) + PD, (P1101)Dp(P 210). 
(iii) Joint convexity) Dy Ap; ba Aj0;) < 2, A,Dp(P;0})- 

j j j 


(iv) The quantum Tsallis relative entropy is invariant under the unitary transforma- 
tion U: 
D,(UpU*|UoU") = D, (plo). 


(v) (Monotonicity) For any trace-preserving completely positive linear map ©, 
D,((p)|®(a)) < Dy (plo). 


By the Hélder inequality, 
TrtXY}] < TeX] Tey] (71.3) 


for X,Y > Oands,t > 1 such that : + ; = 1, we obtain the following generalized 
Peierls—Bogoliubov inequality for the quantum Tsallis relative entropy. 


Proposition 7.1.3 ([86]). For X,Y > O andp € (0,1], 
Tr[X] - (Tr[X])! (Trl ¥])? 
> 


Taking the limit p — 0, we recover the original Peierls—Bogoliubov inequality 
[15, 119] from Proposition 7.1.3: 


D,(X\IY) > 


D(X|Y) = Tr[X (log Tr[X] — log Tr[Y])]. 


We also easily find that the right-hand side in inequality of Proposition 7.1.3 is nonneg- 
ative, provided Tr[X] > Tr[Y]. 

We review the maximum quantum entropy principle in Tsallis statistics. See 
[61] for the maximum classical entropy principle in Tsallis statistics. 

In quantum system, the expectation value of a Hermitian matrix (an observable) 
H ina density matrix (a quantum state) X « M (1, C) is written as Tr[XH]. Here, we 
consider the p-expectation value Tr[X!’H] as a generalization of the usual expecta- 
tion value. For -I < X < Iandp € (-1,0)U(0, 1), we denote the p-exponential function 
by exp, (X) = (I+pX )/? First, we impose the following constraint on the maximization 
problem of the quantum Tsallis entropy: 


C, = {X € M,,(n,C) : Tr[X' PH] = O}, 


fora given H ¢€ M,(n, C). We denote a usual matrix norm by ||-||, namely for A ¢ M(n, C) 
andx¢«C", 


|All = max ||Ax|. 
|x||=1 


Then we have the following theorem. 
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Theorem 7.1.2 ([60]). Let Y = op exp,(—H/||H||), where Z, = Trlexp,(—H/||H||)] is of- 
ten called partition function, for H <« M,(n,C) and p «€ (-1,0) U (0,1). IfX € Cy then 
Sp(X) < -Cy In, ih where C, = Tr[X!?]. 


Proof. Since Zp 2 9 and we have In, (x /Y) = In, Yt (In, x })Y? for Y > Oandx > 0, 


P 
we calculate 
Tr[X*? In, Y] = Tr[X"? In, {Z," exp,(-H/I|H)}] 
= Tr[X'?{-H/||H|| + In, Z,"(I - pH/\\HI)}] 
= Tr[X'{In, Z, "I - Z;?H/\\H|}] 


= -1 
=Cp In, Zp ; 


me ieee 
since In, Z, _ ame by the definition of p-logarithmic function In,(-). By the nonneg- 
ativity of the quantum Tsallis relative entropy: 


Tr[X'? In, Y] < Tr[X*? In, X], (71.4) 


we have 


Sp(X) = -Tr[X"? In, X] < -Tr[X"? In, ¥] = -c, In, Z,". 


Regarding the result for a slightly changed constraint, see [60]. Here, we give an 
extension of (4.2.6) without proof. 


Theorem 7.1.3 ((60]). For X,Y >0,q =1land0< p<_1,wehave 
#. = 1 
Dy(X|¥) < -Tr[X In, (X-#2¥9x- 42), (71.5) 


Taking limit p — 0 and putting Y := Y~! (we then assume Y > 0) and then putting 
q = P, (7.1.5) recovers (4.2.2). 

We obtained the lower bound (71.3) of quantum Tsallis relative entropy as the 
generalized Peierls—Bogoliubov inequality. We give another lower bound of quantum 
Tsallis relative entropy under a certain assumption. 


Theorem 7.1.4 ([63]). For X,Y > O and p « (0,1), ifI < Y < X, then we have 
D,(X|Y) > Tr[X*? In, (¥"?x¥-"?)]. (71.6) 


It is notable that the condition X => Y assures the nonnegativity of the right-hand 
side in the inequality (7.1.6). To prove Theorem 71.4, we need the following lemmas. 
Lemma 7.1.1 below is obtained by Corollary 4.2.6. 


Lemma 7.1.1 ([75]). For positive operators X, Y and v «€ (0, 1], we have 


Tr[exp, (X +Y)\< Tr[exp, (X) exp,(Y)]. (7.1.7) 
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The inequality (7.1.7) can be regarded as a kind of one-parameter extension of 
Golden-Thompson inequality for X,Y > 0. Here, we give a slightly different ver- 
sion of a variational expression for the Tsallis relative entropy. It can be proven by the 
similar way to in [58, Theorem 2.1]. 


Lemma 7.1.2 ([63]). For any p € (0,1] and any d € [0, 00), we have the following rela- 
tions: 
(i) IfA,Y > 0, then we have 


ain,( Tr[exp,(A + In, Y)] 


: ) = max{Tr[X' PA] - D,(X|Y) : X > 0, Tr[X] = d}. 


(ii) If X,B > O with Tr[X] = d, then 


D,(X| exp, (B)) = max{Tr[x" 4] din, (Pa ss ) ae of. 


d 


Lemma 7.1.2 can be also regarded as a parametric extension of Lemma 4.2.1 for 
A,B > 0. See [63] for proofs of Lemma 71.1, 7.1.2 and Theorem 7.1.4. 

Closing this section, we give a remark on quantum Pinsker inequality and its 
related result. The quantum Pinsker inequality on quantum relative entropy (diver- 
gence) and similar one are known (see, e. g., [202] and [32], resp.) 


1 
D(plo) = Tr[p(log p — log o)] = 5 Tr[Ip - ol}? 
and 
D(plo) = -21og Tr[p'0"?] > Tr[p'? - o'?)’. 


They give the lower bounds for the quantum relative entropy. We consider here 
the quantum Jeffrey divergence defined by 


J(p|o) = 5{D(pla) + D(oIp)}. 


It is seen that the quantum f-divergence corresponds to the perspective. Since J(p|o) = 
J(o|p), the quantum Jeffrey divergence has a symmetric property. We show the lower 
bound of the quantum Jeffrey divergence. To do so, we use the following well-known 
fact. See [202], for example. 


Lemma 7.1.3. Let € : B(H) — B(K) be a state transformation. For an operator mono- 
tone decreasing function f : [0,0o) — R, the monotonicity holds: 


Dy (plo) = Dy(E()IE(O)); 


where D,(p\o) = Tr[pf(A)(I)] is the quantum f-divergence, with A,,, = A = LR is the 
relative modular operator such as L(A) = oA and R(A) = Ap}. 
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Theorem 7.1.5 ([89]). The quantum Jeffrey divergence has the following lower bound: 


ma 


J (pla) = d(p, 0) los Fn 


Proof. We first we show that 
1 1 
d(p, 0) := 5Trllp — al] = Ip — oh, = IP - Qh = 5 )IPCo - Q@0)] =: dry(P, Q). 


Let A = C*(p, — p>) be commutative C*-algebra generated by p, — p,, and set the map 
E— : M(n,C) — Aas trace preserving, conditional expectation. If we take p, = E(p,) 
and p, = €(p>), then two elements (9, — 97), and (p, — pz)_ of Jordan decomposition of 
P1—P2, are commutative functional calculus of p,—p,, and we have p,—p» = E(p; — pr) = 
E((P1 — 2) — (P1 — P2)_) = E((P1 — P2)4.) -E((P1 — P2)_) = (P1 — P2)4 — (P1 — P2)- = P1-P2 
which implies ||p — o||, = ||P — Ql. 

By Lemma 71.3, [217, Proposition 4] and ||p — o||, = ||P — Ql,, we have 


14+ dy/(P, Q) 1+ d(p, 0) 
0) 2 JP) = dy Ps chlog( H8P-D si, o)1og( 282-21) 
J (plo) = J(P|Q) = dry(P, Q) log 1—dry(P,0) (p, 0) log i-d(p,0) 
Here, we note that f(t) = s(t -—1)logt is operator convex (since tlogt is opera- 


tor convex and log t is operator concave on (0, co)) which is equivalent to operator 
monotone decreasing and we have Di(4) logt (P12) = J(pla), since (Ag, log Agy)(Y) = 


aloga(Y)p | - op‘ logp(Y). 


7.2 Karamata inequalities and applications 


We start by recalling some well-known notions which will be used in this section. Let 
X = (X,,...,X,) and y = (y;;...,Y¥,) be two finite sequences of real numbers, and let 
X, > +++ > Xy, V, 2 +++ = Y, denote the components of x and y in decreasing order, 
respectively. The n-tuple y is said to majorize x (or x is to be majorized by y) in symbols 
x <y, if 


k k n n 
Yus Vy; holds fork =1,...,.n-1, and Vxui= Vv. 
i=l i=l i=1 i=1 


We start with an elegant result as part of the motivation for this section. 


Theorem 7.2.1 (Karamata inequality [125]). Let f : J — R be a convex function and 
X = (Xy,.--5Xy)s V = (Vp---> Vpn) De two n-tuples such that x;,y; € J (i =1,...,n). Then 


K<ye ) f(x) < VF). 
isl 


i=1 
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The following extension of majorization theorem is due to Fuchs [48]. 


Theorem 7.2.2 ([48]). Let f : J — R be a convex function, X = (X%,...:X%,), V = 
(Y1,--->Yn) two decreasing n-tuples such that x;,y; € J (i = 1,...,n) and p = (pj,...;Dn) 
be areal n-tuple such that 


k k n n 
> Dix; < Y pi (k=1,...,n-1) and Y Dix; = Y Divi- (7.2.1) 
i= i=l i=l i=l 
Then 
n n 
Y pif (x) < ¥ pif). (7.2.2) 
i=l i=l 


The conditions (7.2.1) are often called p-majorization [33]. See also [151, Section A 
in Chapter 14]. As an application of Theorem 7.2.2, we have the following inequality 
related to mth moment: 


n n 
Y pig -*)" < pili -y)"™, 
i=1 i=l 


where X = y p;xX; and y = y Djy;- Indeed, this case satisfies the conditions (7.2.1) and 


the furiction f (x) = (x- an is convex for m > 1. 
In this section, we show a complementary inequality to Karamata inequality. 
Let f be a convex function on the interval [m, M], and let (Aj,...,A,), (B,,...,B,) be 
two n-tuples of self-adjoint operators with mI < A;, B; < MI (i = 1,...,n) and let 
n 

Pv ..+5Dn be positive numbers with 2 DP; = 1. We prove, among other inequalities, if 
i=1 

2 PAs = 7 > Pb then fora given a > 0, 


¥ pif) <B+ a pif (Bi), 
i=l i=l 


where B = pices nae + by — af (t)} with ap = fu) Fm) » by = Mimi Some appli- 


cations iid nie are given as well. The following notation is used throughout this 
book: 


_ FM) - fn) _ Mf) - mf) 
tam 8 


We now state our first result in this section. 
Theorem 7.2.3 ([81]). Let f : [m,M] — R be a convex function, x;,y; € [m,M] (i = 
n n n 
.,n), and pj,...,Dy be positive numbers with > p; = 1. If ¥. p;x; = ¥ py; then for a 
i= i= i=l 


givena> 0, 


Vi pf) <B+a) pf), (7.2.3) 
i=1 i=1 
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where 
p= max tart + bp — af (t)}. (7.2.4) 
Proof. Since f is a convex function, for any t € [m, M] we can write 
f(t) < apt + Dy. (7.2.5) 
By choosing t = y; in (7.2.5), we get 
fi) < apy; + by. (7.2.6) 


Multiplying (7.2.6) by p; (i = 1,...,) and then summing over i from 1 to n, we have 


Y pf) < af ye Vi + by. 


i=1 


Where for a given a > 0, 


Y pf - a) pits ) <a Yo + by - a) pits ) 


i=1 


n 
< a Yo Dee of( 3:0) (7.2.7) 
i=1 


i=1 


= Af yp, Vi + by - of( 5:00) (7.2.8) 


i=1 
< max {art +b; -af(b}, 
max | f f f( I} 


mney in (72. 7) we used the Jensen inequality, and (7.2.8) follows from the fact that 


d Pa = pi 


Remark 7.2.1. 
k 
(i) It is worth emphasizing that we have not used the condition 3 DiX; < Y py; (k = 
i=1 i=1 
1,...,n—1) in Theorem 7.2.3. 


n 
(ii) If one chooses x, = x, =--- =X, = ¥ p,y; in Theorem 7.2.3, then we deduce 
i=1 


pf) < B+ of( $00) 
i=1 i=1 


Actually, Theorem 7.2.3 can be regarded as an extension of the reverse of Jensen 
inequality. 
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By choosing appropriate a and f, we obtain the following result. 
Corollary 7.2.1. Let f : [m,M] — (0,00) be a convex function, x;,y; € [m,M] (i = 
n n n 
., 1, and py,...,Dn be positive numbers with ¥ p; = 1. If ¥. pix; = ¥. piy;, then 
i=1 i=l i=l 


n n 
Y pf) < Kn, f) ¥ pf), (7.2.9) 
i=1 i=1 
where K(m, M, f) = max{ ea : t € [m, M]} which is just same to (5.2.11). Additionally, 
n n 
Y pf) < CmM,f) + Y pif), (7.2.10) 
i=l i=l 


where C(m, M, f) = max{agt + by — f(t) : t € [m, M]}. 

Remark 7.2.2. We relax the condition 5 D;X; = : pjy; in Theorem 7.2.3 and Corollary 
i=1 

7.2.1 to y DiX;i < Dp p,y;. But we impose on the monotone decreasingness to the function 

f.We keep the piles conditions as they are. Then we also have the inequalities (7.2.3), 


(7.2.9) and (7.2.10). 
Let 0 < € « 1. We here set m = €, M = 1, f(t) = -logt, y; = q; and x; = p; 


: _ loge t-1, _ loge : : 
in ee 7.2.1. Then K(e, 1, -log) = carci e-! Wee = = 7 > O, since the function 
a ; is monotone increasing on ¢ € (0,1) and lim j ont 7 = 1. We also find C(e,1, — log) = 
max g(t), where g(t) = loge (1-t)+log t. By easy aera we have g Oe i= loge 
ésts 


and g(t) = -t" 2 < 0, we thus find g(t) takes a maximum value at t = ine 1 and it is 
C(e,1,—log) = 3(j= oe) = = -—log loge + loge 1 = log S(e), where S(h) is Specht ratio given 
in [223]. 


n n 
Under the assumption ¥ D; < ¥ piq; with y q; = 1, we thus obtain the reverses 
i=1 i=1 i=1 
of information inequality: 


n n n 
(= =) pilosa, <- Ypilogp;, - > pjlogq; - log S(e) < -) p;logp;. (7.2.11) 


i=1 i=1 i=1 
Both inequalities give the reverse of information inequality (Shannon inequal- 
ity) [36]: 
n n 
H(p) = — ) p;logp; < - ¥ pj log q. (7.2.12) 
i=l i=l 
It may be ae that {p,,)2,p3} = {3 , +} and {q1, 42,43} = {2,4 5? 3} satisfy the condi- 
1 


3 
tion x Pi = 2 Pidi> and also {P1,P2P3} = _ {i.4 5} and {q1, 92 q3} = {> 10? 4} satisfy 
i=1 


the condition y p < y D;q;, for example. 
i=1 i=1 
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Similarly, we set m = e, M = 1, f(t) = -logt, y; = p; and x; = q; in Corollary 7.2.1. 
Then we obtain the following inequalities: 


n lo € n n 
- ¥' pi logp; < - (ee s 5) de logg; —) pjlogp; < logS(e)- Y p;logq;, (7.2.13) 
i=1 i=1 


loge € 


under the assumption 2 Did < 2 D;. Since <> 
=1 


> 1forO < e€ < 1and logS(e) is 

decreasing on 0 < € < 1 and log S(e) > O with limlog S(e) = oo and limlog S(e) = 0 
€ 

both inequalities above do not refine the fifesiation inequality given in (7.2.12). 


In the following, we aim to extend Theorem 7.2.3 to the Hilbert space operators. 
To do this end, we need the following lemma. 


Lemma 7.2.1. Let f : J — R be aconvex function, A; € B(H),, (i = 1,...,n) with the 
spectra in J, and let ®; : B(H) > B(K), (i = 1,...,n) be positive linear maps such that 


n 
» ;(14,) = I. Then for each unit vector x € K, 
i=l 


i ¥:ocaynx ) < $:o(ftanynx ) (7.2.14) 


i=1 i=1 


Proof. It is well known that if f is a convex function on an interval J, then for each 
point (s, f(s)), there exists a real number C, such that 


f(s) +C,(t-s)<f(), forallte¢J. (7.2.15) 


(Of course, if f is differentiable at s, then C, = f '(s).) Fix s € J. Since J contains the 
spectra of the A; fori = 1,...,n, we may replace t in the above inequality by A;, viaa 
functional calculus to get f(s)I + C,A; - C,sI < f(A;). Applying the positive linear maps 
@; and summing on i from 1 to n, this implies 


f(s) + C, )' @;(A;) - C.sI < ¥ ®;(F(A))). (7.2.16) 
i=1 i=1 


The inequality (7.2.16) easily implies, for each unit vector x € K, 


f(s)+C, S:o1aynx ) -Cs<(> OFA (7.2.17) 


i=1 i=1 


n n 
On the other hand, since ¥ ®;(1) = I we have (>| ®,(A;)x, x) € J with each unit vector 
i=l i 


i=1 


n 
x € K. Therefore, we may replace s by (> ®,(A;)x, x) in (7.2.17). This yields (7.2.14). 
i=l 


Our promised generalization of Theorem 7.2.3 can be stated as follows. 
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Theorem 7.2.4. Let f : [m,M] — R be a convex function, A,,B; € B(H),, (i = 1,...,n) 
with the spectra in [m, M], and let ®; : B(H) > B(X), (i = 1,...,n) be positive linear 


n n n 
maps such that ¥ ®,(I) = I. If ¥ ®,(A;) = } ®,(B;), then for a given a > 0, 
i=1 i=1 ti 


Y (F(A) s B+ a> O,(F(B;)), 
i=1 i=1 


where B is defined as in (7.2.4). 
Proof. It follows from the inequality (7.2.5) that f(A;) < aA; + bel. Applying positive 


n n 
linear maps ©; and summing, we obtain )’ ®,(f(A;)) < a¢ >); D;(A;) + byI. For each unit 
h i=1 : i=1 
vector x € K, we thus have (> @;(f(A)))x,x) < ar ( ¥ ;(4))x,x) + br. Where for a 
i=l i=l 
given a> 0, 


So(7tayynx -a $:o(7cay)xx 


i=1 i=1 


S af So14ynx + bp - uf $:oa9x.) (7.2.18) 


i=l i=1 


= af S:o1aynx ) ob by = uf ¥:o¢aynx ) < B, (7.2.19) 


i=l i=1 
where for the inequality (7.2.18) we have used Lemma 7.2.1, and the equality in (7.2.19) 
n n 
follows from the fact that )) ©,(A;) = ¥ ®,(B;). Consequently, 
i=1 i=l 


(¥ (Flan ) <Bt+ a( $.0(718))%x 


for each unit vector x € K. 


Remark 7.2.3. If f : [m,M] — Ris a concave function, then the reverse inequalities 
are valid in Theorems 7.2.3 and 7.2.4 with B = min {agt + by — af (b}. 
te[m,M] 


Remark 7.2.4. In Theorem 7.2.4, we put m = 0, M = 1, f(t) = tlogt,n = land ®, = 


aS Tr. Tr : B(H) > Risa usual trace. Since jim. tlogt = O, we use the usual con- 
H+ 


vention f(0) = 0 in standard information theory [36]. Then we have a jog¢ = Drtogt = 0 
and B = max(—at log t) = 2 by easy computations. Therefore, for two positive opera- 
<ts 


n n 

tors p, o satisfying Tr[p] = Tr[o] = 1(then the condition }' ®;(A;) = ¥ ®,(B;) is trivially 
i=1 i=1 

satisfied), we have the following interesting inequality under the assumption: 


aS(o) < S(p) + - dimH, (a>0), (7.2.20) 
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where S(p) defined in (7.0.1) is von Neumann entropy (quantum entropy) [195] for 

a self-adjoint positive operator p with unit trace. The inequality recovers the nonneg- 

ativity S(p) = 0, which is a fundamental property of von Neumann entropy, by taking 

a = 0. Also we obtain the inequality: 

dim H. 
at 


|S(p) - S(o)| < (7.2.21) 


by taking a = 1 in (7.2.20) and performing a replacement p and o. It may be interesting 
to compare the inequality given (7.2.21) and the weaker version of Fannes inequality 
[195, equation (11.45): 


|S(p) - S(o)| < Tr{|p ~ o|] log dim #4 + - (72.22) 


If the dimension of Hilbert space H is large,then the upper bound of (7.2.22) is triv- 
ially tighter than one of (7.2.21). When dimH = 1, both upper bounds coincide. For 
example, for the simple case Tr[|p — o|] = 1, the upper bound of (7.2.21) is tighter than 
one of (7.2.22) when dim H._ < 5, while the upper bound of (7.2.22) is tighter than one 
of (7.2.21) when dim H = 6. As a conclusion, the inequality (7.2.22) gives tighter upper 
bound than ours in almost cases. That is, our inequality (7.2.21) gives a refinement for 
the weaker version of Fannes’s inequality for only special cases. 


It is notable that a sharp Fannes-type inequality for the von Neumann entropy was 
given in [12] by K.M.R. Audenaert. The method given in Remark 7.2.4 is applicable to 
a generalized function in the following. 

1-r 


Remark 7.2.5. We use same setting in Remark 7.2.4 except for the function f,(t) = ce 


fort > OandO <r <1. Note that lim f,(t) = tlogtsof,(t) is a parametric generalization 
re 


of the function t log t used in Remark 7.2.4. We easily find f’"(t) = (1-r)t"’ > Oand 
ay = by = 0. Then B = MaX 8;,q(t), where g,,(t) = “(t'’ -t). By easy computations, we 
( % ¥ K< < » | 
have g7 4(t) = £{(1-r)t - 1} and g7/,(t) = -a(1- rt" < 0. Thus g, , takes maximum 
att=(1- ri and B = g,4((1- ri) = a(1-r) a By Theorem 7.2.4, we thus have 
aS,(a) <S,(p)+a(l—-r)7 dimu, (a>0,0<r<}), (7.2.23) 


where S,(p) defined in (7.0.2) is often called quantum Tsallis entropy. See [58, 60], 
for example. The inequality (7.2.23) recovers the inequality (7.2.20) in the limit r — 0, 
since lim S,(p) = S(p) and lim(1 -r)r = i. Thus we have the nonnegativity S,(0) > 0 
by taking a = O and the inequality: 


|S,(p) - S,(a)| < (1 - rr dim 1. (7.2.24) 


by taking a = 1 and performing a replacement p and o. The inequality (7.2.24) recovers 
the inequality (7.2.21), taking the limit of r > 0. 


See [88] for a generalized Fannes inequality using a parameter of quantum Tsallis 
entropy S,(p). 
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7.3 Relative operator entropy 


The relation between relative operator entropy S(A|B) and Tsallis relative operator en- 
tropy T,,(A|B) was considered in [87, 246], as follows: 


A-AB"A <T_,(A|B) < S(A|B) < T,(A|B) < B-A. (73.1) 


The main result of the present section is a set of bounds that are complementary 
to (7.3.1). Some of our inequalities improve well-known ones. We also prove a reverse 
inequality involving Tsallis relative operator entropy T,,(A|B). 


7.3.1 Refined bounds for relative operator entropies 
Animportant ingredient in our approach is the following. Let f be a convex function on 


[a, b] ¢ R. Then the well-known Hermite-Hadamard inequality can be expressed 
as 


b 
a+b 1 f(a) +f(d) 
f( ; )s gag [foae (73.2) 


The following theorem gives a considerable refinement of (7.3.1). 


Theorem 7.3.1 ((176]). For any invertible positive operator A and B such that A < B, and 
p € (0,1], we have 


1 1 p-1 
1f/A 2BA 24+] SUF 5. 1 
a(S est ) (A ?BA? —I)A? < T,(A|B) 
1 
< 5 AlpB - Al, 1B + BA). (73.3) 


Proof. Consider the function f(t) = t?"', p € (0,1). It is easy to check that f(t) is convex 
on [1, co). Bearing in mind the fact 


; p 
| dt = Sec 
: Dp 


and utilizing the left-hand side of the Hermite-Hadamard inequality, one can see that 


p-1 
(7 =") (x-1)< — A (73.4) 


where x > 1and p € (0,1). On the other hand, it follows from the right-hand side of 
the Hermite-Hadamard inequality that 


D_ —1 
aioe (= te 1), (73.5) 
p 2 
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for each x > 1 and p € (0,1). Replacing x by A->BA~? in (7.3.4) and (7.3.5), and multi- 
1 
plying A? on both sides, we get the desired result (7.3.3). 


Remark 7.3.1. Simple calculation gives for all x = 1 and p € (0, 1], 


p-1 Dp p-1 
0<1 -<(S) (x ee ~<(4 te 1<x-1, (7.3.6) 
Xx 2 p 2 


which means 


pac a1 
0<A-AB™A <ai(S eset 


Nie 


p-1 
1 1 
) (A-2BA2-I)A 
1 
< T,(AIB) < 5(AtpB - At .B + B- A) < B-A, 
forO0 < A < Band p € (0,1]. Therefore, our inequalities (7.3.3) improve the inequalities 
(7.3.1) for the caseO < A<B. 


Concerning (73.6), the readers may have interests in the following estimations [68, 
Lemma 1]. 
(i) Forp € [1/2,1], a € [-1,0) U (0, 1] and x = 1, we have 


1 x?-1 Ax-1) | AxX*-1) x*-1 x-1 xP-1 
< < < <logx< < < <x-1. 


O<1 < < 
x —p X41 ~ a(x*+1) axel2 ~  /x p 


(ii) For p € [1/2,1], a € [-1,0) U (0,1] and 0 < x < 1, we have 


-p a a - D_ 
(eee ee 1x 1) 2(x Date se eee cee: 
x -p vx 7 axal2 a(x®+1)~ x41 p 
See [68, Remark 2] for the case 0 < p < 1/2. 
Proposition 7.3.1. For x > 1and 5 <p<il, 
p-1 
x-1 x+1 
< xX -1). 73.7 
vx ( 2 ) ven) oe 
Proof. In order to prove (7.3.7), we set the function fy (x) = is - R where x > 1 


df,(x) = af, (x) 
DT Cy Pn), 


fp) = fiy200 = sane > 0 for x = 1. Therefore, we have the inequality (7.3.7). 


and 5 < p < 1. Since > 0 for x > 1. Thus, we have 


Remark 7.3.2. The first inequality (7.3.3) gives tight lower bound for the Tsallis relative 
operator entropy T,,(A|B) more than the eighth inequality in [68, Theorem 2.8 (i)], due 
to Proposition 7.3.1. 
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Corollary 7.3.1. ForO < B< Aandp € (0,1), we have 
1 
AtyB— Aty..B < 5(AtyB - Aly .B + BA) < T,(AIB) 


(ae +1 


p-1 
<A : ) (A-2BA-? — IA? < Aty,;B- At,B < 0. 


Proof. Put t = = < 1in the inequalities (7.3.6). 


7 
x 


Remark 7.3.3. By numerical computations, we do not have ordering between c= 
(x — 1) and a0 forO <x <1and 5 < p <1s0 that there is no ordering between the 


second inequality in Corollary 7.3.1 and the sixth inequality in [68, Theorem 2.8(ii)]. 


)x 


Theorem 7.3.2 ([176]). ForO < A < Bandp é (0,1], we have the following inequali- 
ties: 


L,(A,B) + K,(A,B) < T,(AIB) < R,(A,B) + K, (A,B), (73.8) 
and 

J(A,B) — 2R,(A, B) < Ty(A|B) < J,(A, B) — 2Ly(A, B), (7.3.9) 
where 


UV2pA-V2 47 


p-1 
K,(A,B) = ae(2 : ) (a'2Bat _ yal? 


Jp(A.B) = 5(AtpB - Aty 1B +B-A) 
L,(A,B) = aaa —1)(p - 2)(At,B - 3Aty_,B + 3Al)_2B - Ally-3B), 
R, (A,B) = a — 1)(p — 2)(At3B — 3A B + 3B - A). 
Proof. According to [193, Theorem 1](or [194, Lemma 1.10.4]), iff : [a, b] ~ Risatwice 


differentiable function that there exists real constants m and M so that m < f” < M, 
then 


b 


(b- ay’ 1 a+b (b- ay’ 
moo" < pa fa f( ’ )<m _ (73.10) 
me ay : f(a) +f(b) 1 i fit)dt < ay -a)’ ais 
1207 2 b-a a a ee 


a 


Putting f(t) = t? | with p € (0,1) anda = 1, b = x in the above inequalities, then we 
have the desired results by a similar way to the proof of Theorem 7.3.1. 


7.3 Relative operator entropy —— 213 


Remark 7.3.4. The first inequality of (7.3.8) and the second inequality of (7.3.9) give 

tighter bounds of Tsallis relative entropy T,,(A|B) than those in the inequalities (7.3.3), 

because of the following reasons: 

(i) The first inequality of (7.3.10) gives tight lower bound more than the first inequality 
of the Hermite—Hadamard’s inequality (7.3.2). 

(ii) The first inequality of (7.3.11) gives tight upper bound more than the second in- 
equality of the Hermite—Hadamard’s inequality (7.3.2). 


As we mentioned in (7.3.1), we have the inequalities [87] as a part of (7.3.1): 
A-AB'A< T,,(A|B) <B-A, (7.3.12) 
for A,B > Oandp € [-1,0) U (0,1] and lim T,(A|B) = S(A|B). In the sequel, we give 
p- 


precise bounds related to (7.3.12). We start with the following known properties of the 
Tsallis relative operator entropy. See [120, Theorem 1] or [121, Theorem 2.5(ii)] for ex- 
ample. 


Proposition 7.3.2. For A,B > 0 and p,q € [-1,0) U (0, 1] with p < q, we have 
T,,(A|B) < T,(A\B). 


This proposition can be proven by the monotone increasingness of x on p « 
[-1, 0) U (0, 1] for any x > 0, and implies the following inequalities (which include the 
inequalities (7.3.12)) [240]: 


A-AB™'A = T_,(A|B) < T_,(A|B) < S(AIB) < T,(AIB) < T,(A|B) = B- A 


for A,B > Oand p € (0, 1]. The general results were established in [197] by the notion of 
perspective functions. In addition, the interesting and significant results for relative 
operator entropy were given in [44] for the case B > A. In this subsection, we treat 
the relations on the Tsallis relative operator entropy under the assumption such that 
0<A<Bor0<B<A. 

The inequalities given in Theorem 7.3.1 of Subsection 7.3.1 are improvements of the 
inequalities (7.3.12). In the present subsection, we give the alternative bounds for the 
Tsallis relative operator entropy. The condition A < Bin Theorem 7.3.1 can be modified 
by uA < B < vA with u = 1 so that we use this style (which is often called a sandwich 
condition) in the present section. Note that the condition uA < B < vAwithu = 1 
includes the condition A < Bas a special case, also the condition uA < B < vA with 
v < 1lincludes the condition B < Aas a special case. 


Theorem 7.3.3 ((78]). For A,B > O such that uA < B < vAwithu,v > Oand-1<p<1 
with p # 0, we have 


S(AIB) + S,(AIB) 
S,/2(AIB) < T,(AIB) < ——>——,,. (u2 0). (7.3.13) 


If v < 1, then the reverse inequalities in (7.3.13) hold. 
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Proof. For x > 1and -1 < p < 1 with p ¢ 0, we define the function f(t) = x?‘ log x on 
2 

0 <t<1. Since oro = p*x?'(log x)° > 0 for x > 1, the function f(t) is convex on t, for 

the case x > 1. Thus we have 


< 


x" logx < 


Dp _ 7 
zt (7 =) og x (73.14) 


by Hermite-Hadamard inequality, since [o f(t)dt = x, Note thatl < ul < 
A-/?BA-'? < yI from the condition u > 1. By Kubo-Ando theory [137], it is known 
that for the representing function f,,(x) = 1mx for operator mean m, the scalar in- 
equality f,,(x) < f,00), (x > 0) is equivalent to the operator inequality AmB < AnB for 
all strictly positive operators A and B. Thus we have the inequality 


A2(A Ba 2p? log(A "BA Y?) a"? 


: At,B-A 
Dp 
: Al log(A~Y?BA-Y2) al? " AY2(q-¥2Ba-¥2yp log(A-Y?BA-Y2) al? 


2 


by the inequality (7.3.14). The reverse inequalities for the case v < 1 can be similarly 
shown by the concavity of the function f(t) on t, for the case O < x < 1, taking into 
account the condition 0 < ul < A-Y?BA~"? < vI <I. 


We note that both side in the inequalities (7.3.13) and their reverses converge to 
S(A|B) in the limit p — 0. From the proof of Theorem 7.3.3, for strictly positive operators 
A and B, we see the following interesting relation between the Tsallis relative operator 
entropy T,,(A|B) and the generalized relative operator entropy S,(A|B), 


1 
| SelB) dt = T,(AIB). 
0) 


Remark 7.3.5. Let A and B be strictly positive operators such that uA < B < vA with 
u,v > O and let -1 < p < 1 with p # O. For the case 0 < p< land u > 1, we see 


S(A|B) + S,(A|B) 
2 


S(AIB) < Sy(AIB) < Tp(AIB) < < S,(AIB) 


from the inequalities (7.3.13), since x? log x is monotone increasing on 0 < p < land 
**1) logx < x? logx forx > landO < p < 1. For thecase -1 < p < Oandv < 1, 
we also see that the reverse inequalities hold since x? log x is monotone increasing on 


-1 <p < Oand (*) logx > x? logx for 0 < x <1and-1<p<0. 


Remark 7.3.6. We compare the bounds of va in the inequalities (7.3.13) with the re- 
sult given in [176]: 


p-1 Dp _ p-1 
(=) (x ns s(* =) 1), (x21,0<ps<)). 
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(i) We have no ordering between x?” log x and (yx -1). 


wh) log x and (AY -1). 


(ii) We have no ordering between ( 


Therefore, we claim Theorem 7.3.3 is not trivial result. 


We can give further relations on Tsallis relative operator entropy. However, we 
omit the proof, since it is not so difficult (but complicated) computations. See [78] for 
the proof. 


Theorem 7.3.4 ([78]). For A,B > Osuch thatuA < B< vAwithu>1and-1<p<1with 
p # 0, we have 


T)(AIB) ~ Ty (IB) _ ofr (a4 = - (a4 2 
2 z 1 ea a a 2 


_ TplAIB) - T(AIB) _ Tp (AIB) ~ Tp (AIB) _ Ag,(B A) 
< pat < 5 + 5 ; 


Remark 7.3.7. By [78, Remark 2.7], we conclude that there is no ordering between The- 
orem 7.3.4 and Theorem 7.3.1. We thus claim Theorem 7.3.4 is also not a trivial result. 


Taking the limit p — 0 in Theorem 7.3.4, we have the following corollary. 


Corollary 7.3.2. For strictly positive operators A and Bsuch thatuA < B < vAwithu > 1, 
we have 


S(A|B) — T_,(A|B) <4{s(a|-=*) 7,(4|*)| 


2 


S(AIB) ~ T(AIB) | Alp(B ~ A) 


< T,(A|B) — S(A|B) < 5) 4 


Based on the inequalities obtained in this subsection, in relation to Proposi- 
tion 7.3.2, we can discuss on monotonicity for the parameter of relative operator 
entropies and for the weighted parameter of weighted operator means. See [78] for the 
interested readers. 


7.3.2 Reverses to information monotonicity inequality 


As we stated in Chapter 2, we have the following Zuo-Liao inequality with Kan- 
torovich constant K(-). 


Proposition 7.3.3. For A,B > such thatA < h'A< B<hAor0<hA<B<h'A<A,we 
have 


K'(h')At)B < AV,B < K*(M)AtyB, (73.15) 


where p € [0,1], r = min{p,1- p}, R = max{p,1- p}. 
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The Ando inequality [6, Theorem 3] says that if A, B > 0 and is a positive linear 
map, then 


D(At,B) < P(A), P(B), pp € [0,1]. (7.3.16) 


Concerning inequality (7.3.16), we have the following corollary. 


Corollary 7.3.3. For A,B > O such that A <h'A<B<hAor0<hA<B<h'A<A,and 
a positive linear map ® on B(H), we have 


K’(h') 


Key te) = 


ip —__ O(AV,B) < ®(A)t,P(B) 


K¥(h) 
<a AY B)< Ray At), (7.3.17) 


where p € [0,1], r = min{p, 1 — p} and R = max{p, 1 — p}. 


Proof. If we apply a positive linear map © in (7.3.15), we infer 
K"(h')®(At,B) < ®(AV,B) < K*(h)®(At,B). (7.3.18) 
On the other hand, if we take A = (A) and B = ®(B) in (73.15) we can write 
K"(h’ )®(A)t,®(B) < P(AV,B) < K*(h)®(A)t,B(B). (7.3.19) 


Now, combining inequality (7.3.18) and (7.3.19), we deduce the desired inequalities 
(7.3.17). 


Remark 7.3.8. By virtue of a generalized Kantorovich constant K(h, p) defined in 
(2.0.8), in the matrix setting, J.-C. Bourin etal. in [29, Theorem 6] gave the following 
reverse of Ando inequality for a positive linear map: 

For A, B > 0 such that mA < B < MA, and a positive linear map ®, we have 


@(A)t,P(B) < —_— O(At,B), pp € [0,1], (7.3.20) 


K a D) 
where h = The above result naturally extends one proved in Lee [138, Theorem 4] 
for p = 5 

rat mn is not better than Kip 
the estimate (7.3.20), see [29, Lemma 7]. However, our bounds on (A) t,,(B) are cal- 

culated by the original Kantorovich constant K(h) without the generalized one K(h, p). 
It is also interesting our bounds on (A) t,P(B) are expressed by @(AV,B) with only 
one constant either h or h’. 


ain course, the constant 


. Concerning the sharpness of 


After discussion on inequalities related to the operator mean with a positive linear 
map, we give a result on Tsallis relative operator entropy (which is the main theme in 
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this section) with a positive linear map. It is well known that Tsallis relative operator 
entropy enjoys the following information monotonicity for -1 < p < 1 with p # 0 
and a normalized positive linear map ® on B(H) (see [87, Proposition 2.3 ] and [54, 
Theorem 3.1]): 


®(T,(AIB)) < T,(®(A)|(B)). (73.21) 
Utilizing (2.1.1), we have the following counterpart of (7.3.21): 
Theorem 7.3.5 ([176]). For A,B > 0 and a normalized positive linear map ® on B(H), 
we have 
2r 
rice — D(A) fD(B)) + T,(P(A)|@(B)) 
< @(B-A)< = (ove) — @(AfB)) + ®(T,(AIB)), (73.22) 


where p € (0, 1], r = min{p, 1 — p} and R = max{p, 1 - p}. 
If A,B > 0, then 
Tr[A — B] < D,(A|B) < -Tr[T,(A|B)],  p € (0,1). (7.3.23) 


Note that the first inequality of (73.23) is due to T. Furuta [96, Proposition F] and the 
second inequality is due to S. Furuichi et al. [86, Theorem 2.2]. As a direct consequence 
of Theorem 73.5 with ®(X) = atl for X € B(H), we have the following interesting 
relation by the use of the generalized Peierls—Bogoliubov inequality, Proposition 7.1.3. 
The first inequality in (7.3.24) below gives a reverse to (7.3.23). The second inequality 


in (73.24) below gives a refinement of the first inequality in (7.3.23). 


Corollary 7.3.4. For A,B > 0, we have 


= Tr[AtB — AVB] - Tr[T,,(A|B)] 
< Tr[A - B] < > (tial Tr[B] — Tr[A]V Tr[B]) + D,(AIB), (7.3.24) 


where p € (0, 1], r = min{p, 1 - p} and R = max{p, 1 - p}. 


We give here further reverse inequalities to the information monotonicity inequal- 
ity given in (7.3.21). T. Furuta proved in [96, Theorem 2.1] the following two reverse in- 
equalities involving Tsallis relative operator entropy T,,(A|B) via the generalized Kan- 
torovich constant K(h, p): 

For A,B > O, such that 0 < mj1z, < A < M,1,, and0O < mlz, < B < My1y, 
(1,, represents an identity operator on 1), and a normalized positive linear map ® on 
B(H), we have 


T,(®(A)|®(B)) < ( ee Joa, ow) + O(T,(AIB)), 
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and 
T,,(®(A)|®(B)) < F(h, p)®(A) + ®(T,(AIB)), 
where 
m? (hP -h z. 
FOp) = "—(F—)aa- Key"), 
with m = ce M= ae h= a and p € (0,1). There are a few other results in this 


direction; see, for example, [95, 176]. In the sequel, we give alternative bounds for two 
Furuta’s inequalities above. 

In Theorem 7.3.22, we presented a counterpart of (7.3.21). We here present alter- 
native reverse inequalities of (7.3.21) and give a kind of reverse to the Lowner—Heinz 
inequality. Our main idea and technical tool are Lemma 7.3.1 below. Most of the results 
below are rather straightforward consequences of Lemma 7.3.1. The following lemma 
plays a crucial role in those proofs. 


Lemma 7.3.1. LetO<m<1<t<M. 
(i) Ifp <1with p # 0, then 


tP-1 


M?\(t-1) < < m?(t-1). (7.3.25) 


(ii) Ifp = 1, then 
tP -1 


m?\(t -1) < < M?"\(t -1). (7.3.26) 


Proof. Take an intervalJ c Rand assume that f : J — Risa continuous differentiable 
function such that a < f’(t) < B for any t < J where a,f € R. It is an evident fact that 
two functions g,(t) = f(t) —at and p(t) = ft —f(t) are monotone increasing functions, 
that is, 


Aes 8q(A) < Bq(b) i. | f(a) - aa < f(b) - ab Roe 


(a) < &p(D) Ba - f(a) < Bb -f(b), 


for any a,b € [m,M] cJ whereO <m<M. 
Letting f(x) = x? with x ¢ [m, M] and 0 < p <1, alittle calculation leads to 


a? — pM?'a < b? — pM?'b 
O<msa<sbsMa (7.3.28) 
pm?-'a— a? < pmb — BP. 
Dividing the both sides in two inequalities given in (7.3.28) by a? and taking t = 2 we 
get 
M poy Ge hea 
a PP -1<p(™)P(t-2). 
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Setting = and u equal to m and M, respectively, we obtain the desired inequalities in 
(7.3.25). For the case of p < 0, since f(x) = x? is decreasing and we find a = pm?! and 
B = pM? ' in the setting of g,(t) = f(t)—at and S(t) = bt—f(t), we get similarly (7.3.28) 
which implies (7.3.25). 

For the case of p > 1, since f(x) = x? is increasing and we find a = pm”! and 
p= pMP! in the setting of g,(t) = f(t) — at and Salt) = Bt — f(t), we get similarly 


a? — pm?"!a < b? —- pmb 


O<msach<M= | pM? — a? < pM?b — BP. 


This implies the inequalities (7.3.26). 


From the preceding result, one may derive an interesting operator inequality. 


Theorem 7.3.6 ([175]). For A,B > O such that 0 < mA < A< B< MAand anormalized 
positive linear map © on B(H), we have: 
(i) If-1<p <1with p + 0, then 


T)(@(A)|®(B)) < &(T,,(A|B)) + (m?* — M?"')@(B - A). (7.3.29) 
(ii) If1 <p <2,then 
®(T,,(A|B)) < T,,(®(A)|@(B)) + (M?* — m?)@(B - A). (7.3.30) 
Proof. On account of the first inequality in (7.3.25), we infer that 
M?'@(B - A) < O(T,(AIB)), 
and the second one gives 
T,,(@(A)|@(B)) < m?'O(B - A). 


Combining above two inequalities with the information monotonicity inequality 
(7.3.21) for -1 < p < 1 with p # 0, we have the desired inequality (7.3.29). In the 
case of p > 1, by (7.3.26) we infer that 


M?'@(B- A) > ®(T,(AIB)), T,(®(A)|®(B)) = m? "@(B - A). 
We obtain the inequality (7.3.30), since we have the following relation: 


®(T,(A|B)) > T,(®(A)|P(B)), 1<p<2 


which can be shown in a similar way to the proof of [54, Theorem 2.2]. 


Using the same strategy as in the proof of [176, Corollary 2], we get the following 
converse of Ando inequality D(AtB) < B(A){t@(B), for each parameter. 
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Corollary 7.3.5. Let the assumptions of Theorem 7.3.6 be satisfied. Then we have the 
following inequalities: 
(i) FO<p<l, 
D(A), P(B) < O(At,,B) + p(m”* - MP) @(B - A). 
(ii) If-1<p<0, 
D(A), (B) = D(Ay,,B) + p(m?* — MP") @(B - A). 


(iii) fl <p <2, 


@(At,,B) < B(A)4,@(B) + p(M?! - m?)@(B - A). 


Remark 7.3.9. Let D(X) = in a Tr[X] and let A, B be density operators (which are 
positive operators with a unit trace). Then Corollary 73.5 gives Tr[At,B] = 1 for 0 < 


psi,andTr[Aj,B] <1for-1<p<0Oorlsp<2. 
As an immediate consequence of Corollary 7.3.5, we have the following result. 


Corollary 7.3.6. Replacing A by 1,, and B by A in Corollary 7.3.5, we get the following 
inequalities: 

(i) If0<p<1, then @(A) < @(A?) + p(m?! — MP"1)(@(A) - 14,). 

(ii) If-1 < p < 0, then D?(A) > @(A?) + p(m?! — M?1)(@(A) - 14,). 

(iii) If 1 < p < 2, then D(A?) < @?(A) + p(MP! — m?-1)(@(A) - 14). 


We recall the following famous inequality [145, 107]. 


Theorem 7.3.7 (Lowner—Heinz inequality). For A,B > 0, we have 
A<B>A’<B’, O<p<l. 


It is essential to notice that the Lowner—Heinz inequality does not always hold for 
p > 1. Using Lemma 73.1, we get a kind of extension and reverse of the Lowner—Heinz 
inequality under the assumption ||Al|1,, < B (here ||A|| stands for the usual operator 
norm of A). For the sake of convenience, we cite a useful lemma which we will use in 
the below. 


Lemma 7.3.2. For A > 0, we have: 
(i) IfO0<p<1,then 


AP < |AlP1y, - pIAI? “(IIAll1 — A). (73.31) 
(ii) [fp =1orp <0, then 


\Al?1, - pIAIP *(IAll19, - A) < AP. (7.3.32) 
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Proof. Since A < ||All1,,, M := ||All| and A commutes with 1,,, we can use directly the 
scalar inequality a? —pM?~'a < b? —pM?~'b fora < basa = Aand b = ||Al|1,,. Then we 
can obtain (7.3.31). The inequality (7.3.32) can be proven by the similar way by using 
the inequality pm?~'a — a? < pm?"'b - bP fora < b. 


We show the following theorem. 


Theorem 7.3.8 ([175]). For A, B > 0 such that ||All1,, < B, we have 
(i) If0<p<1,then 


pIBIP *(B - A) < BP -A?. (73.33) 
(ii) fp = 1orp <0, then 
BP — AP < p|BI? 1(B - A). (73.34) 


Proof. Replacing a by ||A|| and then applying functional calculus for the operator B in 
the first inequality in (7.3.28), we get 


|All1z, < B< M1,, = (|All? — pM?! ||Al])1,, < B? — pM? 'B. 
On account of the inequality (7.3.31), we have 
AP — pMP'A < (IAI? - pM? Al) Ly. 
This is the same as saying 
|All1z, < B < M1,, = A? - pM?! < BP - pM? "'B. 


The choice M := ||B|| yields (7.3.33). By the same method, the inequality (7.3.34) is ob- 
vious by (7.3.32). 


Remark 7.3.10. Theorem 7.3.8 shows that if |A||1,, < B, then 


piBiP 


< ——__ ly < p|BIP \(B- A) < B?- A, O<ps<i. 
(B- A)" 
We compare this with the following result given in [186, Corollary 2.5 (i)]: 


1 
(B- Ay" 


Dp 
0 < BHP, — (IB ) ay < BPP, 


for0 <p<1and0<A<B.Since1 < ||B(B- A) ||| < ||BI|I|(B — A) || =: s, we show 


ps?! <sP-(s-1)?, O<p<1s21. (73.35) 
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Putting t = , the inequality (7.3.35) is equivalent to the inequality 
(1-t)<1-pt, O<p<s10<t<1. 


This inequality can be proven by putting f,(t) = 1- pt - (1- t)? and then calculating 
f(t) = p{(1— t)?! - 1} = 0 which implies f,(t) = f,(0) = 0. The inequality (7.3.35) thus 
implies the relation 


piBlP 
I(B-A)"| 


1 p 
Ly < [BIP1y, (1 : ) ty 
(B-A)"| 


We can give more applications of Lemma 7.3.1 and many hidden consequences of 
Lemma 7.3.1 as some inequalities in an inner product space and a norm inequality. The 
obtained results improve the known classical inequalities in the below. 

The following is an extension of the result by B. Mond and J. Peéari¢ [97, Theorem 
1.2] from convex functions to differentiable functions. 


Theorem 7.3.9 (A weakened version of Mond—Pe€ari¢ inequality [175]). Let A,B ¢ 
B(H) such that O < mlz, < B < A < M1},. If f is a continuous differentiable func- 
tion such that a < f' < B witha, € R, then 


a((A — B)x,x) < (f(A)x,x) —f((Bx,x)) < B((A — B)x,x), 


for every unit vector x € H. 


Proof. We follow a similar path to the proof of [183, Theorem 3.3]. Due to relation 
(7.3.27), we have 


f(a)1z, - aay, < f(A) - aA 


Gane | Bal, — f(a)ly, < BA - f(A). 


So for all x € H with ||x|| = 1, we have 


f(a) —aa < (f(A)x,x) - a(Ax,x) 


as (AX,x) = | Ba - f(a) < B(Ax, x) — (fF (A)x, x). 


With the substitution a = (Bx, x), this becomes 


f ((Bx,x)) — a(Bx, x) < (f(A)x, x) — a(Ax, x) 


Bk) SEK eo | B(Bx, x) — f ({Bx, x)) < B(Ax, x) — (f(A)x, x), 


which is the desired conclusion. 


The next theorem was given in [156] in a more general setting. 


Theorem 7.3.10 (Hélder—McCarthy inequality [156]). Let A « B(H) be a positive oper- 
ator and x € H be a unit vector. 
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(1) (APx,x) < (Ax,x)” forall0 <p <1. 
(2) (Ax, x)? < (APx, x) forall p > 1. 
(3) If Ais invertible, then (Ax, x)? < (Ax, x) forall p < 0. 


Using Lemma 73.1, we are able to point out that the following inequalities give a 
reverse and an improvement of the Hélder—McCarthy inequality. 


Proposition 7.3.4. For A > O withO < ml, < A < M1,, and a unit vector x € H, we 
have 
(i) If0<p<1,then 


al Po ((Ax, x) — (APx, x)? >) < (Ax, x)? — (APx,x) < ao WAGX) - (APx,x)?). 


(ii) Ifp > 1orp < 0, then 


= —P((APx, x)? — (Ax,x)) < (APx, x) - (Ax,x)? < Tis aap Ae x)? — (Ax,x)). 


1 
Proof. The first one follows from (7.3.28) by taking a = (A?x,x)?, b = (Ax,x) with 
O < p < 1. The second one is completely similar as that before, so we leave out the 
details. 


Let A € B(H). As it is well known, 
All < All2 < IAI, (7.3.36) 


where || - ||, | - ll, || - |, are usual operator norm, Hilbert-Schmidt norm and trace class 
norm, respectively. As a consequence of the inequality (7.3.27), we have a refinement 
and a reverse of (7.3.36) as follows: 


IAIR - A alr IAIP - IAIB 
|All < —~_— + |All < Illy s —— > + Ally < Aly, p= lorp <0 
PIA PIAL 
and 
AI - Al IAI - AIP 
FA = Ab <— +A. O< pei. 
PIAL; PIAL 


More in the same vein as above, if A « B(H), then 


w? (A) - r?(A) |All? — wP(A) 
r(A) < ———__—  +r(A) < w(A) < ———__{— + w(A) < A], p> lorp<0 
pIAP* pIAI?- 
and 
w? (A) — ||AlP w? (A) — r?(A) 


+ |All < w(A) s +r(A), O<p<l, 


piIAIP* pIAr* 
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where r(A), w(A) and ||A|| are the spectral radius, numerical radius and the usual op- 
erator norm of A, respectively. The inequalities above follow from the fact that for any 
Ae B(H), 


r(A) < w(A) < |All. 


The following norm inequalities are well known. 


Theorem 7.3.11 ([20, Theorem IX.2.1 and IX.2.3]). For A,B > 0, we have: 
(i) If0<p<1,then 


AP BP || < ||ABI?. (7.3.37) 
(ii) Ifp = 1, then 
ABI? < ||A?B? |. (7.3.38) 


The following proposition provides a refinement and a reverse for the inequalities 
(7.3.37) and (7.3.38). The proof is the same as that of Proposition 7.3.2 and we omit it. 


Proposition 7.3.5. Let A,B be two positive operators such that 0 < ml, < A, B < M1},. 
Then 


a a 
icp (WABI - AB? ||?) < ||ABIP - [APB | < => (ABI - ||AB? ||”), (7.3.39) 


for any O < p <1. Moreover, if p = 1, then 
1 
—P(\APB? | — ||ABl) < ||A?B? || - |ABI? < ~— rie | (\a? BP? — ||ABll). (7.3.40) 
Remark 7.3.11. One can construct other norm (trace and determinant) inequalities us- 


ing our approach given in Lemma 7.3.1. We leave the details of this idea to the interested 
reader, as it is just an application of our main results in this section. 


8 Miscellaneous topics 


8.1 Kantorovich inequality 


In [124], L. V. Kantorovich, Soviet mathematician and economist, introduced the well- 
known Kantorovich inequality. Operator version of Kantorovich inequality was first 
established by A. W. Marshall and I. Olkin, who obtained the following. 


Theorem 8.1.1 ([153]). Let.A be a positive operator satisfying 0 < mI < A < MI for some 
scalars m,M with m < M and ® be a normalized positive linear map. Then 


— (M+m) 


-1 
Mim @ (A). (8.1.1) 


(A) 


8.1.1 New operator Kantorovich inequalities 
We aim to present an improvement of the inequality (8.1.1). The main result of this 
subsection is of this genre. 


Theorem 8.1.2. Under same assumptions of Theorem 8.1.1, we have 
2 
< —_ 0 (A). (8.1.2) 
m 


This will be proven in the below. 

A positive function defined on the interval J (or, more generally, on a convex sub- 
set of some vector space) is called log-convex if log f(x) is a convex function of x ¢€ J. 
We observe that such functions satisfy the elementary inequality 


f(-v)a+vb) <f'*(af'(b), v«€ [0,1] 


for any a,b ¢ J. Because of the weighted arithmetic-geometric mean inequality, we 
have 


f((1-v)a+vb) < f' “(a@f"(b) < (1-v)f(a) + vf(b), (8.1.3) 


which states that all log-convex function is a convex function. The following inequal- 
ity is well known in the literature as the C-D-] inequality. 


Theorem 8.1.3 ([34, 38]). Let A ¢ B(H) be a self-adjoint operator with spectrum 
Sp(A) ¢ J and ® be a normalized positive linear map from B(H) to B(K). If f is an 
operator convex function on an interval], then 


f(@(A)) < @(f(A)). (8.1.4) 


https: //doi.org/10.1515/9783110643473-008 
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Though in the case of convex function the inequality (8.1.4) does not hold in gen- 
eral, we have the following estimate. 


Theorem 8.1.4 ((164, Remark 4.14]). Let A ¢ B(H) be a self-adjoint operator with 
Sp(A) ¢ [m,M] for some scalars m,M withm < Mand® : B(H) > B(K) bea 
normalized positive linear map. If f is anonnegative convex function, then 


1 


Km po’) < f((A)) < K(m, M, f)®(f(A)), 


where K(m, M, f) is defined in (5.2.11). 


Below we prove an analogue of Theorem 8.1.4 for log-convex functions. The proof 
of Theorem 8.1.2 follows quickly from this inequality. Inspired by the work of M. Lin 
[143], we square the second inequality in (8.1.2). An important role in our analysis is 
played by the following result, which is of independent interest. 


Proposition 8.1.1. Under same assumptions of Theorem 8.1.4, except that the condition 
convexity is changed to log-convexity, we have 


MI-A A-mI 
D(f(A)) < B(f ™ (m)f #" (M)) < K(m, M, ff (®(A)). (8.1.5) 
Proof. It can be verified that ifm < t < M, then0O < , _ < land ao + = =1. 
Thanks to (8.1.3), we have 


f(b) = f( m+ iM) < fmm (m)f Im (M) < L(t), (8.1.6) 


where L(t) is defined in (5.2.8). Applying functional calculus for the operator A, we 
infer that 


f(A) < firm (m)f tem (M) < L(A). 
Using the hypotheses on ®, 
(f(A) < B(f TH (m)f =" (M)) < O(L(A)). (8.1.7) 
On account of [164, Corollary 4.12], we get 
(f(A) < O(f Hm (m)f I" (M)) < K(mm, M, ff (P(A). 


Notice that, although it is known to be true for matrices [164, Corollary 4.12], it is also 
true for operators. Hence (8.1.5) follows. 


The following corollary follows immediately from Proposition 8.1.1. Recall that 
f(t) =”, (p < 0) is log-convex function. 


8.1 Kantorovich inequality —— 227 


Corollary 8.1.1. Under the hypotheses of Proposition 8.1.1, for p € (-o0,0) and O < 


m<M, 


D(A) < O(mPGaism) MPGEm)) < K(m, M,p)®? (A), 


where K(m, M, p) is the generalized Kantorovich constant defined in (2.0.7). 


(8.1.8) 


After the previous technical intermission, we return to the main subject of this 


subsection, the proof of the inequality (8.1.2). 


Proof of Theorem 8.1.2. This follows from Corollary 8.1.1 by putting p = —1. We should 


point out that K(m, M, -1) = ee : 


Can the second inequality in (8.1.2) be squared? Responding to this question is the 
main motivation of the next topic. We will need the following lemma. 


Lemma 8.1.1. For eachm < t < M, we have t + mMm in Mien <M+m. 


Proof. By the weighted arithmetic-geometric mean inequality, we have 


t-M m-t t-m M. 


=t 
t+mMmi-n Mim = t+ mm Miem ct t+ 


M-m 


We give our main result. 


fom Mt t-m M- 


MM ein 


M-m 


Theorem 8.1.5 ([180]). Under same assumptions of Theorem 8.1.1, we have 


A-MI mI-A 


2 
OM mien itr) < (A 


4>Mm 


In particular, 


Proof. From Lemma 3.4.1, we have only to prove 
seem 1 
A<aBe|A?B?|<a?. 


So the proof will be done if we can show 


BR, AMI) mI-A,_ p 
|oo§ omic at )eo5(ay| < Me 
2m2 


On account of Lemma 8.1.1, it follows that 


mI-A 


D(A) + MMO(mie-n Mem) < (M + m)I. 


p 
) @ (A), (2<p<oo). 


(8.1.9) 


(8.1.10) 
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By direct calculations, 


pop _p A-MI_— mi-A 
2M2@2 


2 
(mim Mim) +@2(A)|| (by Lemma 2.6.2) 


p 2 
A-MI 


< ZI mamen(an in a +@(A))’| (by Lemma 3.4.4) 


1 A-MI 


wi p 
= zlmmo(m in Mi) + OA) 2g Ci: 


q (by (8.1.10)). 


This proves (8.1.9). 


The Léwner—Heinz inequality asserts that O < A < Bensures A? < BP for any 
p € [0,1]; as it is well known that the L6wner—Heinz inequality does not always hold 
for p > 1. The following theorem is due to Furuta [91]. 


Theorem 8.1.6 ((91, Theorem 2.1]). For A,B > O such that A < BandmlI < A < MI for 
some scalars 0 < m < M, we have 


My?" 
AP < KomM,pyB? < (7) BP forp>1, 


where K(m, M, p) is a generalized Kantorovich constant. 


In the paper [163], J. Mi¢i¢, J. Peéari¢ and Y. Seo proved some fascinating results 
about the function preserving the operator order, under a general setting. 


Theorem 8.1.7 ([163, Theorem 2.1]). Let A and B be twostrictly positive operators satis- 
fying mI < A < MI for some scalars 0 < m < M.Letf : [m,M] — R be a convex function 
and g : J — R, where J be any interval containing Sp(B) U [m, M]. Suppose that either 
of the following conditions holds: (i) g is increasing convex on J, or (ii) g is decreasing 
concave on J. If A < B, then for a given a > O in the case (i) or a < 0 in the case (ii) 


f(A) < ag(B) + BI, 


holds for 
p= max late bp da(e), (s.111) 
where 
i ee and by = Mpon) — mf) 


The following inequality is a converse of Theorem 8.1.7. 
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Theorem 8.1.8 (([200, Theorem 2.1]). Let A and B be two strictly positive operators ona 
Hilbert space H satisfying mI < B < MI for some scalars 0 < m< M.Letf :[m,M] > R 
be a convex function and g : J — R, where J be any interval containing Sp(A) U [m, M]. 
Suppose that either of the following conditions holds: (i) g is decreasing convex on J, or 
(ii) g is increasing concave on J. If A < B, then for a given a > O in the case (i) ora < 0 
in the case (ii) 


f(B) < ag(A) + BI, (8.1.12) 


holds with B as (8.1.11). 


8.1.2 Functions reversing operator order 


Our principal result is the following theorem. 


Theorem 8.1.9 ((82]). Let A,B € B(H) be two self-adjoint operators such that mI < B < 
MI for some scalars m < M. Let f : [m,M] — (0,00) be a log-convex function and 
g:J — R, where J be any interval containing Sp(A) U [m, M]. Suppose that either of the 
following conditions holds: (i) g is decreasing convex on J, or (ii) g is increasing concave 
onJ.If A < B, then for a given a > 0 in the case (i) or a < 0 in the case (ii) 

—m 


MI-B B 
Mom nfm+ u 


f(B) < exp( i Inf) ) < ag(A) + BI, (8.1.13) 


—-m 
holds with B as (8.1.11). 


Proof. We prove the inequalities (8.1.13) under the assumption (i). It is immediate to 
see that 


F(t) < fits (m)fiem(M) < L(t) form<t<M, (8.1.14) 


where L = art + by is defined in (5.2.11) (see also Corollary 7.2.1.) By applying the stan- 
dard functional calculus of the self-adjoint operator B to (8.1.14), we obtain for each 
unit vector x € H, 


(f(B)x, x) < (exp( 7 Inf(m) + =a inf(m) xx) < (Bx, x) + by, 


B 
M-m M-m 
and from this, it follows that 
(f (B)x, x) — ag((Ax, x)) 
MI-B B-ml 
< (exp( = In f(m) + = inf(a) jx.x) — ag({Ax, x)) 
< ay (BX, x) + bp — ag((Ax,x)) < max {art + by — ag(t)}. 
mst< 
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Where 


(f (B)x,Xx) < (exo( 


< ag({Ax,x)) + a (since A < Band g is decreasing) 


* infim m) += 


—TT inf) x, x) < ag((Bx,x)) +B 


< a(g(A)x,x) +B (since g is convex), 


and the assertion follows. 


The following corollary improves the result in [200, Corollary 2.5]. In fact, if we 
put f(t) = ¢? and g(t) = t? with p < 0 and q < 0, then we get the following. 


Corollary 8.1.2. For A,B > 0, such that A < B, mI < B < MI forsome scalarsO <m< M 
and for a given a > O, we have 


BP< exp 7 Inm? + ami wes ™ In? ) <aA’+BI, (p,q <0), (8.1.15) 
where f is defined as 
at. 


mal P_myP D_ = 
P| a(q— (Mom yet 4 Mami iF my < (Mom yet < 


max{m? — am’, M? — aM% otherwise. 


(8.1.16) 


Especially, by setting p = q in (8.1.15), we reach 


oe 


BP <ex( Fen) < aA + Bl forp <0, 


where 


p 

pl. Mm?-—mM? MP-mP? \ 5-1 

p23 a(p - Vena “)? oe ee if m < (am a? <M 
max{m? — am?, M? — aM?} otherwise. 


If we choose a such that 8 = 0 in Theorem 8.1.9, then we obtain the following 
corollary. For completeness, we sketch the proof. 


Corollary 8.1.3. Let A,B € B(H) be two strictly positive operators such that A < B and 
mI < B < MI for some scalars 0 < m < M. Let f : [m,M] — (0,00) be a log-convex 
function and g : J — R be a continuous function, where J is an interval containing 
Sp(A) u [m, M]. If g is a nonnegative decreasing convex on [m, M], then 


B-ml 


* in frm +45 me Inf) < max {« Ee feta), (8.1.17) 


m<tsM | g(t) 


If we take f(t) = t? and g(t) = t? with p < 0 and-1< q < Oin(8.1.17), we have 


FB) < exp( 77 


Be< exp 7 == Inm? + Be m Ina” < K(m,M, p, q)A‘, (8.1.18) 
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where K(m, M, p, q) is defined in 


q(mM?-Mm?) 


(mM?—Mm®) (q-1 MP —m? : if m< <M 
K(m, M, p, q) = (q-1)(M-m) * q mMP—Mm? ~ (q-1)(M?-m?) ~ (8.1.19) 
max{m?~4, MP-%) otherwise. 


We mention that K(m, M, p, q) was given in [163, Theorem 3.1]. 
In particular, if p = q in (8.1.18), we get 


BP< e( 7 ina" ) <K(m,M,p)A? forp<0, (8.1.20) 


where K(m, M, p) is defined in (2.0.7). 


Proof. From the condition on the functiong, wehave 8 < max {ast+br}—a min {g(t)}. 
m<t<M m<t<M 


max {a-t+b 
max | f yt 


min {g(t)} 


ms<t<M 


When £ = 0, we havea < . Thus we have the inequalities (8.1.17), taking 


sy max {art+by} 
msté. 
a:= = max {5 {4 } which is less than or equal to ~~ Oa 


m<t<M 
If we ae = f? and g(t) = t? withp < Oand-1 <q < Ofort > Oin (8.1.17), 
then we have a» < 0, be = O anda = max {apt!4 + bet™“}. Then we set Ny g(t) = 
msts 


Apt! 4 + bet’. We easily calculate 
hi g(t) =t 9 {A-q)apt —qbe}, hy {(t) =t 4 {qq - apt + g(q + bp} <0 


We find h,,,(t) is concave in t and a = max, Myq(t) = Apq(to) = (fe 2) pe }4 if to 


ll 


woe satisfies m < ty < M. Thus we have a = K(m,M, p,q) by simple calculations 
t 


with ay» = (M? — m?)/(M —m), be = (Mm? — mM?)/(M — m) and the other cases are 
trivial. Thus we have the inequalities (8.1.18) and (8.1.20). 


This corollary is a refinement of [200, Corollary 2.6]. We give a refinement of [126, 
Corollary 2.2] (see also [161, Corollary 1]) as follows. 


Corollary 8.1.4. For A,B > O such that A < Bandml < B < MI for some scalars 
0 <m<M, we have 
BP < exp 7 ine nw”) <C(m,M,p,q)I+A*% forp,q<0, (8.1.21) 
M-m —-m 
where C(m, M, p,q) is the Kantorovich constant for the difference with two parameters 
and defined by 


Be B 


Mm? -mM? pica 
ee | are gta m) nO  ifms (em) <M 


max{M? — M4, m? — m*%} otherwise. 
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Proof. If we put a = 1, f(t) = ¢? for p < O and g(t) = ¢? for q < 0 in Theorem 8.19, then 
q 
we have B = max {apt+Dy -t1}. By simple calculations, we have B = (q-1(“2 )o1+Dp 
mst< 


1 
when ty = (“) +1 satisfies m < ty < M. The other cases are trivial. Thus we have the 
desired conclusion, since a,» = (M? —m?)/(M—m) and by» = (Mm? —mM?)/(M-m). 


We conclude this subsection by presenting some inequalities on chaotic order 
(i.e., log A < logB for A,B > 0). To achieve our next results, we need the following 
lemma. Its proof is standard but we provide a proof for the sake of completeness. 


Lemma 8.1.2. Let A,B € B(H) be two strictly positive operators. Then the following 
statements are equivalent: 

(i) logA < logB. 

(ii) BY < (B2AB2)>= for p < Oandr <0. 


Proof. From the well-known chaotic Furuta inequality (see, e. g., [56, 90]) the order 
logA > log Bis equivalent to the inequality (B2APB2)>* > B’ for p,r >Oand A,B > 0. 
The assertion (i) is equivalent to the order logB™' < logA™'. By the use of chaotic 
Furuta inequality, the order log B < log A”! is equivalent to the inequality 


r 


B’ <(B?A?B?)”" forp,r>0. (8.1.22) 


This is equivalent to the inequality 


7 


B’ <(B7A’ Bz)” forp',r’ <0, 


by substituting p’ = —p and r’ = —r in (8.1.22). We thus obtain the desired conclusion. 


As an application of Corollary 8.1.3, we have the following result. 


Corollary 8.1.5. Let A, B ¢ B(H) be twostrictly positive operators such thatmI < B < MI 
for some scalars 0 <m< M and logA < logB. Then for p < Oand-1<r<0, 


3 MI-B B-ml 
BP <B "exp( Inm? 4 ZOE in") < K(m,M,p +nA?. 
M-m M-m 
Proof. Thanks to Lemma 8.1.2, the chaotic order log A < log B is equivalent to B’ < 
r r r r r 1 
(B2A"B2)p+ for p,r < 0. Putting B, = Band A, = (B2A”B2)> in the above, then 
0 <A, < B, and ml < B, < MI. Thus we have for p, < 0, 


MI-B B-ml 
BSB s exp( Inm? 4 2 Ina) 
M-m M-m 


r r Pi 
< K(m,M, p,)Ai" = K(m, M, p,)(B2A4?B?)”", 


by (8.1.20). By setting p, = p +r < O and multiplying B™? toboth sides, we obtain the 
desired conclusion. 
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In a similar fashion, one can prove the following result. 


Corollary 8.1.6. Let A,B ¢ B(H) be two strictly positive operators such that mI < B < 
MI for some scalars 0 < m < M and logA < logB. Then for p < Oand-1<r<0, 


BP<B "exp( 


Inmet + B-ml 
m *M-—m 


nm) <C(m,M,p+ni+A?’. 


Proof. If we set p = q in Corollary 8.1.4, we have the following inequalities for p < 0: 


BP < exp( 7 Inm? + B — nM) < C(m,M, p)I + A?, (8.1.23) 
where 
P 1 
Mm mM Mm? \pa: M? am? 3a 
C(m, M, p) = +p Yar a if MS (CGram) <M 
0 otherwise. 


Thanks to Lemma 8.1.2, the chaotic order logA < logB is equivalent to B” < 
r r r r r 1 

(B2A’B2)p+ for p,r < O. Putting B, = Band A, = (B2A”B2)>+ in the above, then 
0 <A, < B, andml < B, < MI. Thus we have for p, < 0, 

MI-B B, - mI 
BM < exp( 7 In m”! + eels In) < C(m,M, p,)I +A”, 
by (8.1.23). Putting p; = p+r < O and multiplying B’? to both sides, we obtain the 
desired conclusion. 


8.1.3 New refined operator Kantorovich inequality 


As a multiple operator version of the celebrated D-C-J inequality [34], Mond and 
Peéari¢ in [171, Theorem 1] proved the inequality 


1( wean < ¥ wif), (8.1.24) 
i=1 i=1 


for operator convex functions f defined on an interval J, where ; (i = 1,...,) are nor- 
malized positive linear maps from B(H) to B(K), A),...,A, are self-adjoint operators 
n 
with spectra in J and w,...,w, are nonnegative real numbers with > w; = 1. 
i=1 
In a reverse direction to that of inequality (8.1.24), we have the following. 


Theorem 8.1.10 (Reverse D-C-) inequality for multiple operators [82]). Let ®;:B(H) > 
B(K) be normalized positive linear maps, A; € B(H) be self-adjoint operators with mI < 


n 
A; < MI for some scalars m < M and w; be positive numbers such that > w; = 1. If f isa 
i=l 
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log-convex function and g is a continuous function on [m, M], then for a givena € R, 


yw (F(A;)) < mio, (exo( FE ‘In f(m) + ai iam in fiat)) ) 


IA 


a(S w (4 ok BI, (8.1.25) 


i=l 
holds for B as (8.1.11). 
Proof. Thanks to (8.1.14), we get 


f(A; < exp( = Lin fom) + "tn f(s) ) < ayA; + byl. 


The hypotheses on ®; and w, ensure the ae 


yw (f(A;)) < a (en( =! In f(m) + seis inf(m)) 


< af y w;®;(A;) + byl. 
i=1 


n 
Using the fact that mI < } w;®;(A;) < MI, we can write 
i=1 


Y wintry) oe( Sm oa) 
=1 
: MI-A i A; — mI n 
<¥ wo,(exn( Mom Inf(m) + an infia)) ~ ae 5: ws0149 ) 


< a Y w,®;(A;) + byl - oe( wo) 


i=l i=l 
< max x Lart + bp — ag(t)H, 


ms<t<M 


which is, after a rearrangement, equivalent to (8.1.25) so the proof is complete. 


It is worth mentioning that Theorem 8.1.10 is stronger than what appears in [162, 
Theorem 2.2]. 


Theorem 8.1.11 ((82]). Let A,B € B(H) be two strictly positive operators such that mA < 
B < MA for some scalars 0 < m < M. Let of and o, be two connections with the repre- 
senting real valued functions f and g which are log-convex and continuous on the inter- 
val [m, M], respectively. If either (i) g is convex on [m, M] and a > 0, or (ii) g is concave 
on [m, M] and a < 0, then 
1 1 1 1 
Ao;B < A (a Inf(m) + aa Inf(m) Ja? 
< aAo,B + BA, 


holds with B as (8.1.11). 
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Proof. We prove the assertion under the assumption (i). Using the same technique as 
in the proof of Theorem 8.1.9, we get 


fi a MI - A~}BA™? A~?BA~? — mI 
(f(A 2BA2)x,x) < (exp( SoS SA Ingen) + mm infu) ) 
< ag((A~2BA~?x,x)) +B, 


where 
1 1 1 1 
-lo 1 MI-A 2BA 2 A 2?2BA 2-ml 
A ?BA < | ——_—— Inf(M 
fA BA?) < exp( MABE nfm) + 9S info) 
<ag(A ?BA~?) + BI. 
Here, the last inequality is a consequence of the convexity of the function g. Multiply 
1 

A? to both sides of the above inequality, then we get the desired result. 


Of course, we can study the particular cases 8 = O or a = 1. But, in order to avoid 
repeating, we only give the following result. 


Corollary 8.1.7. For A,B > O such that mA < B < MA for some scalars 0 < m < M, we 
have 
1 1 1 a 
MI -A™2?BA™? p, A?BA?- 
+ a 


AtpB < exp( TES" nm a mu nM) < K(m,M, p, q)Ah,B, 


for p < Oandq € R\(0,1), where K(m, M, p, q) is defined as (8.1.19). 


Before we present our theorem, we begin with a general observation. 
The Kittaneh—Manasrah inequality says 


a’ bY < (1-v)a+vb-r(Vva- vb) , (8.1.26) 


where r = min{v, 1—v}. We here borrow properties of geometrically convex function. 
See Section 2.10 and (5.6.2) for its definition and some basic properties. Now, if f isa 
decreasing geometrically convex function, then we have 


f((1-v)a+vb) < f(((1-v)a + vb) -r(va- vb) ) < f(a’ ’bY) < f' “(af’(b) 
<a) 
< (1 v)F(a) + vf(b) - r(\fla) - yf) < -v)fla)+vf(b), (8.1.27) 


where the first inequality follows from the inequality (1 — v)a + vb — r(va- vby < 
(1 — v)a + vb and the fact that f is decreasing function, in the second inequality we 
used (8.1.26), the third inequality is obvious by (5.6.2) and the fourth inequality again 
follows from (8.1.26) by interchanging a by f(a) and b by f(b). 

Of course, each decreasing geometrically convex function is also convex. How- 
ever, the converse does not hold in general. 
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The inequality (8.1.27) applied to a = m, b = M,1-v= ot and v = “ gives 


f(t) <f(t- (Wm - VM) r(®) < f(mi-R Mem) < fim (mf ie (M) 


= 7 fm) + —™ Fe) - (Fon) - Fan) 1 


M 
M- 
M- t-m 
m) + M 8.1.28 
< fom) + M) (8.1.28) 
t-m so ee 1 It Mam 
M-m? M-m'~ 2. M-m 
Now, we are in a position to state and cine our main results. 


< 


with r(t) = min{ |, whenever t € [m, M]. 


Theorem 8.1.12 ((177]). Let A € B(H) be a self-adjoint operator with Sp(A) ¢ [m, M] for 
some scalars m, M withm < M and ® : B(H) > B(K) be a normalized positive linear 
map. If f is a nonnegative decreasing geometrically convex function, then 


(F(A — (Vim — VM) r(A))) < O(f (mi Mie) 
< K(m,M, fyf(@(A)) ~ (fom) — \Fam) @(ra), 


where r(A) = min{=—, oy = 5 iG |A Man and K(m,M, f) is defined in (5.2.11). 


tom M fom 
M- 


Proof. On account of the assumptions, from parts of (8.1.28), we have 
f(t — (vm — VM) r(t)) < f(mi= Mien) 
—- SG 
< L(t) ~ (fom) - fan) re), (8.1.29) 


where L(t) is defined in (5.2.8). Note that inequality (8.1.29) holds for all t ¢ [m, M]. On 
the other hand, Sp(A) ¢ [m, M], which, by virtue of monotonicity principle (1.2.1) for 
functions, yields the series of inequalities. 


f(A (vim — Vi)'r(A)) < fi! ME) < L(A) - (ftom) - VFN) 1A). 
It follows from the linearity of the map © that 
@(f(A - (Vim — VM 1(A))) < @(f (mim Mie) 
< @(L(4)) - (fom) - \Faan) (714). 
Now, by using [164, Corollary 4.12] we get 
(F(A - (Wim - VM) r(A))) < O(f (mite Mien )) 
< @(E(A)) ~ (fftm) ~ FD) @(r(4)) 
< lm, M, ff (@(A)) ~ (Fm) — \Fam) &(r(A)). 


This completes the proof. 
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The following fact can be easily deduced from Theorem 8.1.12 and the basic prop- 
erties of a geometrically convex function defined in (5.6.2). 


Corollary 8.1.8. Let A ¢ B(H) be a positive operator with Sp(A) ¢ [m,M] for some 
scalars m, M withO < m < Mand®: B(H) — B(K) bea normalized positive linear 
map. Then for any p < 0, 


MI __mI-A DP 


(A) < @((A - (Vm — ViM)'r(A)) ) < O((miem Mio) ) 
ee; 
< K(m,M, p)®”(A) ~ (fm) - \f()) ®(7(A)), 


where K(m, M, p) is the generalized Kantorovich constant given in (2.0.7). In particular, 


MI m-A —1 


OA") < @((A- (Vm VITA) ) < ©((miem Mi) ) 


_ (M+ my (VM - ym)" 
4Mm ( Mm Jor 


®1(A) r(A)). 


We note that K(m, M, -1) = K(m, M, 2) = (amy is the original Kantorovich constant. 


Theorem 8.1.13 ([177]). Under same assumptions of Theorem 8.1.12, we have 


MI-®(A) @(A)-ml 


f(@(A) - (Vm - VM)'r(@(A))) < f(m im) 
-—— -—— 2 
< K(m, M,f)®(F(A)) - (fn) - \f() r(@)). 


Proof. By applying a standard functional calculus for the operator D(A) such that mI < 
@(A) < MI, we get from (8.1.29) 


MI-®(A) @(A)—ml 


F(@(A) - (vm - VM) r(@(A))) < f(m™ em Mon) 
a 
< @(L(A)) — r(\fom) - FM) r(@(A)). 


We thus have 
f(@(A) - (Vm - Viy'r((A))) < <f(m “en Moi ) 
1(@(A)) ~ (ftom) ~ fea) r(@(A)) = @(L(A)) - (Fm) — Fam) roa) 
< ulm, M, fy@(F(A)) ~ (fom) — Fan) r(@1ay), 


where at the last step we used the basic inequality [164, Corollary 4.12]. Hence, the 
proof is complete. 


As a corollary of Theorem 8.1.13, we have the following. 


Corollary 8.1.9. Under same assumptions of Corollary 8.1.8, we have for any p < 0, 


MI-O(A) _ _ ©(A)-mI .P 
—m 


(A) < (OA) - (Wm — VM)'r(@(A))) < (mH at) 
< K(m,M,p)(A?) — (VimP — VMP)'1(®(A)). 
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8.2 Skew information and uncertainty relation 


We studied some properties, relations and inequalities on several entropies in Chap- 
ter 7. Especially, quantum mechanical entropy and relative entropy are fundamental 
concepts in quantum information theory which attracts many researchers including 
mathematicians, because mathematical tools such as matrix analysis, operator the- 
ory and some techniques on inequalities are applied to obtain the advanced results. 
Among topics on quantum information theory, we pick up the uncertainty relations 
which are described by trace inequalities. 

In addition, as one of the mathematical studies on entropy, skew entropy [233, 
234] and its concavity problem are famous. The concavity problem for skew entropy 
generalized by F. J. Dyson, was proven by E. H. Lieb in [141]. It is also known that skew 
entropy presents the degree of noncommutativity between a certain quantum state 
represented by a density operator and an observable represented by a self-adjoint op- 
erator. In such situations, S. Luo and Q. Zhang studied the relation between skew in- 
formation (= opposite signed skew entropy) and the uncertainty relation in [150]. In- 
spired by their interesting work, we define a generalized skew information and then 
study the relation between it and the uncertainty relation, in the following subsection. 

For density operator (quantum state) p and self-adjoint operators (observables) A 
and B acting on Hilbert space H, we denote A = A—Tr[pA]J and B = B-Tr[pB]I, where 
I represents the identity operator. Then we define the covariance by Cov,(A,B) = 
Tr[pAB]. Each variance was defined by V,(A) = Cov, (A, A) and V,(B) = Cov, (B, B). 

The famous Heisenberg’s uncertainty relation [108, 206] can be easily proven 
by the application of Schwarz inequality and it was given by 


V,(A)V,(B) > 7 [#{ol4, BI]! (8.2.1) 


for a quantum state p and two observables A and B. The further strong result was given 
by Schrédinger [218] in the following. 


Proposition 8.2.1 (Schrédinger uncertainty relation [218]). For any density operator p 


and any two self-adjoint operators A and B, we have the uncertainty relation: 


V,(A)V,(B) - |Re{Cov, (A, B)}{° > =|Tr[p[A,B]]|, (8.2.2) 


File 


where [X, Y] = XY - YX is commutator. 


The Wigner-Yanase skew information 
1 : 
1,(H) = 5 Tr{(ilp"?, H])°] = Tr[pH?] - Tr[p'?Hp'7H] 


was defined in [233]. This quantity can be considered as a kind of the degree for non- 
commutativity between a quantum state p and an observable H. This quantity was 
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generalized by Dyson with a ¢€ [0, 1]: 
1 F ep de = 
I,q(H) = 5 Tr{(i[o*, H])(i[p' *, H])] = Tr[pH"] - Tr[p“Hp' “H], 


which is known as the Wigner-Yanase—Dyson skew information. 

To give an interpretation of skew information as a measure of quantum uncer- 
tainty and a further development of the uncertainty relation, in [150] S. Luo and 
Q. Zhang claimed the following uncertainty relation: 


1,(A)I,(B) — |Re{Corr,(A, B)}|" > zllel4. BI) (8.2.3) 


for two self-adjoint operators A and B, and a density operator p, where the correlation 
measure was defined by Corr,(X, Y) = Tr[pX *Y]- Tr[p! oe pl! ?Y] for any operator X 
and Y. However, we show the inequality (8.2.3) does not hold in general. We give a 
counterexample for (8.2.3) in Remark 8.2.2 of Subsection 8.2.1 


8.2.1 Skew information and uncertainty relation 


We review fundamental and useful tools to prove our results. 


Lemma 8.2.1 (Cauchy-Schwarz inequality). Let @ : C(H) — C be symmetric sesquilin- 
ear functional from the set of all (possibly unbounded) linear operators L(H) to complex 
number field C. Then we have 


\(x°Y)? < o(X*x)o(¥"Y), 
for any X,Y € L(H), if P(X*X) = 0 for any X € L(H). 
We note that the following inequality holds: 
|Re{p(AB)}|” < f(4?)G(B’), 


for self-adjoint operators A, B € L(H), if we have $(A’) > 0 for A = A* € L(H). 
Applying the Bourin—Fujii inequality in Theorem 4.2.8, we have the following 
lemma. 


Lemma 8.2.2. For any functions f and g defined on the domain D c R, any self-adjoint 
operators A and B, and any linear operator X € L(H), we have 
i) If{f(a) -f(b)}H{g(@) - g(b)} = 0 for a,b € D, then 


Tr[f(A)X“g(B)X + f(B)Xg(A)X"] < Tr[f(A)g(A)X*X + f(B)g(B)XX" ]. 
(ii) If (f(a) — f(b) g(a) - g(b)} < 0 for a,b € D, then 


Tr[f(A)X“g(B)X + f(B)Xg(A)X"] > Tr[f(A)g(A)X*X + f(B)g(B)XX" ]. 
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Proof. We set two self-adjoint operators on H ® H such as 


a-(49). 22(2 8) 
O B X O 


We also set (f, g) on R® R such as {f(a) — f(b) }{g(a) — g(b)} = 0. By Theorem 4.2.8, we 


have 
m0) po x 0 {0° ew Mx 0 
mo ja )U%O' aw )Cx ‘o x oD) 


which implies (i) of this lemma. (ii) is proven by the similar way. 


We define the generalized skew correlation and the generalized skew information 
as follows. 


Definition 8.2.1. For any two self-adjoint operators A and B, any density operator p, 
any 0 <a<landanye = 0, the generalized skew correlation is defined by 


Corty,-(A,B) = (5 a e) Tr[pAB] + 5 Tr[pBA] - 5 Trlp"Ap' “Bi = 5 Trlp"Bp* “Al 
Skew information is defined by 
Igpe(A) = (1 + €) Tr[pA] - Tr[p*Ap* “4]. 


Theorem 4.2.8 assures the nonnegativity of the generalized skew information 
Ty.p,e(A). Lemma 8.2.2 also assures the nonnegativity of the generalized skew correla- 
tion Corr,,.-(X,X) for any linear operator X. Then we have the following results. We 
omit their proofs. See [238] for the details. 


Theorem 8.2.1 ((238]). For any two self-adjoint operators A and B, any density operator 
p,any0 <a<1lande > 0, we have a generalized uncertainty relation: 


2 
2 2 
Type(ATap,e(B) — |Re{Cortgy(A,B)}| = a \Tr[p[A, B]]|’. 
We are interested in the relation of the left-hand side in Proposition 8.2.1 and The- 
orem 8.2.1. The following proposition gives the answer for this question. 
Proposition 8.2.2 ([238]). For any two self-adjoint operators A and B, any density op- 


erator p, anyO <a <1ande > 0, we have 


2 2 
Tope(Alap,e(B) — |Re{Corr,,,.(A,B)}| = €°V,(A)V,(B) - €7|Re{Cov, (A, B)}|. 
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Remark 8.2.1. Theorem 8.2.1 can be also proven by Proposition 8.2.1 and Proposi- 
tion 8.2.2. 


As an extension of [150, Theorem 2], we can prove the following inequality which 
give an affirmative answer to the conjecture in [149, p.1572], as well. H. Kosaki also 
solved the same conjecture in [149, p. 1572] by another method [134]. 


Theorem 8.2.2 ([238]). For any two self-adjoint operators A and B, any density operator 
pand any 0 <a<1, we have 


V,(A)V,(B) — |Re{Cov,(A, B)}|” > Inpo(AVa,p.0(B) ~ [Re{Corta,,0(A.B)}I - 


Remark 8.2.2. We point out that the inequality (8.2.3) given in [150, Theorem 1] is not 
true in general, because we have many counterexamples. For example, we set 


rol(3 2) a(S b) a6(9 $) 
4\ 0 1 -1 O 1 O 
Then we have [,(A)I,(B) - |Re{Corr,(A, B)}| 7 TANS and \Tr[p[A, B}]|? = 1. These imply 


I,(A)I,(B) - |Re{Corr,(A, B)}|” < z (lel. BI). 


Thus the inequality (8.2.3) given in [150, Theorem 1] does not hold in general. 


8.2.2 Schrédinger uncertainty relation with Wigner-Yanase skew information 


We have the relation between [,(H ) and V(H ) such that O < I,(H )< V(H ) so it is 
quite natural to consider that we have the further sharpened uncertainty relation for 
the Wigner—-Yanase skew information: 


1 2 
1, (A)I,(B) = jlTtlelA. Bl]| ; 
However, the above relation failed (see [150, 134, 238].), as we have seen in Subsec- 


tion 8.2.1. S. Luo then introduced the quantity U,(H) representing a quantum uncer- 
tainty excluding the classical mixture: 


U,(H) = vpuar - (V,(H) - I,(E))’, (8.2.4) 


and then he successfully showed a new Heisenberg-type uncertainty relation on U,(H) 
in [146]: 


U,(A)U,(B) > 7 {t(ot4, BI). (8.2.5) 
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As stated in [146], the physical meaning of the quantity U,,(H) can be interpreted as 
follows. For a mixed state p, the variance Vy (H) has both classical mixture and quan- 
tum uncertainty. Also, the Wigner—Yanase skew information J, (H) represents a kind of 
quantum uncertainty [148, 147]. Thus, the difference V, (H)-I F (H) has a classical mix- 
ture so we can regard that the quantity U,(H) has a quantum uncertainty excluding 
a classical mixture. Therefore, it is meaningful and suitable to study an uncertainty 
relation for a mixed state by use of the quantity U,(H). 

K. Yanagi gave a one-parameter extension of the inequality (8.2.5) in [237], using 
the Wigner-Yanase—Dyson skew information J, ,(H). Note that we have the following 
ordering among three quantities: 


0 <1,(H) < U,(A) < V,(A). (8.2.6) 


The inequality (8.2.5) is a refinement of the original Heisenberg’s uncertainty relation 
(8.2.1) in the sense of the above ordering (8.2.6). 

In this subsection, we show the further strong inequality (Schrédinger-type un- 
certainty relation) for the quantity U,(H) representing a quantum uncertainty. 

To show our main theorem, we prepare the definition for a few quantities and a 
lemma representing properties on their quantities. 


Definition 8.2.2. Fora quantum state p and an observable H, we define the following 
quantities: 
(i) The Wigner—Yanase skew information: 


1 ; 2 
I,(H) = 5 Tr[(i[p'!*, Ho]) | = Tr[pHg] - Te[p'*Hop"!*Ho], 


where Hy = H — Tr[pH]I and [X, Y] = XY - YX is a commutator. 
(ii) The quantity associated to the Wigner—Yanase skew information: 


Jp(H) = 4 T¥{({p"?, Ho})"] = TelpH] + Trlp" *Hgp"!"H, 


where {X, Y} = XY + YX is an anticommutator. 
(iii) The quantity representing a quantum uncertainty: 


U,(H) = ‘Ae - (Vp(H) - Ip). 


For two quantities I pH ) and Jp (H), by simple calculations, we have 
I,(H) = Tr[pH’] - Tr[pHp"7H] 
and 


Jy(H) = Tr[pH?] + Tr[p'Hp'?H] - 2(Tr[pH])’ 
= 2V,(H) - 1,(H), (8.2.7) 


which implies [,(H) < J,(H). In addition, we have the following relations. 
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Lemma 8.2.3. 
(i) Fora quantum state p and an observable H, we have the following relation among 
[,(H), Jp(H) and U,(H): 


U,(H) = 4[I,(EDJ,(H). 


(ii) For a spectral decomposition of p = ¥, Aj\;) (jl, putting hy = (P;|Ho|b;), we have 
jel 


Ip(H) = Yar — Ay) Uh 


i<j 


(iii) For a spectral decomposition of p = 5 A\\b;) (jl, putting hy = (P;|HolP;), we have 
jl 
Jp) = DOA + VA gl. 
i<j 


The relation (i) immediately follows from (8.2.7). See [237] for the proofs of (ii) 
and (iii). 


Theorem 8.2.3 ([62]). For a quantum state (density operator) p and two observables 
(self-adjoint operators) A and B, we have 


2.1 2 
U,(A)U,(B) — |Re{Corr,(A, B)}| > gl TlPlA, Bl]| : (8.2.8) 
where the correlation measure is defined by 
Corr,(X, Y) = Tr[px" Y] - Tr[p/?x*p"/?Y] 
for any operators X and Y. 


Proof. We take a spectral decomposition p = }' AjlG;)(@;|. If we put ay = (PilAold;) 
jel 
and bj = (f;|Bolf;), where Ay = A — Tr[pA]J and By = B - Tr[pB]I, then we have 


Corr,(A, B) = Tr[pAB] - Tr[p"Ap"”B] = Tr[pAoBo] — Tr[p7Agp”*Bo] 


_ (A; - Ai? ab, = Yai = Ai? aigby 
ij=l i#j 

= AA =, AiPAt” agi a (A; > AP Ai aby}. 
i<j 


Thus we have 


|Corr, (A, B)| < Y {lai = APA lal lil + [Aj — Ai7A;? lal bl}. 


i<j 


244 — 8 Miscellaneous topics 


Since |a,| = |a;;| and |b, = |b;;|, taking a square of both sides and then using Schwarz 
sneqiality for a scalar Said Lemma 8.2.3, we have 


2 
icon (4. By < {> [ay = A705? + [Aj = Ay708? [lagll byi| 


i<j 


2 
- {Sar aya? - Mliaybyl 


i<j 

< {Sar Parlay? HYG + yar ibye| 
i<j i<gj 

< Ip(A)J,(B). 


By the similar way, we also have \Corr,(A, B)|? < [,(B)J,(A) Thus we have 
|Corr, (A, B)|* < U, (A)U, (B), which is equivalent to the inequality 


U,(A)U,(B) — |Re{ {Corr, (A, B) i. > slot [A, B] up. 


since we have |Im{Corr, (A, B)}|? = -(Trlpl [A, B]II’. 


Theorem 8.2.3 improves the uncertainty relation (8.2.5) shown in [146], in the 
sense that the upper bound of the right-hand side of our inequality (8.2.8) is tighter 
than that of Luo’s one (8.2.5). 


Remark 8.2.3. For a pure state p = |~)(g|, we have I pH) = V,(H) which implies 
U,(H ‘= V, (H) for an observable H and Corr, (A, B) = Cov, (A, B) for two observables A 
and B. Therefore, our Theorem 8.2.3 coincides with the Schiddinger uncertainty rela- 
tion (8.2.2) for a particular case that a given quantum state is a pure state, p = |~) (|. 


Remark 8.2.4. As asimilar problem, we may consider the following uncertainty rela- 
tion: 


U,(A)U,(B) — |Re{Cov,(A, B) IPs “lTelol A, B}]|°. 


However, the above inequality does not hold in general, since we have a counterex- 
ample as follows. We take 


and then we have 


U,(AU,(B) ~ |Re{Cov,(A,B)}|? - 7|Tx{oL4, Bl]|’ = -7 
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Remark 8.2.5. From Theorem 8.2.3 and Remark 8.2.4, we may expect that the follow- 
ing inequality holds: 


|Re{Cov,(A, B)}|° > |Re{Corr, (A, B)}|’. (8.2.9) 


However, the above inequality does not hold in general, since we have a counterex- 
ample as follows. We take 


p=2(3 a a-(4 a a=(° a) 
10\ 4 5 4 1 -1 2 


and then we have 
2 7 
|Re{Cov, (A, B)}| - |Re{Corr,(A, B)}| =~ -0.1539. 


Actually, from Theorem 8.2.3, the example in Remark 8.2.4 and the above example, we 
find that there is no ordering between | Re{Cov,(A, B)}|? and | Re{Corr, (A, B)}\. 


Remark 8.2.6. The example given in Remark 8.2.4 shows 
V,(A)V,(B) - |Re{Cov,(A, B)}|’ - (U,(A)U,(B) - |Re{Corr,(A, B)}|°) = -0.232051. 
The example given in Remark 8.2.5 also shows 
2 2 
V,(A)V p(B) - |Re{Cov, (A, B)}| — (U,(A)U,(B) - |Re{Corr, (A, B)}| ) = 13.7862. 


Therefore, there is no ordering between V,(A)V,(B) — |Re{Cov,(A, B)}/? and 
U, (A)U, (B) - | Re{Corr, (A, B)}I? so we can conclude that neither the inequality (8.2.2) 
nor the inequality (8.2.8) is uniformly better than the other. 


As we have seen, we proved a new Schrédinger-type uncertainty relation for 
a quantum state (generally a mixed state). Our result coincides with the original 
Schrédinger uncertainty relation for a particular case that a quantum state is a pure 
state. In addition, our result improves the uncertainty relation shown in [146] and as 
well as the original Heisenberg uncertainty relation. Later, this topic has been stud- 
ied in more general setting with metric adjusted skew information. See [84, 239] and 
references therein. 
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